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Determination of All Primitive Collineation Groups in More 
than Four Variables which Contain Homologies. 

By Howard H. Mitchell. 



In a recent paper {Proc, London Math. Soc, Series 2, Vol. X, Part 4, Nov., 
1911) Burnside determined all the finite collineation groups in n variables with 
rational coefficients which contain the symmetric group on those variables, i. e., 
the group generated by all transformations of the form 

^i = ^i+ij ^<+i = ^o a;; = iry (t = l, 2, , w — 1; jT^t, i + 1). 

The groups of this sort (for n>4) which are primitive (in the sense of Blich- 
feldt) he found to be groups of order n + 1 ! (for any n), and groups of order 
2^ -3* -5, 2»-3*-5-7, and 2^»-3'*-5«-7 for n = 6, 7,8 respectively. 

The group of order 2^. 3* -5 (for n = 6) is isomorphic with the group of 
the equation for the 27 lines on a cubic surface and was first exhibited in ex- 
plicit form by Burkhardt {Math. Ann., Bd.XLI, pp. 320-326). The groups for 
n = 7, 8 had not been noticed before. * That of order 2® • 3* • 5 • 7 is shown by 
Burnside to give a representation of the group of the 28 bitangents to a quartic 
curve. He states that the one of order 2^ • 3^ • 5* • 7 is isomorphic with Jordan's 
hypo-abelian group on eight variables. 

The author solves a more general problem, which is the determination of 
of all primitive groups in w (> 4) variables which contain homologies, i. e., 
transformations all of whose multipliers are equal with the exception of one. 
A transformation in the symmetric group on the variables which interchanges 
two of them and leaves the rest unaltered has —1 for one multiplier and +1 
for each of the others, being therefore an homology of period 2. The deter- 
mination will be made in such a way as to apply equally well to the groups in 
a general modular space,* whose orders are not divisible by the modulus. 

The results for n<4 are already known. For n = 3f all primitive groups 
contain homologies, that of order 216 containing homologies of period 3 and 

*Veblen and Bussey, "Finite Projective Geometries," Trana. Am. Mdth. 800,, Vol. VII (1906), 
pp. 241-250. 

tSee papers by Blichfeldt, Trana. Am. Math. 800., Vol. V (1904), pp. 310-326; Math. Ann., Bd. 
LXIII (1907), pp. 552-672; also one by the author, Trana. Am. Math. 800., Vol. XII (1911), pp, 207-242. 
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2 Mitchell : Determination of All Primitive Collineation Groups 

of period 2, and those of order 72, 36, 168, 60, 360 homologies of period 2. 
Forn = 4* the primitive groups of this sort are of order 25920, 120, 288, 576, 
1152, 1920, 11520, 7200. That of order 25920 contains homologies of period 3 
and the others homologies of period 2. 

For n > 4 there are no primitive groups containing homologies of period 
greater than 2. In addition to the primitive groups in Bumside's list there 
are two others which contain homologies of period 2. These are of order 
2«-3*-5 and 28-3«-5-7 for n = 5, 6 respectively. The first of these has been 
discussed by Burkhardt {Math. Ann.^ Bd. XXXVIII, pp. 185-224), whereas 
the latter does not seem to have been noticed. The former is isomorphic with 
the well-known simple group of that order, and the latter is (1, 2) isomorphic 
with the first orthogonal group on six indices with modulus 3.t 

§ 1. Theorem 1. No primitive group in more than four variables con- 
tains homologies of higher period than 2. 

Two homologies which are not commutative and a third not commutative 
with the group generated by the first two and with center not on the line of 
centers must generate a group which permutes the points of the plane con- 
taining the centers. There is no possible group in the plane if the homologies 
are of higher period than 3. If they are of period 3, the group generated 
must be of order 3 • 216. 

An homology not commutative with this group of order 3-216 must 
generate with it a group of order 6 • 25920. The invariant C^ is in the group 
generated by any four mutually commutative homologies. The invariant C, 
may be obtained as the product of two commutative C2 , such as Xi = — x^ , 
x'f = x^ {% = 1,2; j > 2), and Xi = —x^, x] = x^ (i = 3,4; ;=^3,4). 

All other homologies of period 3 must then be commutative with this 
group. For otherwise there would be on the points of a line a Cg and a Cj 
not in the C^. But no group on the line can contain such cyclic groups^ 
Hence no primitive group in more than four variables can contain homologies 
of period 3. 

Theorem 2. No primitive group in more than four variables contains two 
homologies of period 2 whose product is of period greater than 3. 

Two homologies of period 2 which are not commutative and a third which 
is not commutative with the group generated by the first two and whose center 

♦See Bagnera, Rendiconti del Circolo Matematico di Palermo, T. XIX (1905), pp 1-66; Blich- 
feldt, Math. Ann., Bd. LX (1905), pp. 204-231. 

t Jordan, Traits des Suhstitutiona, pp. 161-170; Dickson, Linear Groups, Chap. VII. 



in More than Four Variables which Contain Homologies. 3 

is not on the line of centers must generate a group permuting the points of the 
plane containing the centers. The group in this plane may be primitive or it 
may permute in all six ways the vertices of a triangle. In the latter case only 
one triangle is left invariant in this plane provided there are homologies present 
whose product is of period greater than 3. 

Consider now an homology not commutative with this group and with 
center not in the plane of centers. The group then generated in the S^ which 
contains the centers may be either primitive or imprimitive. In the latter case 
it must permute the vertices of a tetrahedron, three of the vertices of which 
are vertices of the invariant triangle in the plane. For the latter group carries 
every point which does not remain invariant under it and which does not lie in 
the plane of centers into more than four positions, provided there are homo- 
logies present whose product is of period greater than 3. Hence any homology 
with center in the 8^ which is not commutative with the group and whose center 
does not lie in the plane of centers must leave fixed two of the vertices of the 
triangle and carry the third into a point which remains invariant under the 
group. 

In case there is no jprimitive group in an 8^ whatever, every homology 
must be of this sort. Hence an homology with center not in the 8^ and not 
commutative with the group permuting the points of the 8^ must leave fixed 
at least two of the vertices of each of the four triangles of the tetrahedron 
and hence must leave fixed three of the four. It must carry the fourth into a 
point which remains invariant under each of the four subgroups and hence 
into a point which remains invariant under the whole group permuting the 
points of the 8^ . Hence the group generated by homologies with centers in 
an 8^ must permute five points in that 8^. 

We may then prove readily by induction that the only possible group 
generated by homologies with centers in an 8^^^ must permute n points in 
that/S,,.!. 

It follows therefore that there must be a primitive group generated by 
homologies with centers in an 8^. Those which contain homologies whose 
product is of period greater than 3 are of order 576, 1152, 1920, 11520, 7200.* 
In every case there is an invariant Cj obtained as the product of four mutually 
commutative homologies. The first three of these groups contain homologies 
each commutative with a group of order 2 • 24, that of order 11520 contains 
homologies each commutative with a group of order 2 • 96, and the one of 
order 7200 contains homologies each commutative with a group of order 2 • 60. 

♦ Loo, oii. 



4 Mitchell: Determination of All Primitive Collineation Groups 

In any larger space containing the Sg all these groups are of double the order. 
We denote the whole group by G and by JI a subgroup of order 2 • 24, 2 • 96, or 
2 • 60 generated by the homologies with centers in a plane. 

An homology not commutative with G and with center not in the 8^ must 
generate with G a group permuting the points of an 8^ . In this ^4 the C, 
which is invariant under G is an homology, which we denote by h^. The 
homology which is invariant under H but not under G we denote by hj^ . 

In the 8^ there must certainly be centers which lie in neither of the two 8^ 
determined by the plane of centers of H and the center of \ or hj, . An homol- 
ogy with such a center must generate with H either a primitive group in the 8^ 
containing the centers or else a group permuting the vertices of a tetrahedron. 
In either case it must contain an homology commutative with H with center at 
the point where this 8^ meets the line joining the centers of h^ and fc^. 

But there can be no other centers of homologies on this line, for it is con- 
tained by planes in which the group of the points is a dihedral G,, , whereas 
no primitive group of the points in a plane contains a dihedral group of higher 
order than 10. Such a G^ is generated by fe^ , h^j and an homology which is 
commutative with h^ and whose product by hj^ is of period 3. Hence no primi- 
tive group in more than four variables contains homologies whose product is 
of period greater than 3. , 

§ 2. Groups in which every homology is commutative with at least one 
homology in each dihedral G^ . 

A dihedral G^ generated by two homologies and an homology not commuta- 
tive with this G^ must generate a group permuting the points of the plane con- 
taining the centers. The only possible groups in a plane in which the product 
of no two homologies is of higher period than 3 are of order 24 and 18. 
The former permutes the vertices of one triangle in that plane and the latter 
permutes the vertices of each of four triangles. If the group in the plane is 
of order 18, the group in any larger space containing this plane is of order 
3-18. We first consider groups which do not contain such groups as sub- 
groups. Hence we may suppose that every homology is commutative with at 
least one in each dihedral G^ , since this is the case in a 624 . 

Theorem 3. The only primitive collineation groups in w ( >4) variables j 
which contain homologies and in which every homology is commutative with at 
least one in each dihedral G^, are groups of order n + l\ for any w, and groups 
of order 2^ -3* -5, 2»-3*-5-7 and 2^ -3*^ -5* -7 for n = 6, 7,8 respectively. 
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Consider a G^y which we represent as the symmetric group in the first 
four variables. In a primitive group there must be an homology not commu- 
tative with this group. Since it must be commutative with at least one homo- 
logy in each dihedral G^ , its center must be conjugate under the G^^ with a 
point such as {aaabc . . . .) or (aafc&c....), where a^h. 

In case the center of every homology which is not commutative with the 
G^^ is of the first type, the only primitive groups in n variables which exist 
are of order w-fl I This may be proved by induction. Consider the synmietric 
group in n variables. The center of an homology not commutative with it 
must be conjugate under the symmetric group with a point such as 

(ll + ^2+-... +^.-1)0+^.6+.... =0,* 

since three of any four of the first n coordinates must be equal. 

We first suppose that it is linearly dependent on the centers in the sym- 
metric group. It is then 

We may suppose that the invariant linear system of this homology is 

{x^ + x^+ +a?,_i) + (1— n)ic„ = 0, 

since we are concerned only with the group in the 8^^,^ which contains the 
centers. But the product of this homology by 

<_i = irn, a?; = a;^_,, x] = x^ {j^n — l,n) 

is not of period 3 since the centers and invariant linear systems do not cut out 
the proper cross-ratio on the line joining the centers for any positive integral 
value of n. t 

We now suppose that the center is linearly independent of the centers in 
the symmetric group. We may then by a transformation commutative with 
the synamet'ric group transform it into ^„ — ^^^^ = 0. We find that the in- 
variant linear system of points may be chosen as a?„ — aj^+j = 0. The homol- 
ogy is then 

< = ^n-\-lJ <-^l = ^ny ^'i = ^i 0'=^W, W + 1). 

We then have the symmetric group on n + 1 variables. It is of course primi- 
tive only if represented on n variables, which is possible by reason of the 
invariant linear relation a?i + ^^2 + + ^n+i = 0. 

* We shall find it convenient to use a dual coordinate system. 

t It is perhaps of interest to note that if the coefficients be reduced by any odd prime as a modulus 
that is contained in n-\-l, the product of these transformations is of period 3. In such a case a group of 
order n-flt exists for which only n — 1 independent variables are necessary. For example, we may exhibit 
the O5 ! in three variables by using the modulus 5, and the Oe 1 in four variables by using the modulus 3 
(cf. Dickson, Trans. Am. Math. 800., Vol. IX, pp. 121-148). 
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We may suppose therefore that any other primitive group in which every 
homology is commutative with at least one in each dihedral G^ contains the 
symmetric group on the first four variables and an homology with center 

(a abbe ). We may take this center to be ^^ + ^^ = 0. The invariant 

linear system of the homology we may take to be x^-\- x^ = 0. The homology 
is then x[ = — x^^ x'^= — x^^ x] = x^ {j>2). The group generated is of 
order 2^-4 1 in the w( >4) variables. It permutes the vertices of each of three 
tetrahedra in a^g = iCg = . . . . = 0, one vertex of each being 

^1 = 0, ^^ + ^, + ^, + ^, = 0, -^, + ^, + ^3 + ^^ = 0. 

Consider an homology not commutative with this group. In order that it 
be commutative with at least one in each dihedral G^ we find that of the first 
four coordinates of its center either three must be or else the ratios of the 
four must be it 1. There can be no center of either sort linearly dependent 
on the centers in the above group without involving homologies whose product 
is of period 4. Hence we suppose the existence of a center linearly independent 
of them. Since the group of order 2-96 is invariant under groups of order 
2-288 and 2-576 permuting the three tetrahedra mentioned above, we may 
take a center to be of the first tjrpe, e. g.j ^^ — ^^ = 0. We find that the in- 
variant linear system may be taken to be x^ — x^ = 0. The homology is then 
ici = rCg , ajfi = iC4 , a;J = rcy (; :]f= 4, 5) . A group is generated of order 2* • 5 1 . 

Consider an homology not commutative with this group. Of the first five 
coordinates of its center either four must be or else the ratios of the five 
must be ±1. Since the group is invariant under a transformation which 
changes the sign of an arbitrary number of variables and leaves the rest un- 
altered, we may in the latter case choose the first five coordinates all as -f 1. 

We find readily that there can be no more centers linearly dependent on 
the centers in the above group. We therefore suppose the existence of an 
homology with center linearly independent of them. If all the centers of this 
sort are such that of the first five coordinates four are 0, it may readily be 
shown that no primitive group in n variables is possible. We therefore take 
an homology with center f i + ^2 + • • • • +^8 = 0. We find then that its in- 
variant system of points may be taken to be x^ + X2+ -f a^g = 0. This 

homology may be written : 

a?I + a^a + +Xs= — (a?i + a?2 + + ^s) > 

(Ci^i — Xi = Xi_^^ — x^,x'f = Xf (i<8, ;>8). 

A group is then generated, permuting 36 centers of homologies. The 
group commutative with one of the homologies is of order 2 • 6 ! and the whole 
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group of order 2 • 6 ! • 36 = 2^ • 3* • 5. It is the well-known group which gives 
a representation of the group of the 27 lines on a cubic surface. It requires 
of course only six independent variables for its representation, the above choice 
of coordinates having been made for convenience in exhibiting the larger groups. 

Under this group the subgroup commutative with T \x\= — a?^, x\ = x^ 
(i<4, ;' >4) is of order 2-576. This subgroup permutes the three invariant 
tetrahedra of the group of order 2 • 96. On the points va x^ = x^ = x^ = x^ = ^ 
it is of order 6. Each of the six transformations on these points corresponds 
to a particular permutation of the three tetrahedra. To one which leaves fixed 
the tetrahedron ^^ = 0, ^g = 0, ^3 = 0, ^^ = and interchanges the other two, 
there corresponds the transformation ?7 : rcg = — ^5, ^y = ^^ (i > 5), and to one 
which leaves fixed the tetrahedron f 1 + ^2 + ^s + ^4 = 0> ^1 + ^2 — ^s — ^4 = 0, 
^1 — ^2 + ^8 — ^4 = 0, ^1 — ^2 — ^8 + ^4 = and interchanges the other two, there 
corresponds the transformation F : 0^5 + rcj + a;J + a^g = — (a?6 + ^e + ^7 + ^s)? 
rrj+i— x\ = ic^+i — a;^, x\ = x^ {i = 5, 6, 7 ; j > S). Of the 36 centers of homol- 
ogies 12 are in x^ = Xq= . . . , = and the other 24 lie by pairs on the 12 lines 
joining the centers of (7, F, UVU in Xi = X2 = x^ = x^ = to the vertices of the 
corresponding tetrahedra in x^ = Xq= .... =0. 

Consider now an homology not commutative with the whole group. Of 
the first five coordinates of its center either four must be or else the ratios 
of the five must be ±; 1. Under the group of order 2 • 576 commutative with T 
a center of the latter type will be conjugate with a center of the former type. 
Since the symmetric group on the first five variables is present, it will be con- 
jugate with a center in x^ = X2 = x^ = x^=z 0. An homology of this sort must 
be commutative with all those with centers in x^ = Xq= . . . . =0. Hence under 
the group generated by any such homologies no two of the three C^, f7, F, UVU 
can be conjugate. For in that case there would b6 centers on lines joining 
^5 = to points in x^ = Xq= . . . . =0 other than the four vertices of the corre- 
sponding tetrahedron. But there can be no more centers in the 8^ determined 
by f 6 = and that tetrahedron. 

There can be no homology with center on the line containing the centers 
of f7, F, UVU in Xi = X2 = x^ = x^ = 0. For the only such homologies which 
could generate a group under which these three centers were not conjugate 
would be two with centers at the two points interchanged by the dihedral G^ . 
But neither of these points lies in 

^4 + ajg = 0, x^+x^ + + Xq = Oj x^ + x^ + x^ — x^ — x^ + x^ + Xy + x^ = 0, 

and hence neither homology could be commutative with any one of the three 
in the dihedral G^ in which these three are the invariant linear systems. 
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Hence we may suppose the existence of centers of homologies ia Xi = x^ 
= Xq = x^ = Oj but not on the line containing the centers of U, F, UVU. The 
group generated by one such homology together with [7, F, UVU must have 
a self -conjugate subgroup containing the homologies under which 17, F, UVU 
are not conjugate. Hence the whole group must be of order 2-24 and the 
homologies must gen^ate its invariant subgroup of order 2*4. One of the 
three homologies must be commutative with U and we may take its center to 
be £7+^8 = 0. The centers of the other two are then ^^+^^ = and £5—^^ = 0. 
The invariant linear system of the homology with center f ^ + £g = may then 
be chosen sls Xy + x^ = 0, It is therefore a?7 = — rCg , a^g = — a;^ , a?J = x^ (; r^ 7, 8 ) . 

A group is then generated permuting 63 centers of homologies. Of these 
63 twelve are m Xq = x^= . . . . =0 and three in x^ = x^ = x^ = x^ = Oj and the 
other 48 lie by pairs on 24 lines joining the vertices of the three tetrahedra in 
x^ = Xq= .... =0 with three corresponding pairs of points in x^ = x^ = x^ = 
x^ = 0. The group commutative with one of the 63 homologies is of order 
2* • 6 ! . It contains, however, the C^ , Xi= — x^y x\= — iCg , rCg = — a;^ , x\= x^ 
{i<7y j>S)j which is invariant under the whole group. The group of 
coUineations in the Sq which contains the centers of homologies is then of 
order 2«-6!-63 = 2«-3*-5-7. 

This is one of the two groups found by Burnside {loc, cit.)j and it is 
shown by him to give a representation of the group of the 28 bitangents to a 
quartic curve. * 

If this group is contained by a larger primitive group there must be 
homologies not commutative with the above group and with centers in x^ = x^ 
== 3:3 = a?4 = 0. The group on this system of points must then be of order 
2*576 and the homologies must generate its invariant subgroup of order 2-96. 
In the 8^ containing the centers of these homologies their centers and axial 
planes must form the vertices and opposite faces of three tetrahedra. One 
vertex of each of these three tetrahedra must be left invariant by both U and F. 
We may choose one of these as ^^ — £7 = 0. The other three vertices of this 
tetrahedron must then be ^^ + £7 = 0, £5 + ^^ = 0, gg — £» = 0. The invariant 
linear system of the homology with center £g — £7 = may be taken as 
x^ — x-j = 0. This homology is Xq = Xt^ Xt^^x^^ x] = x^ {j zfz 6^7). 

A group is then generated which permutes 120 centers of homologies. 
Of the 120 twelve are in x^ = Xq= . , , . =0 and twelve in x^ = x^ = x^ = x^^ 0, 
and the other 96 lie by pairs on the 48 lines joining the vertices of the three 
tetrahedra in x^ = Xq= . . . . =0 with the vertices of three corresponding 
tetrahedra in Xy^ = x^ = x^ = x^ = 0. The order of the group commutative 
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with one of the homologies is 2^^ • 3* • 5 • 7. It contains, however, the C^ 
Xi=: — x^y x\ = x^ (*S8, i>8), which is invariant under the whole group. 
Hence the order of the whole group as a collineation group in the 8^ con- 
taining the centers of the homologies is 2^®-3*-5-7-120 = 2"-3^-5*- 7. 

This is the other group found by Burnside (Jioc. cit.). To put it in the 
form in which it is exhibited by him, we first transform it by x\-=^ — a?<, 
x\ = x^ {i< 3, i > 3), and then by rrj+i — a?J = rr^+j — x^^ x[ + X2+ .... + ^s = 

— 3 {Xi + x^+ + ojg), icj = a?y (i < 8, j > 8). The group then contains and 

may be generated by the symmetric group in the first eight variables and the 
homology with center ^1+^2+^8 = and invariant linear system 2(x^+x^+x^) 

— (x^+x^+Xq+x^+Xq) =0. The latter is obtained by the two transformations 

from that with center ^1 + ^2 + + ^s ^^d invariant linear system x^+x^ + 

+ rTg = 0. It may be written : 

< = 3 ^1 — (a?2 + 00^), x'^ = ^Si — {x, + x^),x'^ = -s^— {X, + x^), x\ = a;< (i > 3), 

where s^ = x^-\' x^-\- .... -{- x^. 

If when the group is exhibited in this form the coefficients of the trans- 
formations and the coordinates of the points be reduced modulo 2, the group 
remains the same as a permutation group on the 120 points, but it has then 
the quadratic invariant %x^x^^^ (i, ; = 1, 2, . . . . , 8 ; i^j). The group is 
therefore simply isomorphic with the first hypo-abelian group on eight vari- 
ables.* Burnside states this result without proof. 

Returning now to the original choice of coordinates, we inquire whether 
any larger primitive group can contain this group. If so, there must be more 
homologies not commutative with it having their centers in x^=x^=Xg=x^ = 0. 
Hence there must be a group in an S^ containing a subgroup of order 2 • 576. 
But there is no such group. Hence we have found all groups in which every 
homology is commutative with at least one homology in each dihedral G^. 

§ 3. Theorem 4. The only primitive collineation groups in w( >4) vari- 
ableSy which contain homologies not commutative with any one of the three in 
a dihedral G^y are of order 2® -3* -5 and 2®- 3^-5 -7 for w = 5, 6 respectively. 

An homology which is not commutative with any one of the three in a 
dihedral G^ must generate with it a group of order 3 • 18. Such a group is 
generated by 

x[ = x^j X2 = x^, x\ — x^ {j > 2) ; 

x[ = G>Xz, X2 = o}^x^ , x'j = Xf (j > 2) ; 
4 = ^8> ^8 = ^2> x'^=^x^ (i:^2, 3), 
where cj is a cube root of unity. 

* Jordan, Traits dea Substitutions, pp. 195-206; Dickson, Linear Groups, Chap. VIII. 
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Consider an homology which is not commutative witli this group. It must 
generate with it a group permuting the vertices of a tetrahedron. The group 
of order 3 • 18 leaves invariant four triangles in x^ = x^= . . , . =0^ one vertex 
of each being ^, = 0, ^^ + ^, + ^3 = 0, o>^, + ^, + ^, = 0, ^^^, + ^2 + ^8 = 0. 
We suppose that the vertices of the first triangle are vertices of the invariant 
tetrahedron, and we choose the fourth to be ^4 = 0. If the center of an homol- 
ogy be chosen as ^j — ^4 = 0, the invariant system of points may be taken to 
be x^ — x^ = 0. This homology is then Xs = x^^ ^i = ^37 ^y = ^/ U =]f= 3, 4) . 
The group generated is of order 3*-4!. 

As we have seen, every homology which is not commutative with the group 
of order 3 • 18 must permute in common with it the vertices of a tetrahedron, 
and the same must be true for the conjugate groups. Hence an homology 
which is not commutative with the group of order 3* • 4 ! must be such that of 
the first four coordinates of its center either three are or else the ratios are 
1, u, u\ If the only centers present are of the former type, it is easy to show 
that no primitive group can exist. Since the group of order 3® • 4 ! is invariant 
under any transformation which multiplies each of the first four variables by 
1, G), (1)^ and makes an arbitrary substitution on the otliers, we may take a center 
of the latter type to be ^1 + ^2 + • • • • +^8 = 0. The invariant linear system 
of this homology may be taken as iCi + rr^ +....+ tr^ = 0. The homology 
may be written: 

(X^[ + 0C2+ +00e = — {x, + x^+ + a?e), 

x^^i — Xi = Xi^^ — Xij x\ = x^ (i < 6, ;■ > 6) . 

We find that a group is generated which permutes 45 centers of homologies. 
Of these 45, nine are in a?^ = a;^ =....= 0, and the other 36 lie by threes on 
the 12 lines joining the vertices of the four triangles in a;^ = iPg = . . . . = 
with four corresponding points in x^ = x^ = x^ = 0, i. e., ^^ = 0, ^4 + ^5 + ^e = 0, 
0^4 + ^5 + ^e = 0, G)*f4 + fs + fe = 0. To determine the order of the group as 
a collineation group in the S^ which contains the centers of the homologies, 
we find that there are 40 planes, each of which contains the centers of nine 
homologies, and hence 40 cyclic groups conjugate with that generated by 
T \x\ = {;iX^^ x\ = x^ (*^3, ;>3). The order of the subgroup (in the 8^ 
which is commutative with T is 3 • 216. It permutes the four triangles in 
a;^ z= rTg = .... =0, and on the points in a^^ = rr^ = rrg = it is of order 12. 
Each permutation of the four triangles corresponds to a particular transfor- 
mation on these points. To one which leaves fixed the triangle ^^ = 0, ^^ = 0, 
^8 = and is of period 3 on the others, there corresponds the transformation 
TJ \x\ = uiX^^ x] = x^ (;>4), and to one which leaves fixed the triangle 
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fi + ^2 + ^8 = 0, ^i + co^2 + a>2^3 = 0, ^i + a>^f2 + <^^8 = and is of period 3 
on the others, there corresponds the transformation 

F : a;; + ic; + 4 = o (a?^ + a?6 + x^), 
Xi^i — Xi = Xi_^^ — Xi, x] = x^ (i = 4, 5 ; y > 6). 

The order of the group as a coUineation group in the 8^ is then 3 • 216 -40 
= 2® • 3* • 5. The order of the group in any larger space containing this 8^ 
is, however, of order 2^-3**5, since it contains the invariant C^\ x\ = —Xi^ 
x'^= —Xqj Xq= —x^, x\ = Xj (i < 5, j > 6). This C^ is the product of any 
five mutually commutative homologies. The group in the 8^ is readily shown 
to contain primitive subgroups of order 6 ! . 

If this group is contained by a larger primitive group, there must be 
homologies not commutative with it. Of the first four coordinates of the center 
of such an homology either three must be or else the ratios must be 1, o, «^. 
Under the group commutative with T a center of the latter sort will be conju- 
gate with centers of the former sort. Since the synametric group on the first 
four variables is present, there must be centers whose first three coordinates 
are 0. Such homologies must be commutative with all those with centers in 
ip^ = iCg = .... =0. 

There can be no centers of homologies on the line containing the centers 
of the four C^ generated by [7, F, UVTPj IPVU. For under any group generated 
by homologies with centers on that line the four centers would be conjugate. 
Hence there would be additional centers in an 8^ such as a?^ = ^r^ =....= 0, 
which is impossible. 

An homology with center in ajj = 0^2 = a?3 = 0, but not on this line and not 
commutative with the above group, must generate with the four Cg a group of 
order 3 • 216. An homology which is commutative with F we may take to be 
3o[ = x,, a;i = aj,, x'^ = x^ (;:^4,5). 

We find that a group is generated permuting 126 centers of homologies. 
Of the 126 centers nine are in a;^ = ajg = .... =0 and nine in x^ = x^^ x^ = 0, 
and the other 108 lie by threes on the 36 lines joining the vertices of the four 
triangles in a;4 = a?5 = . . . . = with the vertices of four corresponding triangles 
in x^ = x^=:x^ = 0. The order of the group as a coUineation group in the 8^ 
containing the centers of homologies is 2^ • 3* • 5 • 126 = 2® • 3® • 5 • 7. 

This group must evidently contain a self-conjugate subgroup of index 2, 
consisting of all the transformations which may be written with determinant 
unity without introducing any irrationality other than o. It will be shown later 
that the latter group is (1, 1) isomorphic witli a known simple group. In any 
larger space containing the 8^ each of these groups contains an invariant Cq 
generated by x^ = — wa;^, a^J = x^ (i^6, j > 6). 
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If there is a larger primitive group containing the group of order 2®*3*-5*7, 
there must be homologies not commutative with it. The centers of some of these 
must lie in Xj = x, = x, = 0. But the group on these points is of order 6 • 216 
and no larger group can contain it. Hence we have found all collineation groups 
in more than four variables which contain homologies not commutative with 
any one of the three in a dihedral G^ . 

Theobem 5. The primitive group of order 2®-3®-5'7 w six variables is 
(1, 2) isomorphic with the first orthogonal group on six indices with mod- 
ulus 3.* 

To prove this theorem we first transform the group as written above by 
xj = 6)X^, xj = x^ (t = 1, 2; j > 2), and then by 

x; + a^ + +x'^ = o^x, + x^+ + X,), 

^<+i — ^< = ^<+i — ^o ^/ = ^i (*<6, ;>6). 
The group as transformed contains the symmetric group in the six variables, 
the homology x; = — Xg, x;= — x,, xj = Xy (j > 2) and the homology with 
center — V — 3 f, + f, + ^3 + ^, + ^j + f^ = and invariant linear system 
"^ — 3 x^ + x^ + x^ + x^ + x^ + Xq = 0. These two homologies are obtained 

from those with centers fi + fg + +^6 = and w^^i + 6)^2 + ^s + ^i + ^s 

+ f « = respectively. The symmetric group on the six variables together 
with the first of these homologies generates a group of order 2**6 ! under which 
f 1 + f« = goes into 30 positions and - V^Ts ^^ + ^^ + ^3 +^, + ^^ + ^^ = u 
into 96 positions. These are the 126 points permuted by the group. 

If now the coefficients of the transformations and the coordinates of the 
points be reduced modulo 3, the group remains the same as a permutation group 
on these 126 points, but it then has the quadratic invariant xf + a| + al + xj 
+ xl + xI^mO. The self-conjugate subgroup of index 2 is therefore (1,1) 
isomorphic with the simple group of the same order. 

The whole group has primitive subgroups in the six variables. The sym- 
metric group on the first five variables together with the two homologies with 
centers f , + ^2 = and ^, + ^2 + fs + f* + ^a — ^— 3 fe = generates a group 
of order 2' • 3* • 5, having the invariant quadratic spread xf + x| + a| + xj + x| 
— xj = 0. This is the well-lcnown group of this order and may, by a slight 
change of variables, be exhibited with rational coefficients. The symmetric 
group on the six variables together witli the homology with center ^^ + ^2 +^8 
+ ^4 + f fl — V — 3 fo ~: generates a group of order 7 1 . 

UnIVEBBITY or PlCNNHYLVANrA. 

* Jordan, Traits de$ tiuh$tituHonti, pp. lMl-170; Diokson, Linear Qroupa, Chap. VII. 



On Non-Homogeneous Equations with an Infinite Number 

of Variables."^ 

By R. D. Carmichael. 



1. Introduction. 

In recent years important contributions to the problem of solving linear 
equations with an infinite number of variables have been made by Hill,t Poin- 
care,t von Koch,§ Hilbert,|| Toeplitz,lf Schmidt,** and Bocher and Brand.ft 
The most interesting and far-reaching developments of the theory which have 
been given up to the present time are those of the last two papers mentioned. 

Two memoirs by Kotteritzschtt appeared earlier than any of those just 
referred to. They are formal in their treatment ; that is to say, the requisite 
convergence proofs are not given, so that one is without information as to 
the range of validity of the results. These researches have usually been passed 
over in silence by those who have written on the subject of infinite systems of 
equations. To be sure they are incomplete in several respects and contain 
actual errors; but they do not deserve the neglect with which they have met.§§ 

The purpose of the present paper is to indicate an important range of 
validity for the results of Kotteritzsch. His formal solutions are derived 
directly and convergence proofs are supplied for two important classes of cases. 
The results are stated in a theorem at the close of the paper. 

In connection with the results of § 5 I point out that the methods of the 
present paper have a valuable range of applicability different from that of 
previously developed theories. 

* Presented to the American Mathematical Societal December 31, 1912. 

t Acta Mathematioa, VIII (1886), pp. 1-^6. Previously published at Cambridge, U. S. A., in 1877. 

t Bulletin de la Boci4t4 maihimaiique de France, XIV (1886), pp. 77-90. 

^Rendioonti del Ciroolo matematico di Palermo, XXVIII (1909), pp. 255-266. See also the numer- 
ous references in this paper. 

II Oottinger Nachriohten, 1906, pp. 157-227 ; see especially pp. 218-227. 

^RendiconH del Ciroolo matematico di Palermo, XXVIII (1909), pp. 88-96. See also the references 
in this paper. 

**Rendiconti del Circolo matematico di Palermo, XXV (1908), pp. 53-77. 

^Annals of Mathematics, XIII (1912), pp. 167-186. 

tt Zeitechrift fUr Mathematik und Phyaik, XV (1870), pp. 1-15, 229-268. 

§§ Compare Encyclopedic dee Sciences Math4matiques, I, pp. 319-321. 
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2. Normal Form of the System. 
Let us consider the system of linear equations 

2t (l^AAj ^ C^j % = Ly Zj . • . . y 



(1) 



having the property that no linear relation exists among any finite number of 
the first members. It is easy to see that the variables Uu Uij u^y .... can be 
rearranged into a sequence -Wj, Wgj ^8> so that the system (1) can be re- 
duced to an equivalent system of the form 



2 a^^u^=c^, o«=l, i=h 2, 3, , 



(2) 



the A;-th equation in the new system being obtained by means of a linear com- 
bination of the first k equations of the old. We shall study the equations in 
the normal form (2). It is obvious that the results for this system can be 
carried over to system (1) without diflSculty. 



3. The Formal Solution of Kotteritzsch, 

It is natural to expect that a solution of (2) is linear in the c's. 
ingly let us seek a solution of the form 



Uj,= 2 5fc^M A=l, 2, 
1=1 



Accord- 



(3) 



If we substitute this value of m^ from (3) into (2) we have formally 

OO 00 90 00 

2 a<y 2 SfiCi=: 2 2 ctuSnCi^c^y t=l, 2, 

This is a formal identity in the c's provided that 



2 a<yS,,=5«, ijl=ly 2, 3, 



(4) 



where 5« is equal to 1 or zero according as i is or is not equal to I. 

If we consider any fixed value of Z, we have in (4) a singly infinite system 
of equations for determining those s's which have the given second subscript L 
The Z-th equation of the set has the second member 1 ; all the other equations 
of the set have the second member 0. It is obvious that there exists a par- 
ticular solution 5^, =84, where 5^1=0 when k>l and 8;fc,=A|t, when A; <Z, A^, being 
the determinant formed from 



A,= 



1 


o« 


018 


On •• 


•• «u 





1 


«J8 


a24 •• 


•• o« 








1 


»84 •• 


•• «8J 











.. 


. . 1 
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by replacing the last element in the k-th column by 1 and all the other elements 
in that column by 0. If now we let I vary over the range 1, 2, 3, . . . . , we obtain 
a particular solution of (4). 

Consider now the homogeneous system corresponding to (2) : 

2 a<yt;^=0, i=l, 2, (5) 

This is also the homogeneous system corresponding to (4) for a fixed I and 
varying i. Consider the infinite set of solutions 

^i=^jkj ^ = h 2, ...., 

of (5). These are assumed to be any solutions whatever of (5), whether the 
same or different; in particular we may have v^j^=0 for all values of j and k. 

Now, since 5^,=5jt/ is a solution of (4), it is obvious that 5«=5^/+t^jti is also 
a solution of (4). This may be written in the form 



s,i={k,l)A,i+v,i, k,l = l,2, .. 
where 

when k>ly 
when k<l. 



{k,i)=[l 



Substituting these values of s„ in (3) we have formally: 

u,= 2\{k,l)A,,+vJc,, k=l,2, (6) 

1 = 1 

If this value for w^ is substituted for u,,m (2), a formal identity in the c's 
will be obtained. Thus we have a formal solution of (2). If we put i^jt/=0, 
we have the simpler formal solution 

Wfc = I (A, l)Aj,fii= I Aj,fii, fc = l, 2, (7) 

/=1 l=zk 

This latter is essentially the formal solution of Kotteritzsch. It is the one 
which we shall study in the following sections of this paper. 

In a previous paper* I have had occasion to solve a particular system of 
equations of the form (2). This example illustrates the method by which ap- 
propriate determinations of the quantities Vj^i may be made, so as to ensure the 
convergence of (6) when the condition Vj^i=0 for every k and I gives rise to 
divergent series. The example also brings to notice the usefulness of this 
method when it is desired to select a particular solution (6) of (2) which has 
important properties in addition to satisfying the system of equations. 

* American Joubxal of Mathematics, XXXV (1013), pp. 164-175. 
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4. Validity of the Formal Solution (7) as an Actual Solution. 

In the first place it is obvious that (7) cannot afford a solution of (2) un- 
less every infinite series in (7) is convergent. But there are other conditions 
which must also be satisfied. Substituting from (7) into the first member of 
(2) we have 

I ia,^{j,l)A^fii. (8) 

Assuming for a moment the validity of an interchange in the order of summa- 
tions in (8), we should have for the value of (8) 

since 

Hence we conclude that (7) will afford a valid solution of (2) when and only 
when the series in (7) converges for every value of k and the interchange of 
the order of summations in (8) is legitimate. 

Now we may think of (8) arranged as a double series: 

««(i. l)A,,Ci+a,,(i, 2)AaC,+a«(i, 3)A^c^+.. . ., 

The necessary convergence in (7) implies the convergence of every row of this 
double series. Then for the convergence of this double series it is necessary 
and sufficient* that the convergence of the rows be uniform and that the series 

Si+S2+S^+ 

shall be convergent, where S^ is the sum of the m-th row of the double series. 
Clearly the convergence of this double series is sufficient to ensure the legit- 
imacy of the interchange in the order of summations in (8). Hence we con- 
clude that (7) will be a valid solution of (2) in all cases when the convergence 

00 

of the first series in (7) is uniform with respect to k and the series 2 a^^w^ is 

convergent, where u^ is the sum of the series (7) for k=j. We shall deter- 
mine two important cases when these convergence conditions are satisfied. 

* See Hobson's Theory of Functions of a Real Variable, p. 466. 
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In developing each of these two conditions we shall have need of Hada- 
mard's fundamental theorem* concerning an upper bound to the absolute value 
of a determinant. This theorem may be stated as follows : 

If A is an n-th order determinant in which jS^y is the element in the t*th 
row and the j*th column, then 

|A|<Vr,r,....r.. |A|<Vp,p,. . . .p,, 
where 

5. First Class of Cases. 

To obtain our first condition implying the validity of (7) as a solution of 
(2) we proceed thus: Denote by cr^ the sum 

From the definition of Ajti and the second inequality for |A| in Hadamard's 
theorem We see that 

I At,|*< — naj<aja^ cr,. 

From this it follows that the first series in (7) for ti^ is term by term not 
greater iii absolute value than the series 

I ^a^a^ ctJcjI. (9) 

1=1 

If this series converges, it follows that the first series for u^ is uniformly con- 
vergent with respect to k. Also, it is obvious that 



where ^j^ is defined by this relation. Consider the series 

X\a,,\A,, i=l,2, (10) 

From our test in § 4 it follows that the convergence of series (9) and (10) is 
sufficient to ensure the validity of (7) as a solution of (2). 

Since [w^l is evidently not greater than the sum of (9), it follows from 
our test in § 4 that the convergence of (9) and of the series 

l|a,,|, i=l,2, ...., (11) 

is also sufficient for the validity of (7) as a solution of (2). 

* Bulletin dea Scienoea MaihSmaiiquea (Darboux), XVII (1893), pp. 240-246. 
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A comparison of these results with the theory of von Koch and also with 
that of Schmidt will be sufficient to show that the methods of the present paper 
have an important range of applicability different from that of previously de- 
veloped theories. To take a fairly obvious case, let us consider a system of 
equations (2) in which 

where M is independent of i and j. It is easy to see that the numbers Cj , c^ , 
Cg , .... can be chosen in an infinity of ways so as to ensure that the requisite 
convergence conditions are satisfied. A comparison of this case with those 
treated by von Koch and Schmidt is sufficient to justify the statement made 
above. 

6. Second Class of Cases. 

To obtain a second condition under which (7) affords an actual solution 
of (2) let us assume with Schmidt the convergence of the series |ati|*+ lo^l* 
+ . . . . for every value of i. We write 



s,= 2 ia,y|S i=l, 2, 



Applying the first inequality for | A | in Hadamard's theorem we see that 
I Ajbj I ^ SqS^S^ .... 5,_i , ^0 — 2, 
since the sum of the squares of the absolute values of the elements in the i-th 
row of Afc,, i^^lj is equal to or less than 5^, while the corresponding sum for the 
I'ih row is 2. From this it follows that the first series in (7) for Uj^ is term 
by term not greater in absolute value than the series 

|^V5,5,....^,_,k,|. (12) 

If this series converges, it follows that the first series for Uj^ is uniformly con- 
vergent with respect to k. Also, it is obvious that 

where Bj, is defined by this relation. Consider the series 

I |a,JB^, i=l, 2, (13) 

From our test in § 4 it follows that the convergence of series (12) and (13) is 
sufficient to ensure the validity of (7) as a solution of (2). 

Since Bj obviously decreases with increase of A, it follows from the above 
result that the convergence of (12) and (11) is also sufficient for the validity 
of (7) as a solution of (2). 
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7. Statement of the Principal Results. 

The principal results which we have obtained may be stated as follows : 
Theorem. // the system of equations 



2a<yWy=c<, t=l, 2, 



(A) 



has the property that no linear relation exists among any finite number of the 
first memberSj it can readily be reduced to an equivalent system 



Xa^fUi=c,, a,,=l, i=l, 2, 
Denote by A^i the determinant formed from 



(A) 



1 


o« 


«1« 


Ol4 •• 


•• «1. 





1 


«a 


Ol4 •• 


• o« 








1 


034 •• 


•• a« 











.. 


.. 1 



by replacing the last element in the k-th column by 1 and all the other elements 

in that column by zero. Denote by t;^!, Aj=1, 2, , any solution Vi^=Vj^i of 

the system 



Xai^Vf=Oy t=l, 2, 



Then a formal solution of equations (A) is 

Uj,= I j (A, l)A^i+Vj,i\Ci, A=l, 2, . . 



1=1 



(B) 



where (A, I) is unity when l>ky and is otherwise zero. If we take ^^^,^0, this 
reduces to 

u,= lA,fi,, A=l,2, (C) 



i=* 



Among the cases in which (C) certainly affords an actual solution of (A), 
are the two general classes in which the one or the other of the two following 
conditions are satisfied: 

1. // 

i 

then the series 



/=i 



^^a.a. a,\ci\] 2 |%My, i=l, 2, r.:. . ., 

1=1 * * ' /=< 
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converge^ where Af has either of the two values -4^=1, i=l, 2, ^ or 

A,= S^^^^^\c,U i=l,2, 

l=i Vrr, 



1=/ yof 

2. 2'he series |«fil*+ |«i2|*+ |a^|*+ converges to the sum s^. The 

series 

converge^ where B^ has either one of the two values 5^=1, ; = !, 2, . . . ., or 

^/=J^V5^^....5,^Jc,|, i=l, 2, 

From a solution of (A) a ^oZwitow o/ (A) may readily he found, 
Indiana Univcbsitt^ 



On Constrained Motion. 

By Petbb Field. 



Introduction. 



The traditional problem in the mechanics of a particle supposes given a 
system of particles with a certain number of degrees of freedom and a system 
of forces ; the solution of the problem consists in determining the motion of 
each particle. Lagrange's equations enable us to do this provided it is possible 
to overcome the difficulties incident to the integration of the equations of motion. 

Painleve* has shown that in discussing problems of this kind, if we assume 
Coulomb's laws of friction to hold true, we must proceed with caution, as the 
supposition that motion takes place may lead either to conditions which are 
incompatible or to the possibility of more than one solution.f In some of the 
problems discussed by Painleve, our interest is not primarily in the whole 
history of the subsequent motion but rather in knowing how many values of 
the acceleration are possible at the given moment with the given initial condi- 
tions. This is the point of view which is adopted in this paper. 

Efforts have been made to dispose of the cases where more than one motion 
is possible by taking account of the elasticity of the material and also by sup- 
posing that it must be possible for the frictional force to increase from zero 
up to its maximum value,| but the fact nevertheless remains that when we sup- 
pose that we are dealing with a rigid system and suppose the frictional force 
at any point is proportional to the normal pressure at that point, and make no 
additional assumptions, we are led to cases where there may be more than one 
solution.^ 

* " Le^onB sur le f rottement/' 

t See my paper on Coulomb's laws of friction, Zeitsehrifi fUr Maihemaiik und Physik, Vol. LXI, p. 68. 

tSee Lecomn, Comptet rendua, Vol. CXL (1005), p. 635, and De Sparre, Vol. CXLI (1905), p. 310; 
9}mo ZeitwchHft fUr Maihemaiik und Phytik, Vol. LVIII (1910), articles by Klein, MiJMt, Hamel, Prandtl, 
Pfeiffer. 

§ See Appell, Traii4 de micanique raiionnelle, Vol. II, p. 127, 3d edition. 
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Statement of the Problem. 

The purpose of this paper is to investigate what conditions must be satis- 
fied in order that the supposition that motion takes place may lead to condi- 
tions which are compatible, when there are no external forces and we have two 
particles m^ and m^ connected by a weightless rod of length { and one or both 
are constrained. The different cases may be tabulated as follows : * 

(a) m^ is constrained to a surface and m^ is free, 

(b) m^ is constrained to a curve and mj is free, 

(c) m^ and m^ are both constrained to surfaces, 

(d) mi is constrained to a surface, mg to a curve, 

(e) Wi and iWj are both constrained to curves. 

The data are chosen as follows : The particle of mass m^ is at P^ (Fig. 1) 
and the second particle is at P^ . The velocities of m^ and m^ are ti^ and u^ . 




T 




Fio. 1. 



The projections of these velocities along I and at right angles to I are (t;, v^), 
(v, Vj) respectively, the projections along I being equal as P^P^ is of constant 



* Some special cases have been studied by Painlevd and others. A study of the case where the two 
particles are constrained to parallel plane curves will appear in one of the forthcoming numbers of the 
Zeittohrift fUr Mathematik und Physik. 
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length. The angle between v^ and v^ will be called $. In case the particles 
are constrained to curves, p^ and pj ^^^ ^^^ radii of curvature of the paths ; 
while if the particles are constrained to surfaces, p^ and p^ are the radii of curv- 
ature of the plane sections determined by the velocity and the normal to the 
surface. The coefficients of friction will be denoted by (i^ and (i^ . 

The angles 6^ and $2 shown in Fig. 1 can be expressed in terms of t;, v^ , 
Vg ; but ^1 and ^2 > *^lso shown in the figure, are independent of the preceding 
parameters. We therefore have the following thirteen independent param- 
eters : ni^y m^y l^ij fiiyly Vy ^^i , Vg , <^i , ^g > ^> fi > p2 • ^hc tension in the rod is 
called T. 

Case (a) : m, is Constrained to a Surface and m^ is Free. 

The projections of the acceleration of m, are — along pj, -j^=j^ in the 

Pi at 

T 
direction of w^, and — (1— cos^ 4>i— cos* B^) * along a line perpendicular to u^ and 



m 



Pi (Fig. 2). 




U.. 



FlO. 2. 



In order to get the value of j^ it is necessary to find the pressure against 
the surface. This pressure is 



I— mi- 
and we have at once the equation 



Pi 



+Tcos<^J, 



miJi=— /mJ— m^ — -^--^H-T cos 4>i| +T cos B^. 
Pi 
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The acceleration of Wj is directed along P^P^ and is equal to . Now 

as the distance between the two particles is constant, the projections of their 
accelerations along P^P^ differ by 



„_ v\ + vl — 2v^V2 cos 6 



Q being the angular velocity of { and consequently equal to the geometric sum 
of Vi and — v^ divided by I. 



^ 



^ 



r 


\w 







/A ? 





In case 
to sal 



Fig. 8. 

must therefore be able to determine T so as 

T 

— (1— cos«^i— cos'^i) 



in case motion is possible we musi mereiore oe a Die lo aeiermme i so as 
atisfy the equation 

T u^ y^ T 

OS* B^—fiy^ cos 6i I — cos ^1 ^ I + — cos 4>,H (1— cos*^i— cos*di) 

m^ Pi pi ^1 

v\ + v\ — 2ViVt COS g T 
B equation may be rendered a trifle more compact by substituting k^ and A^ 



This equation may be rendered a trifle more 

for -^-^ — = T^^ ft^d -^ . It can then be written 



v\ + v\ — 2v^v^Q0B e ^j^^^ 
I pi • 

•A*=^i cos ej — cos 4>i— Af I . 
/fi'i 



In Fig. 3 the values of 



y/8iM>i ^ Jl)+ jkj cos 4) -A*=it£, cos ej - . 
This condition is easily interpreted geometrically. I 
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are represented by points on a straight line, while the values of 

T 

y^=fi^ cos 0i| — cos ^—kl\ 

are represented by points on a broken line which will lie above or below the T 
axis according as dj is acute or obtuse. The values of T at the points C and D 
satisfy the conditions of our problem. If the data were so chosen that A co- 
incided with B and the slopes of y^ and one segment of the broken line were 
equal, we should have an infinite number of solutions. K Q^ is acute and A 
lies to the left of 5, there will be but one solution if the slope of the line y^ is 
greater than the slope of the broken line ; while if A lies to the right of B and 
the slope of y^ is less than the slope of the broken line, our equation has no 
solution. The problem may therefore have 0, 1, 2, or an infinite number of 
solutions depending on how the data are chosen. 

Case (b) : m^ is Constrained to a Curve and m^is Free. 

The acceleration of m^ lies in the osculating plane of the twisted curve to 
which mi is constrained. The component along the radius of curvature has the 
same value as in case (a), but the value of j^ is different, as the pressure 

u^ 
against the curve is now the geometric sum of — m^ — and the projection of T 

Pi 

on the normal plane to the curve at P^ . This pressure (Fig. 2) is equal to 



V 



T^ sin* B^—2Tm^ — coB 4>i+m!^ 



Therefore 






,^=_eose,-^,^-,sm^e,-2_-cos4.,+ -,. 



Pi PI 

If we now write the condition that the projection of the acceleration of Wi 

T 

along the rod is equal to \-(dH and use the same notation as in (a), we 

have 



^^^^^-^ + — )+A:? cos 4>,— ft2^u3 cos 0iJ— -sin* Q 2 — k\ cos q>,+h\ 

as the condition which T must satisfy. 

The possible number of solutions is the same as in case (a) ; t. 6., it may 
be 0, 1, 2, or an infinite number. Instead of having the points of intersection 

4 
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of a straight line and a broken line as in Fig. 3, we now have a straight line 
and an arc of an hyperbola. In order to have an infinite number of solutions 
it is necessary that the hyperbola degenerate. In that case cos ^i= ± sin fl^ , 
which means that the radius of curvature lies in the plane of the connecting 
rod and the direction of the velocity of m^ . This condition alone is of course 
not sujB5cient to give an infinite number of solutions. In addition two condi- 
tions corresponding to those of case (a) must be satisfied. 

There is no difficulty in satisfying these conditions. For instance take 
cos ^1= sin $1 and suppose 6^ acute. The other two conditions are 

m^kl _k^ — kt sin d^ 



sin^i 



cos^Ji 1 ' 



Ml 



nia 



cos' B^ 1^ _ fiy^ cos ^1 sin B^ 



m. 



m^ 



m. 



The first might be regarded as an equation to determine k^ and the second as 
an equation which determines ^i^ . 



V 


< 


^' 


V 









^ 
-> 







Fig. 4. 



Case (c) : m^ and m^ are Both Constrained to Surfaces. 
According to (a) the projection of the acceleration of m^ along P^P^ is 

T T 

— sin* ^1+ *! cos ^1— /E^i cos B^ \ — cos ^^ — k\ \ . 



As the projection of the acceleration of m^ along this line has the same form 
provided we replace T by — T, 6^ by $^ , ^^ by ^^ , and fc* by — = Ai , the equation 

P2 
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which determines T may be written 






T T 

= u^ cos ©1 1 — COS ^1 — h\ j —u^ cos 02 1 — cos ^2+*^! I , 

or y=yi — yj- I^ is no restriction to suppose the angles 6^ and 6^ acute. The 

values of 

T T 

. yi— 2/2=/^! cos ^il —cos 4>i— fcfl— f/jcosdj — <^08 4>2+Aii . 

will then lie on a broken line composed of three rectilinear segments as in Fig. 4. 
The desired values of T are found as the values of T at the points of 
intersection of the broken line with the line 

y=r(!^^ + !^l*0+fcj cos ♦.-A:! cos <t.,-lc\ 

This gives rise to 0, 1, 2, 3, or an infinite number of solutions, depending on 
how the values of the constants are chosen. Some of the constants, as /^^^ , /^ , 
m^j m^jk\jh\^ Aj^ are from their nature positive, but even with this restriction 
cases with the different numbers of solutions are readily constructed. 

As an illustration let us build a case with an infinite number of solutions 
We might take the vertices of the broken lines at the same point and have the 
line 

y = TC^^^ + ?EllA + A=? COS ^,-K COB ^,-A=« 

coincide with that part of the broken line y^ — y^ which lies to the right of the 
common vertex of yi and y^ (Fig. 5). This can readily be accomplished by 
taking 

mi=m2=l, cos ^2= — cos ^j, 

_ 1^2 cos ^2 cos ^1+2 sin* ^^ 
'^*"" cos 0^ cos^i ' 

jfc2 ^27^2 cos' »i+8in«»3 ^ 2A;f ^ 

^ cos 01 COS 01 ' 

/Ml and jfe* being positive, we add the further restrictions that d^ , Og > ^i ^re acute. 



28 



Field: On Constrained Motion. 

Case (d) : m^ is Constrained to a Surface and m^ to a Curve. 
From (a) and (b) the projection of the acceleration of m^ along the rod is 

T ^ +k\ cos ^i — (i^ cos ©il — cos ^i — k\\ 



m. 



m. 



when m^ is constrained to a surface and 



cos* 1 7'2 T' 

T +k\ cos ^—a, cos S^J — , sin^fl.— 2 — A? cos ^, + k\ 

when constrained to a curve. If mg is constrained to a curve, the value of the 
projection of its acceleration along the rod is obtained from the corresponding 




>r 



Fig. 6. 



expression for mi by replacing T by — T and making the subscripts 2 in place 
of 1. From this it follows at once that when mi is constrained to a surface 
and m^ to a curve, the stress in the rod must satisfy the equation 

^/ sin* Ai , cos* ^2 ^ . 7 2 ^ 7 8 ^ 7 9 

Ti ^ H -)+kl cos *i— fcf cos *o— A^ 

\ mi mg / iri X ^2 

T Ft* t 

=/E4, cos ^1 1 — cos <^i — k\ I — jMg cos ^2 \^ "^ sin* ^2+2 — ^1 cos *2+*^2> 
mj ^ m2 m2 

or more briefly, y=yi— 2/2- 

Suppose the angles B^ and B^ are obtuse; the values of yx—y% corresponding 
to the different values of T will then lie on two arcs of hyperbolas as illus- 
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trated in Fig. 6. The values of T which satisfy our problem are found as the 
values of T at the points where the curve 2/1^2/2 ^s cut by the line 

-,/8in2 4>i COS2 62^ ,72 V 72 ^72 

y=T{ ^-^ H )+K{ cos 01— fcl cos 4>3— ife*. 

It is easily shown that there are 0, 1, 2, 3, 4 or an infinite number of solutions 
depending on how the data of the problem are chosen. 





Fig. 6. 



Cast (e) : m^ and m^ are Both Constrained to Curves. 

By making use of the results already derived we have at once the equa- 
tion for T ; viz.j 

^/COS* 6. , COS^ 02^ , 7 2 ^ 7 2 ^ 7 2 

Tl ^ H l + kl cos ^.—kl cos ^.—k^ 

= (I, COS d,yl —2 sin^ e,—2 — kl cos q>^ + k\ 

—(i^ cos e^x^— jsin* 0S+2— A^ cos 4)j+ft^, 

^ //t'2 "*'2 

ory=yi— 2/2- 

The values of y^ — 2/2 corresponding to different values of T will lie on an 
arc of a quartic curve, and we have 0, 1, 2, 3, 4 or an infinite number of solu- 
tions for our problem, just as in case (d). 
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An Elastic Connecting Rod. 

Although the case where the connecting rod is elastic does not come with- 
in the scope of this paper, as we are dealing with a rigid system, it may be 
worth mentioning that it is at once apparent that when the rod is supposed 
elastic, the stress can have but one value, which is determined by the strain, and 
consequently the accelerations at P^ and P2 have but a single value. 

Univebsitt of Michigan, Ann Abbor, Mighiqan. 



Covariant Curves of the Plane Rational Quintic. 

By J. I. Tracby. 



Introduction. 



Let a plane rational curve p* of order n be given parametricallj by the 
equations 

x,= {a,t)- (t=0,l,2), (1) 

then any line of the plane intersects p* in w points whose equation may be rep- 
resented symbolically by the binary w-ic. 

{a^){aty=0. (2) 

We shall designate this form by Ci^„, since it is of the w-th order in the param- 
eter t and involves the coefficients of the line f to the first degree. 

If I J, is an invariant of (7i^„, it contains the coefficients of the line to the 
jfe-th degree and, for a varying ^, represents a curve of class k. This curve 
is the locus of line sections of p* for which Ij^ vanishes. 

Any covariant C,^^ of Ci^^ is of degree I in the ^'s and of order m in the 

fs. Now for a given f we obtain m points Tj, t^, , r^ on p*. These are 

the roots of the equation (7, ,^=0, However, for a given point of p", say <=t, 
(7i^^ becomes a curve of class I which is the locus of line sections of p* contain- 
ing T for a root of its C, ,^. 

If for a given line C,^ ^ vanishes identically, then the coefficients of this 
m-ic give a linear system of at most w-f 1 curves of class Z, each containing all 
line sections of p" for which (7, ,„ vanishes identically. By this means we can 
frequently express in concise form all the independent curves of a given class 
which contain special line sections of p", and account for all degenerate curves 
whose degeneracy is due to the multiplicity of the system. 

It is important to keep in mind that when a covariant C,^^ vanishes iden- 
tically, all invariants and co variants of C,^^ likewise vanish. Interpreted geo- 
metrically, if a linear system of curves given by C,^^ contains a set of lines L, 
then any curve or system of curves derived from invariants and other cova- 
riants of C,^«, respectively, will contain lines L and contain them multiply. 
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Thus, if 7^, is an invariant of Ci^ ^ , each line L is a g-f old line of the curve rep- 
resented by this invariant. A covariant of C,^ ^ containing its coefficients to 
the r-th degree will determine a linear system of curves of class W, and L will 
be r-fold lines of this system. Finally, any operation of C^^ ^ ^^ ^ second form, 
or conversely, will give a system of curves on L. 

§ 1. Covariant Curves on the Double Lines and Stationary Lines of p". 
The curve p" has in general 3 (n — 2) stationary lines and 2(n — 2) (w — 3) 
double lines. Now there is a covariant C'2Cn-2),2Cn-2) which vanishes when C^^^ 
has a triple root, and also vanishes if C^^^ contains two double roots. This cova- 
riant gives the 2n — 3 independent curves of class 2(n — 2) on the (n — 2) {2n — 3) 
stationary lines and double lines of p". In terms of the roots a^ , aj , . . . . , a„ 
of Cj „ it is 

n 

<^«c«-2).2(«-j)=2(ai— Oa)* (a,— as)* («!— a«-i)* (oi— Og)* 

....(a._,-a„_,)M<-aJ*<»-*>. (3) 

For the rational cubic this covariant is the C^,2>* ^^^ Hessian of the (7,^8 > ^^^ 
its coefficients give three independent conies on the three stationary lines. 

In the case of the p* the corresponding covariant is t 

^M=3/3C,,-2/A,., (4) 

and its coefficients equated to zero give five independent quartic curves on the 
six stationary lines and four double lines of the base curve. 
Similarly for the p^ the covariant is % 

Ce,,=4CS,2 + 12C,.A4 + ^2,flA-216C|,8. (5) 

From the coefficients of this covariant we obtain a linear system of seven 
independent sextics, by means of which the six-fold infinity of sextics on the 
nine stationary lines and twelve double lines of p*^ may be expressed. 

§ 2. Covariant Curves on the Double Lines of p". 

The condition for Cy^ „ to have two double roots is the identical vanishing of 

a C'2„_.6,8r»-2)' The coefficients of this covarient give 3m — 5 curves of class 2n — 5 

on the 2(n — 2) {n — 3) double lines of p". Now since there are only 3(m — 2) 

linearly independent curves of class 2n — 5 on 2(n— 2) {n — 3) fixed lines, we 

* The fundamental forms used tbrougiiout are, unless otherwise stated, the same as given by Salmon, 
'< Higher Algebra," fourth edition, or by Elliott, ''Algebra of Quantics." The notation is the same as 
Elliott's. 

t Salmon, " Higher Algebra," p. 199. 

tThis covariant corresponds in form to the one given by Cayley, Collected Mathematical Papers, 
Vol. IV, p. 276. 
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shall expect the existence of a linear relation among these 3n — 5 coefficients. 
Expressed in terms of the roots of C^^^ this covariant is 

n(fi— l)(n^2) 
6 

C2n-6,8ri.-t)= 2 (ai— aj (aj— a„) (a,— aj 

(^2— «!») {<h—<^i) (as— «!») (a4— as)* 

K-i-an)^ {t-a.y-' {t-a.y^it-a.y-K (6) . 

For the p* this covariant is the Cg,^ giving seven cubic curves on the four 
double lines. It has been proven * that this form is apolar to the sextic equa- 
tion whose roots give the six points of inflection of the p*, thus accounting for 
the linear relation which has been mentioned. 

The condition that Cj^g have two double roots is the vanishing of the 
covariant t 

These coefficients give ten curves of class 5 on the twelve double lines of the 
p*, and the apolarity relation existing between this covariant and the equation 
which gives the nine points of inflection has been proven by direct calculation. 
The covariant whose vanishing is the condition that C^^^ have two double 
roots is as follows : t 

C'?. 12^36(78, 12^1 SSC^^gCj e^2 + 25ri9(72,4C5^8 ^(^2,4^3,6^ 

+ 21C8,2C'4,10— 18C8,eC^4,6+C'8,8C^4,4]> (8) 

and in a similar manner as above these coefficients give septimic curves on the 
twenty-four double lines of the rational sextic. That the apolarity relation 
exists between the Cy^ ,2 and the equation giving the twelve points of inflection 
of p* is due to the following general theorem. We shall now prove that : 

The covariant C2n-6,B(n-2)9 '^hose vanishing is the condition for two double 
rootSj is apolar to the 3(n — 2)-ic which gives the points of inflection of p^ 

Each curve of class 2n — 5 determined by the coefficients of the covariant 
has 2 (3w — 7) conmion lines with the p* in addition to the double lines. Now the 
base curve p" may be represented in point form by a function of }-4, ^, <"(,§ 
and in line form by j-4*, a?, <^(''""^> j. The C2„_6,8(n-2) is similarly represented 



* Thomsen, American Journal of Mathematics, Vol. XXXII, p. 230. 

t Cayley, Collected Mathematical Papers, Vol. II, p. 469. Cayley's C^, 4 is Elliott's Of, ^—C^, 4. 

tThe fundamental forms of Ci,t used in the calculation of this covariant were taken from Cayley, 
Collected Mathematical Papers, Vol. XI, p. 377. 

§This is another way of writing (af) (at)*, the parametric equation of p^, A representing the coeffi- 
cients of the binary n-ics cut out by the reference triangle. The exponent of any quantity indicates the 
degree to which that quantity enters in the given expression, the brackets, ] \ , meaning a function of 
the enclosed quantities. 

5 
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by j-^^'*""^ ^2n-6^ f 3 ("•"*> j, and on writing its apolarity relation with an arbitrary 
form (aO^^"~^> the resulting expression is i-4*"~^, P"~^ a j. This represents a 
curve of class 2n — 5 on the double lines of p". The contacts of common lines 
to these two curves are given by the incidence condition of ^ and x in the forms 
j^2n-6^ ^2fi-6^ Q^j g^jj^ j^2^ ^^ ^2(n-i)|^ rcspcctively, the result being the equation 

j^8(2n-6)^ a, i«(«-i)(^-s)} =0. (9) 

Equation (9) contains, as we have already seen, the contacts of the double 
lines which involve A and t to the degrees 6(w— 3) and 4(n — 2) (w— 3), respect- 
ively. On removing this factor we are left with the contacts of the extra com- 
mon lines which are given by the equation 

M», a, «^^»"~^>i=0. (10) 

Now it must be possible to obtain equation (10) by means of the trans- 
vectant process, so we shall examine the covariant sets of points along p". 

There is no such covariant which involves the -4's ^ to a degree less than 
3, and the highest order of such in the variable is 3{n—2). This of course 
is the form giving the points of inflection of p% which in this notation is 
\A^j ^8(n-2)^ Therefore equation (10) is the first transvectant or the Jacobian 
of the arbitrary form (af)*^**""^^ and the linear covariant \A^j i^'^'*"-^) j 

In general, then, for every set of points given by (af)*^"""^^ there is a curve 
of class 2n — 5 on the double lines formed by its apolarity relation with 
C^2n-6,8(»-2)- However, if (a<)*^"""*>^)4*, t^^'^'^^l their Jacobian vanishes and 
there is no such curve corresponding to this set of points. This proves the 
theorem. 

§ 3. Covariant Curves on the Stationary Lines. 

The covariant which vanishes when C^^^ has a triple root is a C'2(„-.8),4(„-.4). 
From this form there are 4n — 15 curves of class 2{n — 3) on the 3{n—2) sta- 
tionary lines. There are, however, 2{n — 2) (w — 4) curves of class 2(n — 3) on 
3(n — 2) lines, and for values of n<6, we shall show how all the remaining 
curves are given by invariants which vanish when Cj ,, has a triple root. 

In terms of the roots of C, ,j this covariant is 

2 

C2(»-8),4(n-4)= 2 {a^—a^y (»!— a„_2)2 (a2— as)' (a^.g— a^.g)' 

(a_-aJM«-an-i)'^''-*M<-0«<"-^>. (11) 

When n=4 this becomes the invariant I^ of the C^^^, and it is well known that 
this conic touches the six stationary lines of p*. 
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The condition that C^^^ have a triple root is the vanishing of* 

C'4. 4^3 (71,4 ^2,2' (12) 

The invariant 7^ also vanishes for a triple root ; hence the 6^ 4 and the 7^ give 
the linear system of six independent quartic curves on the nine stationary 
lines of p*. 

The covariant in question becomes a Cg^g for the 6\ g, and this gives nine 
sextic curves on the twelve stationary lines. However, there are two inva- 
riants, an 74 and an 7g, which vanish when C^^e ^^^ * triple root.f The 
quartic curve given by the 74 , together with any conic in the plane, is a degen- 
erate sextic, and hence a five-fold infinity of the required system is given by 
this invariant. We have thus located sixteen independent sextic curves frona 
which the entire linear system on the twelve stationary lines of the p® is 
determined. 

§ 4. Special Line Sections of p^ 

To examine the curves given by the covariants and invariants of C^^^ and 
study their relation to the base curve, we shall enumerate certain line sections 
of p*^, together with the reduced form which the corresponding binary quintics 
can be made to assume. 

a. There are six so-called cyclic lines whose intersections with p*^ are 
given by a binary quintic which is apolar to a unique quadratic. Such line 
sections are reducible to the form oc^+y^. 

p. Fifteen lines such that four of the intersections are two harmonic 
pairs, while the remaining intersection is a root of the Jacobian of the two 
pairs. This form is reducible to x{a^+y^). 

y. There are fourteen lines of p^ such that the point of contact and three 
remaining intersections are a self -apolar quartic. The corresponding binary 
form may be written x^{a^+i^). 

8. Ten lines whose intersections with p* constitute a binary cubic and its 
Hessian. These can take the form xy{a^+y^). 

e. There are nine stationary lines giving forms reducible to a^( a?* -fy*). 

f . Twenty-four lines of p*^ such that the contact of each forms with the 
three remaining intersections a binary quartic which breaks up into harmonic 
pairs. These binary qUintics can take the form x^yix^+y^). 

yj. Twelve double lines which can be reduced to the form x^y^{x+y). 

♦Cayley, Selected Mathematical Papers, Vol. II, p. 469. The CJ,^ is EUiott'a C^«. 
t Salmon, "Higher Algebra," p. 2e3. 
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It is observed that the C^^g in each of these reduced forms consists of only 
two terms. 

§ 5. The First Osculant s of p^ 

Let the rational quintic be given by 

a?,=a/+5M*^-10c/+10rf,f«+5e,«+^=(a,O^ (13) 

where i=0, 1, 2. Then the osculant quartic of a point r on the base curve is 
obtained by polarizing equations (13) with respect to r. It is 

x,^{a,r){a,ty. (14) 

Now on forming the conic g^ of this quartic osculant we see at once that it is 
the Cg^g of a line section when t=r. Therefore: 

The locus of lines cutting out self-apolar quartics from the osculant curve 
(14) is the conic C^^^ formed for the given point r. 

Similarly if we form the g^ of a line section of (14), it is the canonizant 
of Ci^5 when t=r. Hence: 

The locus of lines cutting harmonic pairs from the osculant quartic is the 
cubic curve Cg g formed for the point t. 

And from these we have immediately : 

The sextic C\^^ — 27(71,8, for any point r of p^, gives the line equation of the 
quartic osculant at that point. 

The osculant cubic at the point r is 

x,= {afty{a,tY, (15) 

and on taking the discrhninant of a line section of this curve we find that : 
(74^8^(72, 2^^2,6 — ^i,6^8,8> /^^ ^ point T, givcs the line equation of the corre- 
sponding cubic osculant. 

Polarizing (a^O^ three times with respect to r we obtain the osculant 

conic, namely : 

x,= {a,rY(a,tY, (16) 

and it is readily seen that : 

The Hessian C^^^ formed for r is the line equation of the osculant conic. 

§ 6. Other Covariant Curves. 

Taking up the curves given by the fundamental co variants of Cj^g, we 
shall consider first the system of conies given by the Cg^g- Every point r of 
the base curve determines a conic, and for every line ^ of the plane there are 
two definite points t^ and t^ . Hence there are four lines associated with the 
same two points, namely, the common lines of the conies determined by *i and 
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t^ , respectively. If we ask that the tangent at t^ be a line of its conic, it is 
readily seen that t^ must be a point of inflection. For let the parameter of t^ 
be zero and the tangent be the line Xq=0, then the conic for i=0 is 

(feO im -4 (c^) (eO +3 {d^y=0, (17) 

and if 0^0=0 is a line of (17), then dQ must be zero, whence Xq=0 is a station- 
ary line, and the roots of C2,2=0 coincide, showing, as we have already seen, 
that 7^ , its discriminant, contains the stationary lines. From a point r there 
will be two lines to its conic, and the locus of these lines as r varies is a curve 
of class 12 given by the eliminant of C^ 5 and C| ,.* 

If p* has an undulation, all the conies of the system touch the undulation 
tangent and this becomes a double line of the 74 . Hence for three undulations 
the linear system of conies given by the Cj.g is the net of conies on the three 
undulation tangents and 7^ becomes rational. 

The six cyclic lines a are the sections of p^ for which the canonizant van- 
ishes, and it has already been shown that the Cg^a gives the linear system of 
cubic curves on these lines.f Now each line a has a unique apolar quadratic, 
and if fj and t^ be the roots of such a quadratic, the Cg g formed for t^ and ij, 
respectively, will each have the given line a for a double line. 

The Cj.B is the Jacobian of C^^^ ^^^ Cj^g, and for a given r is a cubic curve. 
The lines from r to this curve are the two lines to the C2, 2 and the tangent at 
T. In the same way C^g is another cubic curve, being the Jacobian of Cj^g and 
Cg, e . The tangent at r is a double line of this cubic with one of the contacts 
there. The osculant conic Cj.e likewise has contact with p* at that point. 

The pencil of lines through any point r of p^ cuts out a pencil of binary 
quartics, and two members of this pencil are self-apolar quartics. Now the 
C^ 4 which gives the quartics on the stationary lines, when formed for a given 
point, has contact with p* at that point and contains the two lines through it 
cutting out self-apolar quartics. Similarly the C4 e determines a quartic curve 
containing the lines to the corresponding Cj.g ai^d having contact with p^ at that 
point. These quartics contain the lines a. 

The quintic curve given by the Cg^ ^ and formed for a point r will contain the 
lines to the C^^g and also the two self-apolar lines through r; while the quintic 
given by Cg^g contains the lines to the Cg g and the C2,2j since it is the Jacobian 
of these two forms. Now the Cg ^ and the Cg g both vanish identically when 
Cj 5 contains a triple root or when Cj g is a cyclic quintic. Therefore: 

♦Salmon, "Higher Algebra," 4th ed., p. 260. 

t Conner, Johns Hopkins University Circular, February, 1911, p. 67. 
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The coefficients of C^^^ and Cg 3 give the linear system of six independent 
quintic curves on the fifteen lines a and e. 

It is obvious that the sextic curve Ce.4 contains the five lines to the C^^i 
and the tangent at r, since it is formed by operating with C^^^ on Ci 5. In 
general when any covariant is thus formed from two other known co variants, 
the lines from any point r to the particular covariant curve it determines are 
likewise known. 

Let us now take one of the cyclic lines for a reference line, say 

x,=a,t'+f,, (18) 

and form the Cg^j and Cg 1 for any point r ; the terms in ^J and ^o» respectively, 
in these equations do not appear, since both contain the reference line. Now 
by taking the linear polar of line (18) with reference to the C^^^ we obtain the 
equation of the point where the curve touches the given line.* Since there is 
no term in ^J? to obtain the linear polar we need only consider the term in Q , 
which is 

Oo/o'^i {Cir+d,)^,+ {c^r+d^)^^\^l. 

Therefore the point of contact of Cg 3 with (18) is given by 

{Crr+d,)^,+ {c,r+d,)^,=0. (19) 

In the same way the linear polar of (18) with reference to Cg^, is ob- 
tained. The highest term in ^0 being alfl\ {c^r+di)^^+ {Czr+d^)^^\^tj we see 
that the required polar is given by equation (19). Hence it follows that: 

For a given r the Cg g and the Cg ^ have the same contact on lines a. 

These lines then represent twelve common lines of the two curves, the 
remaining three being the lines from r to its Cg g, as we have seen that these 
are lines of the Cg^ , . By the same method it is readily seen that for a given 
point : 

The Cg^3, Cg 7, Cy^i and C7 5 have the same contact on lines a; also the 
Cy 1 and Cg 2 have the same contact on lines e. 

§ 7. The Invariants. 

Since all the invariants vanish identically when C^ g has a triple root, it 
follows that all the invariant curves contain the lines s. The quartic curve 74 
contains also lines (i and y as 7^ vanishes for the canonical form of the binary 
quintic cut out by any of these lines. Now the line equation of p^ is given by 
the discriminant of Cj g, namely, 7| — 12878. Therefore lines y and e represent 
all the lines common to 7^ and p^ . 

* Dually, the linear polar of any point on a given curve is the tangent to the curve at that point. 
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The lines e are double lines of the curve Zg . This is easily seen by taking 
two stationary lines and the line joining the corresponding points of inflection 
for a triangle of reference. Calling the stationary lines 0^0=0 and X2=0 and 
the parameters of the points of inflection and oo , respectively, any line sec- 
tion will be given by 

+ 10{d,^,+d,^,)t'+5{e,^,+e,^,)t+f^,. (20) 

On forming the Zg of this we observe that the two highest powers of ^q 
and ^2 do not appear, showing that the stationary lines are double lines. In a 
similar manner lines y are seen to be lines of Zg, for if 

x,=a,t'+10d,t^ (21) 

be a reference line, from the explicit form of Zg* the highest term in f^ is 
— 27agrfo(/i^i+/2f2)fo, and taking the linear polar of (21) with reference to 
the curve the equation of the point of contact is 

A^i+A^,=0. (22) 

Now taking the line equation of p^t we see that its contact on (21) is likewise 
given by (22). Therefore: 

The curves Zg and p^ have the same contact on lines y. 

The invariant I^^t is the discriminant of the Cg.g and represents a curve 
of class 12, a being four-fold lines and e double lines. If we examine the re- 
lation of 1 12 to the lines €, by means of (20), we find that Zjj has contact with 
p^ at its points of inflection. The natute of these contacts may be determined 
by considering the conjugate curve, which will be designated by p*^. This curve 
has its line sections apolar to the line sections of p^ In general every line 
section of p^ will determine a C^^g which has a unique apolar cubic, its canoni- 
zant, and this cubic will be represented by three points on a line of p^. Now 
since Zjg is the locus of line sections of p* for which the canonizant has a double 
root, it follows that to every line of 1^2 there corresponds a line of p^ On the 
other hand, since the point of contact of a line of p^ taken with any one of the 
three extra intersections will represent the canonizant which gives a line of Z^j , 
we see that to every line of p^ there correspond three lines of Z^j . Hence : 

The curve Z^g is in a one-to-three correspondence with the line equation of 
the conjugate curve. 

♦ Salmon, "Higher Algebra," p. 229.. 
t Salmon, " Higher Algebra," p. 230. 

X The explicit form is given in Gajley, Vol. II, p. 204. All the forms of Ci,i are given in full in this 
volume. 
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Now when Cj^g has a triple root* its canonizant has the same triple root, 
and to a stationary line of p^ must correspond a stationary line of /i, . This 
curve then has points of inflection which coincide with the points of inflection 
of p*, and lines e each represent six common lines of the two curves. 

7i2 also contains the lines (ij and it is readily seen that I^ and I^^ have the 
same contact on these lines. Hence the lines (i and e are all the lines common 
to these two curves. 

The skew invariant I^^ gives a curve of class 18 containing all the sets 
of lines mentioned previously except y. From the equation of this curve one 
observes that lines a are five-fold lines and S and e are triple lines. However, 
the binary equation giving the lines from a point of inflection of p* to I^g shows 
that from this point the stationary line represents five lines to the Z^g . This 
indicates that the curve has a point of inflection and an ordinary contact at 
every point of inflection of the p*^, whence all the common lines of I^^ ^.nd I^q are 
given by lines a, /? and e. 

The lines a, fi and e are the base lines of the pencil of quintic curves given 
by the Cg^j, and, for any member of the pencil, these base lines are equivalent 
to 87 common lines with the /jg . There are then three other common lines and 
it is obvious that they are given by the lines from the point r, which determines 
the Cg 1, to the Cg g- Or, since /^g is the eliminant of Cg,! and Cg g, we can de- 
fine this curve to be the locus of lines from a varying point r to its Cg g. 

§8. The Pencil P^+XI^. 

It has been stated that 74 contains lines y and €, and since Zg has e for 
double lines and has contact with p^ on y it is evident that /J+^/g forms a pen- 
cil of octavics with e as double lines and having simple contact on y. These 
two sets of lines are equivalent to 64 common lines and are the base lines of 
the pencil. The base curve 7J — 1287g is a member of this pencil, and of other 
members the I^ and 7g have been mentioned. It may be added that the lines a 
are double lines of 7g , and this curve may be defined as the locus of line sec- 
tions of p*^ for which the Cj 2 aJid Cg 2 are harmonic pairs. 

Another member of this pencil is of especial interest. We found that from 
a point T there are two lines whose intersections with p* are self-apolar quar- 
tics, and the locus of these two lines for a varying r is the curve P^ — 37g .* 
Lines 8 contain a binary cubic and its Hessian, and it is obvious that when r 
is either of the Hessian points the remaining four are self-apolar, hence the 
lines 8 are double lines of 75— 37g . These with lines e make nineteen double 

* Salmon, '< Higher Algebra/' p. 269. 
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lines of this curve; it is therefore of genus 2 and has a pencil of adjoint 
curves of class 5.* Since these lines are part of the base lines of the pencil 
Cy 1 , it follows that : 

The pencil of adjoint quintics of the invariant curve /| — S/g is given by 
the covariant C^^ j . 

For a given r the two extra lines, which are a set of the involution, are 
the two lines through r containing self-apolar quartics, since if four roots of 
(7i^5 are self-apolar the remaining root is the covariant Cg^j. Hence the pairs 
of lines in the involution intersect on the base curve and are the lines by whose 
locus the 7| — S/g was defined. 

The following table is given to show which covariants contain any of the 
special line sections and their multiplicity. 



Lines 


c... 


I. c,,. 


Cs.. 


^M 


C5.T 


C..^ 


Cm 

1 

1 


1 

1 
1 


^7,5 


h 


P' 


^8,3 


3 
1 


3 

• • 

1 
2 


In 


^18,1 


As 


a 

Y 
h 

6 

*! 


1 


1 
1 

1 

* • 


1 

* 


1 

1 

1 

* • 


1 

• . 

1 


1 


2 

1 


1 

1 

1 

. . 


2 
1 
2 


• a 

1 

2 

1 
2 


2 

1 
1 


4 

1 

2 


2 

• . 

2 

2 


5 

1 

3 
3 
1 
1 



§9. The Discriminant of the C^^^. 

If Ci^ B ^^8 ft double root, this is also a double root of its C^^ 4 . Interpreted 
geometrically this means that for a given point r of p* the C4 4 will have con- 
tact there, and the discriminant of 6\ g must be a factor of the discriminant of 
the (74 4. Again, if four points of a binary quintic are self-apolar, the remain- 
ing point is a double root of the C^^^. This is readily seen by making the one 
point t=0; then in the Cj^gwe have /=0, and the last two terms of the C^^^ 
become 

— {2det+e^) (eae—lbbd+lOc^). (23) 

Now the second factor is the condition that the four remaining points of C^ 5 
be self-apolar, and hence ^=0 is a double root of the C4 4. We have seen that 



* Dually a curve of order n and genus 2 has a pencil of adjoint curves of order (n — 3) on the 
i(fi — l)(f»— 2) — 2 double points. These have two extra intersections each, and set up an involution 
Il,i on the base curve. 

6 
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Tf— S/g gives the locus of lines whose intersections with p* contain self-apolar 
quartics, and this invariant must also be a factor of the discriminant of 
theC^.^. 

The discriminant is of degree 24 in the original coeflficients and is found 
from the two invariants of the C^. 4 . These are : 



1 



12,..«+72/., 

216^3=7,(75-378/3), ^ 



These invariants have well-known meanings, and the discriminant of which two 
factors have been found is 

^,-27^1=73(75-373) (71-12873), (25) 

If we consider the C^ 5 as given by a line of y, the C,^, will have a triple 
root at the point of contact, and it is obvious that the quartic curve formed for 
that point will have a point of inflection there, the line y being a stationary 
line. 

§ 10. The Hermitian of the C, 4. 

Some further relations in connection with the C^^^ are found by means 
of the Hermitian of the system of curves. In general, if we ask for the locus 
of lines which intersect a linear system of (n+1) curves of order n in sets of 
n points in an involution, we find the locus to be a curve of class 

n{n+l) 



which I will call the Hermitian of the system of n-ics. 

If the curves all have a point in common, that point becomes a part of the 
locus, and the class of the remaining part is reduced by one. The same is true 
for every point which the system may have in common. 

Now consider the dual statement, and take for illustration a net of conies. 
The Hermitian is a curve of order 3 and, in this case, is the locus of the 
degenerate members of the net. From any point of this locus the tangents to 
the conies are in an involution.* If the conies are given symbolically by 
(a^)*, {b^y and (cf )*, respectively, the required locus is 

\abx\ \bcx\ \cax\=iO. (26) 

In general, for an n-f old infinity of w-ics given by 

* Salmon, << Conic Sections," p. 860. 
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the Hermitian is 

2 

n \a^a^x\\aQa^x\....\a^^^a^x\=0, (27) 

and this involves the coefficients of each of the n-ics linearly. If the three 
conies have a line in common, they will be seen in an involution from any point 
of the line ; and if the conies are a net on three lines, the Hermitian becomes 
the product of the three lines. 

Similarly, for a triple infinity of cubic class curves the locus of points 
from which these appear in an involution is a curve of order 6. If the cubics 
touch six lines, as, for example, the cubics on lines a given by the Cg g, then 
the Hermitian is the product of those lines. If the cubics have five lines in 
common, the given curve consists of these five lines and another line, the locus 
of a point which, with the conic on the five lines, is a cubic of the system. 

In a system of oo * quartics the required locus is a curve of order 10. Let 
the quartics under consideration be given by the C^^ 4 of a general line section 
of p*. This, being a system of curves on lines e, must have these nine lines as 
part of the Hermitian. The remaining part must be a line such that any point 
of it, together with the unique cubic on the nine lines, is a degenerate quartic 
of the system. The required line can be identified as follows : 

The C^^^ , being of degree 4 in the coefficients of p^, and in the ^'s, and of 
order 4 in the *'s, may be represented by j-4*, ^*, t*\. The Hermitian is of 
order 10 and is given by 

n \ahx\ \acx\ .... |rfea;| = j4«*, x'^\, (28) 

since it involves the coefficients of the five quartics linearly, and each of these 
is of degree 4 in the A's. Hence equation (28) must contain the lines f as a fac 
tor, and the form of the remaining factor is easily found. The p* in point form 
is \Aj ^, t^\ and in line form is \A% a?, f^|, while the equation giving the points 
of inflection is represented by i-4*, t^\. Now the eliminant of j^l*, a;, t^\ and 
\A^, t^\j which is j-4*^ x^\j gives the product of the stationary lines and an 
additional factor, the cusp-invariant ; for if ru is a point on a stationary line, 
t will be a common root of these two forms, while if p^ has a cusp, the cusp- 
parameter will factor out for any point x of the plane. The cusp-invariant, 
then, which is of degree 24 in the -4's, must be a factor of the eliminant, the 
remaining factor being the stationary lines, or : 

lA'^^af^l^lA^l^lA'^.a^l. (29) 

The same result may be obtained by taking the discriminant of \A\ re, <®j. 
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which gives the equation of p* together with the product of the stationary lines. 
The discriminant is \A^j a?"}", and since the equation of p^ is j-4*^, a;^j, the 
remaining factor is the same as found above. 

Since the stationary lines are a part of the Hermitian of the system of 
quartics given by the G^^ 4 , we have 

\A'^,x''\^\A'',af^\'\A\x\. (30) 

The remaining part of the locus must be a covariant line, and there is only one 
covariant line of degree 2 in the coefficients ; namely, the line whose intersec- 
tion with p*^ is a binary quintic apolar to all line sections. Its equation is 

\ahx\ \a^\ = \afx\—5\bex\+10\cdx\=0. (31) 

Therefore from any point of this line the system of quartics given by the 
^4,4 appears in an involution. 

Then there will be a set of four lines apolar to all sets of four lines in the 
involution, and any point of the line (31) with the cubic on the nine stationary 
lines is a quartic of the system given by the C^^ 4 . 

§ 11. A Quartic Curve for Every Point in the Plane. 

Following is a method by which a curve of the system given by the C^^ 4 is 
associated with every point of the plane. Take any two lines ^ and vi and 
form the C4 4 for the pencil ^+^>7; this gives a quartic in ;i, each coefficient of 
which involves t to the fourth degree. Suppose ^ and rj cut out the two binary 
quintics {aty and (j30^ respectively. These quintics have a combinant quar- 
tic which we can write \abx\ \a^\^{aty (jSf)*, x being the point of intersection 
of the two lines. It is seen at once that : 

If X is a point of line (31) , then each coefficient of the quartic in X is apolar 
to the given combinant. 

This is most easily verified by taking for a reference triangle two stationary 
lines and line (31). Then if a; is a point of (31) the C^^^ of {aty+X{fity, 
considered as a quartic in \ has each coefficient apolar to \abx\ \a^\^{aty{pty. 
Now if we operate with this combinant formed for a point x of (31) on the 
C4,4 of the general line section (a^) (aO^ the result is a quartic in the f's from 
which the point x factors, leaving the cubic on the stationary lines. 

The combinant above is a function of j-4*, a;, <*j, while the C^^^ of a line 
section has the form \A^y^\t^\. Now the apolarity relation of these is 
\A^j ^\ x\j but we have seen that this form vanishes when the line f and point 
X are incident, provided a; is a point of (31). In other words j-4*, ^*, x\=0 
when both {^x) =0 and {A^^ x\ =0, Hence there exists the relation 
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M«, f*, x\ = \A\ f ( (^a;) + \A*, ^*\ \A', x\, (32) 

and this indicates that the cubic on the stationary lines is of degree 6 in the 
coefiScients ; also j A^y ^* j must be the /^ since it is the only invariant of degree 
4 in the coefficients. 

The I^ and the cubic i -4*, ^ j each contain the stationary lines and hence 
have three other common lines giving rise to an invariant triangle of p*^. The 
degree of this in the coefficients is calculated by taking the eliminant of 
\A\ ^*j, \A^y ^^\j and {^x). The result on eliminating ^ is j J^*, a?^*(, and on 
removing the factor which is the product of the stationary lines there remains 
the invariant triangle which is \ -4^®, a^ j . 

From the relation (32) found above there is a double infinity of quartic 
curves picked out of the system given by the C^^^. Take any point x of the 
plane and form the combinant quartic of the pencil of line sections on x. 
Then operating with this combinant on the C^^^y the result is a quartic curve on 
the stationary lines. The pencil of this quartic and the I^ contains the cubic 
on the stationary lines and the point a? as a degenerate member. There is then 
a quartic curve of the system given by the C^^ 4 , associated uniquely with every 
point of the plane, and the pencil of quartics formed by this curve and the I^ 
will have for base lines the stationary lines, the invariant triangle mentioned 
above, and the four lines from the given point to the I^ . 

§ 12. The Cubic Curve on the Stationary Lines of p^ 

There are three sets of covariant points on the p^ of degree 3 in the coeffi- 
cients and of orders 9, 5, and 3 in the. variable.* These we shall write in 
the forms j-4*, ^*j, j J^ t^\, and j-4', i*[, respectively. Now the Ci^g has three 
fundamental forms of the third degree in the coefficients, namely, C^^g , Cg^g , and 
Cg^j J which for a line section of p^ are in the forms j4*, ^*, f®|, j^*, ^*, i*|, and 
\A^yi^j f\y respectively. On writing the apolarity relation of each pair of 
quantics having the same order in the variable f, the result in each case gives 
a cubic curve of degree 6 in the A's. Since the cubic on the stationary lines is 
in the form jJ*, ^'i, we shall determine whether it belongs to the system of 
these cubic curves. 

The roots of the covariant form j-4', t^\ equated to zero give the parame- 
ters of the nine points of inflection, the symbolical expression for this cova- 
riant being 

\abc\ \a^\ \Py\ |ya| (a^* {^ty {yty; (33) 

* See Coble, " Symmetric Binary Forms and Involutions/' Amebican Joubnal of Mathematics, 
Vol. XXXII, p. 369. 



46 Teaoby: Covariant Curves of the Plane Rational Quintic. 

and when the p' is given by equation (13), the developed form is 

\abc\to+3\abd\t^+3\2\acd\ + \abe\\f 
+ \S\ace\+10\bcd\ + \abf\\t'' 
+3j2|ade|+5|6ce| + |oc/ii«* 
+Z\2\bcf\+5\bde\ + \adf\\t* 
+ \8\bdf\+10\cde\ + \aef\\i^ 
+3\2\cdf\ + \bef\\t^+3\cef\t+\def\=0. (34) 

The covariant of order 5, \A', t^\, gives the parameters of the five points 
cut out by the covariant line | abx \ | aj3 1 ' ; the symbolical expression is 

\abc\\a^\» \^y\\ra\iat)i^t)iytr, (35) 

and the expanded form 

\\abe\—2\acd\\t'+\\abf\—10\bcd\\t*+2\\acf\—5\bce\\t* 

+2\\adf\—5\bde\\t'+\\aef\—10\cde\\t+\\bef\—2\cdf\\=0. (36) 

The remaining covariant form is 

\abc\\afi\'\^y\'\ya\{at){ytr, (37) 

of which the expanded form is found to be 

\2\abf\—5\ace\+20\hcd\\t''+3\\acf\—5\ade\+5\hce\\t^ 

—3\\adf\—5\bcf\+5\bde\\t—\2\aef\—5\bdf\+20\cde\\=0. (38) 

Now take the reference triangle so that any line section C^^ g is given by 
equation (20) and form the Cg 9, Cg g, and Cg^gj respectively, of this equation. 
Let the apolarity relation of (34) and Cg ^be denoted by C^, that of (36) and 
Cg 6 by Cg, and of (38) and Cg g by Cg. These are the three cubic curves each 
involving the original coefficients to the sixth degree; and since XQ=iO is a sta- 
tionary line, it is only necessary to find a covariant curve which does not con- 
tain the term in Qj as such a curve will contain all the stationary lines. We 
observe then if there is a member of the system 

XC^+[iC^+vC^=:0 (39) 

which is free from the term in ^l . Obtaining C^ , Cg , and Cg , it is easily seen 
that the required curve is a linear combination of these three curves, the 
numerical coefficients being readily determined, and hence : 

C=84Ci— 35Cj— 80Cg=0 (40) 

is the cubic line curve on the stationary lines of the rational quintic. 



The Group of Isomorphisms of an Abelian Group and Some 

of its Abelian Subgroups. 

By Ot. A. Miller. 



§ 1. Introduction. 

Let G represent any abelian group, while / represents its group of isomor- 
phisms. It is known that a necessary and suflScient condition that I be abelian 
is that G is cyclic. Moreover, the invariant operators of I are composed of 
those which transform every operator of G into the same power of itself, and 
hence the order of the central of I is ^(w), m being the largest order of an 
operator contained in G* In the present paper we aim to determine a few 
new properties of 7, especially as regards its Sylow subgroups. This paper 
has close contact with an article by the same author entitled " Isomorphisms 
of a Group whose Order is a Power of a Prime," Transactions of the American 
Mathematical Society^ Vol. XII (1911) ; and a paper by Burnside entitled "On 
Some Properties of Groups whose Orders are Powers of Primes,'' Proceedings 
of the London Mathematical Society j Vol. XI (1912). 

Let Aq represent any abelian subgroup of 7. All the operators of G which 
are invariant under one of the operators of A^ constitute an invariant subgroup 
under each one of the operators of Aq . If t^ and t^ are any two operators of 
Aq while s is any operator of (?, there result equations of the form : 

n st^=SiSj ^2 st2^=S2Sy ti s^t^^^SiS^j 

where s^ s^ and s\ are also operators of G. Since <i<2='2^i> there result the 
following equations : 

As tf%t2=s\s^j we have the theorem: If any two commutative operators t^ 
and ^2 of the group of isomorphisms of an abelian group G transform a given 

* Transactions of the American Mathematical Society, Vol. II (1901), p. 260; cf. Ranum, ihid,, Vol, 
VIII (1907), p. 84. 
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operator of G into itself multiplied by s^ and s^ respectively^ then the commu- 
tator of ti and s^ is equal to the commutator of t^ and s^ . On the other hand 
it is easy to see that t^ and t^ must be commutative whenever these commuta- 
tors are equal, so that the given condition is a sufficient as well as a necessary 
condition that t^ and t^ be commutative, provided s may represent any oper- 
ator of G. 

As a special case of the theorem of the preceding paragraph, it may be 
observed that every subgroup of I which is composed of operators transforming 
all the operators of G into themselves multiplied by operators which are in- 
variant under all the operators of this subgroup is necessarily abelian, but an 
abelian subgroup of I is not always composed of such operators. The commu- 
tators of G whose elements are composed of a particular operator f of 7 and of 
all the operators of G, taken successively, constitute a subgroup T of G which 
may be associated with t* In this way every operator of / may be associated 
with a particular subgroup of G. The identity of / is the only operator in / 
which corresponds to the identity of G, but the subgroups of G which corre- 
spond to other operators of I are not necessarily distinct when these operators 
are distinct. On the other hand, two operators of I are clearly distinct when- 
ever their associated, or corresponding, subgroups are distinct. 

The subgroup of G which is associated with f is clearly contained in T for 
every value of a. The subgroups of G which correspond to the operators of 
any cyclic subgroup of I must therefore all be contained in each of the sub- 
groups which correspond to the generators of this cyclic subgroup of 7. In 
particular, 7 involves at least two operators which correspond to the same sub- 
group of G whenever 7 involves an operator whose order exceeds 2. If G is 
the cyclic group of order 12, it is evident that any two distinct operators of 7 
correspond to two distinct subgroups of G ; but if G is an abelian group which 
is not contained in this cyclic group, then the 7 of G cannot have the property 
that every pair of its distinct operators corresponds to a pair of distinct sub- 
groups. 

When T is composed of operators which are invariant under ^, the order 
of t is the same as the largest order of an operator of T, and the subgroup of 
G which corresponds to f* is composed of the a-th power of the operators of T^ 
Since the group of isomorphisms of any abelian group is the direct product of 
the group of isomorphisms of its Sylow subgroups, we may confine ourseUes 
to a study of the case when the order of 6r is a power of a prime number. 

* Bulletin of the American Mathematical Society, Vol. VI (1900), p. 337. 
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§ 2. Order of G is p^, p being any Prime Number. 

We shall first determine the order of a Sylow subgroup of order p*' in the 
group of isomorphisms of any abelian group of order p"*, p being any prime 
number. Suppose that the independent generators of G are of orders p*s p^, 
. . . ., jp^^ {ai>fii> >^i), and that the number of the independent gener- 
ators of these orders is a, ^, ,31 respectively. Hence 

m=aa^+^^^+ +^\. 

It will be convenient to use the following abbreviations : 

m=m^=:aa^+PPi+ +3l\, 

mp={a+fi)fi,+ ....+X\, 



mx=(a+/3+ .... +X)^i. 
The orders of the groups generated by all the operators of G whose orders 

divide p'^, p^, , p^^ are evidently p*** , p*^ , , p"*^ respectively. 

To determine the value of m' we observe that G has a series of invariant 

subgroups of orders p, p*, , P™""^ under the given Sylow subgroup of order 

p*' in its group of isomorphisms. If we represent this series of invariant 
subgroups as follows : 

it is clear that H^ is any one of the subgroups of order p generated by an in- 
dependent generator of highest order. In fact, E^y H^y , If. are generated 

respectively by 1, 2, , a such subgroups. The subgroup J?.+i is generated 

by H^ and the subgroup of order p generated by an arbitary independent gener- 
ator of order p^, while £r.+/i is the subgroup generated by the operators of 
order p in the subgroup of G generated by its independent generators of orders 
p*» and p^\ In general, H^j E^j . . . . , E^_,j^ is a series of subgroups such that 
each is included in all those which follow it, but a characteristic subgroup of G 
is not always in this series. A subgroup in the given series which involves 
operators of order p* must succeed every subgroup in this series which does 
not involve any operators of this order. 

By means of the given notation it is easy to obtain the following formula : 

iw' = m.— 1 + m.— 2+ +m^—a+mp—l+mfi—2+ +mf^—^ 

+my — 1+ .... +my — y+ H-m^ — 1+ .... +Wa— X 

=aw. hpwi^ 2 ^ -T^^K 2 

=a»ai+ (2a/3-f /?«) A+ • • • • + (2a;i+2/3X-f .... +A,«)X, 



-c 



a(a+l) ig(/3 + l) ■ M^HJ^N 
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This result may be expressed as follows: If an ahelian group of order p* is 

generated by a independent generators of order p'^j (i of order p^, . . . ., % of 

order p*^ {a^> P^> . . . . >X^) ^ the order of a Sylow subgroup of its group of 

isomorphisms is p^\ where 

m'=a^a,+ {2a^+^)^^+ + (2a;i+2/3X+ +a,*)a,, 

f a{a + l) /?(/? + !) , , H^+l) \ • 

\ 2 "*" 2 -^••••-^- 2 /' 

Let P^. represent this Sylow subgroup of order p*'. It is clear that P^r 
can always be represented as a transitive substitution group of degree p*~S 
since one of the largest independent generators 5 of G is transformed into itself 
multiplied by each of the operators of a subgroup of order p"^"^ under P„/ , and 
G is generated by this subgroup and s. The regular subgroup R of P^. , when 
P^/ is represented as such a substitution group, which is formed by all the sub- 
stitutions of P^/ which are commutative with each of the independent genera- 
tors of G except 5, is of especial interest. 

Let r^ and r^ be any two substitutions of R. Since all the operators of G 
may be written in the form ts% where t is an operator in the group generated 
by all the independent generators of G with the exception of 5, it results that 

rf^5ri = <i5*'"^5, rf^sr^=t2S^''^Sj 

where t^ and t^ are commutative with both r^ and r^, and both a — 1 and /? — 1 
are divisible by p. From the equations 

it results that the abelian subgroup of R generated by those substitutions for 
whicha=/^ = l is a maximal abelian subgroup of R whenever G has more than 
one largest invariant. That is, it is not contained in a larger abelian subgroup 
of R whenever G contains more than one independent generator whose order 
is equal to the order of s. 

If G contains only one independent generator of highest order and if the 
quotient obtained by dividing the order of s by the order of an independent 
generator of next to the highest order is p^, then r^ and r^ are commutative when- 
ever a and /3 are such that both a— 1 and fi — 1 are divisible by the order of a 
generator of next to the highest order. The order of a maximal abelian sub- 
group of B in this case is therefore p^ times the order of the subgroup formed 
by all the substitutions of R for which a=/3=l, provided G is non-cyclic. 
This completes a proof of the following theorem : A necessary and sufficient 
condition that the subgroup R of order p"*~^ be abelian is that G involves not 
more than one independent generator whose order exceeds p. 
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As the subgroup R is invariant under P^. , it results that P^, is contained 
in the holomorph of R. When R is abelian its invariants are the same as the 
invariants of (r, with the exception that the largest invariant of G must be 
divided by p to obtain the corresponding invariant of jR. In this case R is 
clearly a maximal abelian subgroup of P^> , since P^. is always contained in the 
holomorph of R. A necessary and suflScient condition that P^> be a Sylow sub- 
group of the holomorph of R, when R is abelian, is that all the invariants of R 
are equal to p. As an illustrative example we may cite the fact that the group 
of degree 8 and order 1344 is the holomorph of R when G is the abelian group 
of order 16 and of type (1, 1, 1, 1). In this case P^. is a Sylow subgroup of 
order 64 contained in the given group of order 1344. 

Another important invariant subgroup of P„. is composed of all the op- 
erators of I which transform each operator of G into itself multiplied by an 
operator of its subgroup of order p which is invariant under P^» . In the given 
representation of P^, this subgroup must clearly have p**~* transitive constit- 
uents of degree p, and its order is p*, 3 being the number of invariants of G 
if at least one of these invariants exceeds p. If all these invariants are equal 
to p, then i is one less than the number of invariants of G ; that is, the order 
of the given invariant subgroup is p"*~^ in this case. This result is a direct 
consequence of the important theorem that every abelian group has exactly as 
many subgroups of index p as it has subgroups of order p. A necessary and 
sufficient condition that the given invariant subgroup be a maximal abelian sub- 
group under P^. is that G involves no invariant that is divisible by p^ and no 
more than one that is divisible by p\ 

As a very special case of what precedes we have the theorem : A neces- 
sary and sufficient condition that a Sylow subgroup of order p^' of the group 
of isomorphisms of an abelian group of order p"*, m > 2, be abelian, is that this 
group of order p^ is cyclic. When no two invariants of G are equal to each 
other, the given series of invariant subgroups H^, H^, . . . . , n^_^ is completely 
determined by G. On the other hand, this series is not completely determined 
by G whenever G has two equal invariants. As each such series corresponds 
to a Sylow subgroup in the group of isomorphisms of G, we have the following 
theorem: A necessary and sufficient condition that the group of isomorphisms 
of an abelian group of order p"* must contain only one Sylow subgroup of 
order p"^' is that this group of order p* does not contain two equal invariants.* 

The suTjgroup of G which corresponds to a particular operator of P^, has 
always an order which divides p"'~^ When G is cyclic, this order is evidently 

* American Joubnal of Mathematics, Vol. XXVII (1905), p. 15. 
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pM-i fQj some operator of P^, . Suppose that G contains two different inva - 
riants and that the order of the larger exceeds p*. It is clear that such a G 
contains a characteristic subgroup which involves operators of order p^ with- 
out involving all the operators of order p contained in G. Hence there is no 
operator in a Sylow. subgroup of order p*' of the group of isomorphisms of 
such a Gy which corresponds to a subgroup of order p"*~^ in G. In fact, such 
a correspondence implies that every two characteristic subgroups of G must 
have the property that one of them is contained in the other. 



SelhProjective Rational Curves of the Fourth and Fifth 

Orders* 

By E. M. Wingbb. 



§ 1. Introduction. 

In the study of a rational quintic, first pointed out by Cayley, through the 
consideration of special cases I was led to a curve which is invariant under a 
group of six coUineations. t The question naturally arose as to other curves 
unaltered by the group, and this was later extended to the problem of the dis- 
covery of rational curves invariant under other finite coUineation groups. 
Such curves have been called self-projective. Many of these have found their 
way into the literature, but usually quite apart from or incidental to their 
connection with the groups. And while the general quartics and quintics have 
been discussed by Ciani t and Snyder § respectively, the rational case has not 
been systematically treated. Neither is this phase of the question to be ignored 
as a special case of the work cited above, for the order of imposing the conditions 
materially affects the results. 

As the variety of self-projective curves is rather large, some criterion of 
classification had to be adopted. The purpose of this paper is to present in 
canonical form all of the projectively distinct types of the most general rational 
curves of the fourth and fifth orders invariant under the different finite coUinea- 
tion groups. 

Of fundamental importance in the study for rational curves is the 

Theorem. To every ternary coUineation of the points of the curve there 
is a corresponding binary coUineation of the parameter^ and conversely. 

Both of these must leave the curve unaltered if it is to be self-projective. 

The groups to be considered, then, are those generated by the regular body 

groups : II 

cyclic (7^, 

dihedral g^^ , 

tetrahedral g^^ , 

octahedral g^^ , 

icosahedral g^o . 

* Read before the American Mathematical Society, January 2, 1913. 

t Discussed, § 14. 

Xlstituto Lombardo BendioonH, Series II, Vol. XXXIII, p. 1170. 

§ American Journal of Mathbkatics, Vol. XXX. 

I) Klein, ''Ikosaeder." 
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It is no condition on a conic to admit any of these groups. 
Again, every member of the syzygetic pencil of rational cubics 

^ + ^ + ^(x^qXi 0^2 = 
is invariant under a dihedral g^ . 
The cubic with a cusp, . 

Xq = t^j X^ = f^j x^ = 1, 

is unchanged by the substitution 



t = at' or 



2?i = a»a;o> 
x'l =z a^x^j 



X, 



'2- 



That is, the cuspidal cubic is invariant under a one-parameter group. 

I. The Rational Quartic. 

§ 2. The Stahl Binary Sextic. 

The first case of considerable interest, then, is the rational quartic, p^ 
which will not admit a group without restriction. 

The labor is greatly facilitated by reason of the existence of a fundamental 
sextic (binary) of which line sections are second polar s and upon which the 
invariant theory of the curve depends.* 

Bolza t has tabulated the canonical forms of the non-singular binary sextics 
with linear transformations into themselves. He exhibits the following types 
with the corresponding groups : 

(1) t^ + at' + fit^ + l 

(2) t{t^ + l) 

(3) t{t' + at^ + l) 

(4) t^ + at' + l 

(5) t' + l 

(6) t{t' + l) 

We supplement this with the singular form t 

(7) t^t'+l) cyclic g,. 

To obtain the parametric equations of the different classes of those self- 
projective quartics which have Stahl sextics, we need only select three linearly 

* stahl. Journal fUr Math., Vol. CIV, p. 302. This is the unique pextic to which the fundamental 
involution is apolar, referred to hereafter as the Stahl aextio. 
t Amebican Joubnal of Mathekatics, Vol. X, p. 70. 
X Other singular forms are not given, for they furnish no new types. See § 8. 
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independent second polars of these sextics, written homogeneously. Usually 
the most convenient are 

32 92 92 

a<?' dt^^' 371' 

Designate henceforth by 8^ the sextic that admits a group of order n and 
by pi the quartic curve derived from it. Note that we get a proper curve for 
every case except (5). 

We proceed now to the consideration of the others in greater detail. In 
particular, we shall characterize them by means of the fundamental invariants.* 
We use Professor Morley's set, indicating Salmon's equivalents and the geo- 
metric meaning of their vanishing, thus : 

Morley: Salmon: Condition for: 

triple point, 
flex conic to touch, 
undulation, 
cusp, 
self-reflexion. 

§ 3. The Cyclic Groups. 

Professor Morley has shown that the necessary and sufficient condition 
for a p* to he reflected into itself ^ i, e., to admit a cyclic g^ , is 

On this supposition simply certain properties of the curve are readily in- 
ferred. Thus the center is the intersection of two double lines. The axis 
cuts out one double point, the intersection of the other double lines and the 
contacts of tangents from the center, whose parameters are the double points 
of the involution. The six points of inflexion are harmonically perspective 
from the center ^ accounting for the two relations that must exist on them. 

Consider next the cyclic g^ 

r = (^t, cj« = l. 

A sextic to admit this group can contain only cube terms. It is therefore of 

the form 

t^ + at^ + ^. 

♦ F. Morley, "Projective Geometry Notes" (1010), Chapter 6. J. E. Rowe, Trans. Amer. Math, Hoc, 
Vol. XII, p. 304. Salmon, "Higher Algebra," 4th ed., §§220 ff., where the system of two quartics is to be 
interpreted as the fundamental involution of the curve. 

t Loo, oit. Instead of involutory collineation we use reflewion, the abstract projective notion of 
physical reflexion. 
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We can choose the unit point so that /? = 1, reducing the sextic to type (4), 
and we have the theorem: A p* that is invariant under a cyclic g^ admits at 
the same time a dihedral g^ . * 

If the sextic is unaltered by the cyclic g^ 

f = it, i* = l, 

it takes the form 

t{t' + a). 

The reference scheme may be so selected that a = 1, which gives at once the 
octahedral sextic S^ . The p* derived therefrom has the same property. 
Therefore : 

If a rational quartic is invariant under a cyclic g^j it admits also the 
octrahedral g^^ ; in other wordsy has three inflexional nodes. 

Berzolarit has deduced the properties of this curve from the consideration 
of the ^24 of permutations that leaves the double lines unaltered. 

Three second polars of the S^ determine the quartic 

a?o = t\ x^ = i, x^ = 1, 

X\ — Xq(X^ = Q. 

This curve is unaffected by the one-parameter group of %1.X Hence: 

If a p* admits a cyclic g^ , it admits an infinite group. 

There is an undulation at < = and at oo the dual singularity, a special 
triple point whose three parameters have come together, counting for a node 
and two cusps. All of the point and line singularities are concentrated at 
these two points. 

All of the invariants vanish. % 

% 4. The Metrical Aspect of Dihedral Collineation Groups. 

We shall now explain a very convenient metrical representation of dihedral 
collineation groups of any order, in which all of the conjugate points of a set 
are in general realy and examine the quartics invariant under them. We shall 
speak in metrical terms at our convenience, leaving the projective interpretation 
to be supplied if desired. 

* The theorems of this section are predicated on the supposition that the Stahl sextic exists and 
has no repeated roots. Otherwise some of them are not valid. 

t "Sulla Lemniscata Projettiva," Ist, Lomh. Rend., Series IT, Vol. XXXVII, pp. 277 and 304. 

X Cf. Ciani, loc, oii,, p. 1176. 

§ Cf. the case of the cuspidal cubic. 
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Using the absolute coordinates 



(i 



x = X + iY, 

x = X — iYy . (Z and Y rectangular coordinates) , 



and an elliptic naming in which the parameter t runs around the unit circle, 
a point on a rational curve is given by the single equation 

(1) x = f{t), 

where / is a rational algebraic function. * This carries with it the conjugate 

(2) 5 = /(0, 

derived by writing for each complex number, including f, its conjugate. If 

X and X are interchanged when t'=j the curve is symmetrical about the base 

t 

line, admits a ^2 • ^ ^ addition 

x' = ^x when t = BV, l<a<n — 1, 

where « is a primitive w-th root of unity, the curye is invariant under a rotation 
about the origin of period ??, admits a cyclic g^. The two generate a dihedral 
g^^ containing n rotations, including the identity, and n reflexions.! 

Now a g^ means a line of symmetry, and the cyclic group carries this line 
into n distinct positions when n is odd. Hence, in that case : 

A dihedral g^^ means symmetry about n equispaced lines through the origin. 

These are axes of the n reflexions, the centers being at infinity. 

When n is even there are two sets of ^ lines of symmetry, not conjugate 

to each other, which make up n equispaced axes of reflexion. Furthermore, 
the curve has the origin for center. 

In either case the centers lie on a line, the line at infinity, and the axes 
meet at a point, the origin, point and line being fixed elements of the group. 
When n is even there is a center on each axis. 

The elements of the cyclic g^ binary and ternary are 

(4) t=i^t', {i='^\ 

ISC' = «""«, = 1, ,«. 

♦ See a memoir by Professor Morley, Trans, Amer, Math. 8oc,, Vol. I, p. 97. 
t Cf. Hilton, "Finite Groups," p. 53, Ex. 21 (iii). 

8 
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The products of these with the g^^s 

(5) «=1. f^ = '' 

are the n involutions and reflexions respectively. 

The application of the ternary g^ to a point and its image affords an easy 
geometrical construction for the general set of 2» conjugate points. Such sets 
break up into two concentric regular polygons of n vertices. If, however, a point 
is at a center or lies on an axis of reflexion, it assumes only n distinct positions. 

Among these special sets of n points on p"* are the two sets whose param- 
eters are the fixed points of the involutions and which may be taken as the basis 
of determination of the conjugate sets of the binary group. In the canonical 
form employed here, the general set of 2n conjugate points of the binary group 
is given by 

(6) (t- + iy-x{t--ir, 

and therefore factors into two sets of n. * 

Among the curves left invariant by the general dihedral group is the 
system of concentric circles (double contact conies) 

(7) xx = X\ 

These, will intersect p** in 2w invariant points which break up into conjugate 
sets, their parameters being conjugate sets of the binary group. 

This furnishes a method not only for a geometrical construction of conju- 
gate sets of the ternary group^ but also for finding the analytic representation 
of such sets of the binary group. 

§ 5. The Dihedral pj. 

From the typical sextics we get immediately the equations of the dihedral 
quartic curves 



... dtl ^_ dti 



dt^dt^ dt.dt^ 

We may write the quartic with a dihedral g^ , 

(2) ^= .4 . ^.2 . i > 5 = 



t^ + at^ + 1' t* + at^ + l' 



* Klein, loo. dt., p. 40. 
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Since n = 2, the curve is symmetrical about each of two perpendicular 
lines and their point of intersection. A general set of four conjugate points 
therefore will form a rectangle with center at the origin. 

The three elements of this group, omitting the identity, are involutory, 
since the rotation is of period 2 and therefore a reflexion from the origin in 
the line at infinity. 

Now the parametric equations show that there is a bi-flecnode, isolated 
however, at the origin. Hence, if a p* admits a dihedral g^j it has a hi-flecnode. 
Conversely, if a p* has a hi-flecnodej it is invarian^t under a dihedral g^ , for its 
equation can be written 

(3) y^s? + z^a? + a?y^ + 2fa^yz = 0, 

which is unaltered by changing the sign of x, interchanging y and z, or changing 
the signs of y and 2 interchanged ; i. e., by a dihedral g^ . 

Here, then, is an example of a rational quartic that is reflected into itself 
from a point on it. This transformation is singled out from the' other two 
which are symmetrical in their effects. 

Denote the three reflexions by R^^ R^j R^j their centers by a^ , aj > ^s > 
and the axes by a^ , a, , (X3 ; a^ being the bi-flecnode and a^ on the base line. 

Two of the double lines meet at a^ and the other two at a^ . Again, the 
other four flexes lie on three pairs of lines, one pair on each center, and the flex 
tangents meet in three pairs of points, one pair on each axis. Or we may say : 

The diagonal 3-point of the four inflexional points and the diagonal 'S-line 
of the four inflexional lines constitute a single triangle^ the centers and axes 
of reflexion. 

This is a fixed triangle of the group and characterizes it geometrically. 

The fundamental involution is 

{at' — &t^) +7,(&t^ — a), 



and the invariants 


are 












h = 


-oS 


/i = 


-aS 
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= o*(a*- 


-36)S 


h = 


— 16a«, 


7.= 


0, 


n 


= 64a«(< 


»*-4), 


whence the invariant conditions on 


the curve are 




(4) 


1671-7,: 


= 0, 


h- 


■in- 


367,)* = 


:0. 



The second of these is the condition for four collinear flexes, which we saw 
is twice satisfied. 
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Since an absolute constant remains, the curve may be further specialized. 
A cusp can not occur, for that would imply too many intersections with the 
axis (Xg . The two double points may come together j however y forming a tac- 
node at either a^ or a, with otg as the nodal tangent^ the condition being a* = 4, 
the 7i above. We have then a second center of reflexion lying on the curve ; 
viz.y at the tac-node. 

Equations (2) become 

t^ - t 



{t^ztiy {t^±iy' 

which give, on eliminating f, 

(6) {xztxy — xx = 0. 

If a^ = 36, 7^ = and the curve acquires two undulations, given by <* =F 1 
and lying on a^ or ag , corresponding to dz a. Thus the two undulations, the 
inflexional node and the intersection of the two double lines are coUinear. 

The single condition a = suffices for two additional bi-flecnodes, and the 
curve becomes a lemniscate. 

§6. The Dihedral pj. 
Taking for the /S^ 

we obtain the equations of pt in the canonical form 

(1) ^ = — ^i — , a- — ^i — • 

Here n is odd and equal to 3, so that the curve has symmetry about three 
equispaced lines through the origin. On each of these axes of reflexion lies a 
double point, while all three centers are on a double line. 

The group is characterized geometrically as the g^ that permutes the sides 
of the triangle of double points* 

All of the single conies^ of which there is a multitude, attached to the p*, 
belong to the system of concentric circles 

* Brusotti, laU Lomh. Rend, (II), Vol. XXXVII, p. 888, diacusseB" a class of rational curyes that 
admit this group, namely thoao with three hyper-osculation points, undulations for the p\ 
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To the different values of a correspond protectively distinct pj's. The 
line at infinity is, however, a common double line having contacts with each at 
the circular points. 

The fundamental involution is 

The values of the invariants and the geometrical significance of their 
vanishing are 

I^ = a^ — 1, triple point, 

ZJ = — (a« + 2)S 3 bi-flecnodes, 

7^ = a* (a* — 16 )^ 3 undulations, 

7e = — a^ (a^ — 4)«, 3 cusps. 

Thus, on account of the triangular symmetry, if a condition is satisfied once, 
it is, generally speaking, satisfied three times. 
The invariant conditions on pj are 

/« = Q, 
[7,+ (47,-7;) (607, + 7;)]«-768 7i(127, + 70 =0, 

where 7i is the tac-node condition. 

The equation in absolute coordinates of the curve with a triple point 
(a = l) is 

a? + 'S? — a?'^ = Q. 

The sixteen intersections with the deltoid (a = 2), in terms of the parameter of 
the latter, are given V 

t^{t^ + t^ + iy. 

Hence, the two curves have eight contacts at which the eighteen common lines 
are accounted for^ the common double tangent counting for six. 

We note that, if a p* have three cusps or three undulations^ it must admit 
a dihedral g^ , since it is then determined hy a binary cubic. * 

§7. The Projective Lemniscate with a Real Dihedral g^. 

The octahedral group contains as a sub-group a dihedral gg . We include 
a brief mention of the P24 with reference to the gg^ since in this scheme of 
representation the sets of eight conjugate points are in general real. 

* Of. 8t with three double roots, below. 
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The metrical equations, found at once from S^ , are 

t - f« 



whence 

The cnrve is symmetrical about each of two pairs of perpendicular lines 
which make up a set of four equispaced lines through the origin, which is an 
isolated node. 

The fundamental iovolution is 

a{t'+ 1) +Xht\ 

a quartic and its Hessian. 

The invariant relations are 

7; = 0, 7« = 0, 
7,-129671 = 0, 
7J,-817,=0. 

The curve cuts the base circle at the twelfth roots of unity, exclusive of 
the fourth roots. Bearing in mind the symmetry it is readily drawn.* 

§ 8. Singular Stahl Sextics. 

The table of Bolza gives only non-singular sextics. We shall now examine 
those with multiple roots. A triple root can not occur, for the second polars 
all have a common factor, the c3o^ line sections reducing to a pencil, and the 
curve is degenerate. There may be, however, one, two or three double roots. 

Starting with Bolza's types, we may impose the further conditions for one 
or more repeated factors, obtaining thus singular S/s. But if we first insist on 
repeated roots and then ask that the sextics admit the different groups, will 
we get the same tabulation f In other words, are the processes commutative f 

Beginning with the extreme case, suppose the sextic has three double roots. 
It is then the square of a cubic and may be taken as 

{t^ + iy. 

Hence it is a special case of S^^a = 2. We saw that the three axes of reflexion 

contain each a double point of po • Ii^ this case the other intersections of the 

axes are given by 

t^ + 1 and t^ — 1. 

♦ This is the right circular cross curve of Loria, " Spezielle Ebene Kurven," Vol. I, p. 226. 
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Starting with (<* — 1)^, we get the same curve, since the two sextics are pro- 
jectively equivalent. 

A sextic with two double roots is made up of one quadratic and the square 
of another, and may be taken as 

t{t^ + at + iy. 

Since there is always an involution leaving two quadratics unaltered, a sextic 
with two double roots admits a g^ . This is a special case of 5^2 . * If we ask 
further that the sextic admit the involution V = — i, the double roots must be 
interchanged and it may be reduced to the form 

t (t^ ± 1)S 

and is a special case of type (3), a = ± 2. In this case the double points of 
the three involutions of the g^ are the two quadratic factors of the sextic and 
their Jacobian, three mutually apolar pairs. The corresponding p* is an 
instance of one whose Stahl sextic is cut out by a line^ the axis a^ or a^ . 
The sextic with one double root may be written 

t^t' + at^ + bt^ + ct + l). 

Now the double root must be a fixed point in any transformation that leaves 
the sextic unaltered, while all the transformations that leave one point un- 
altered constitute a cyclic group that leaves a second point unaltered. Two 
cases are to be distinguished. 

Case I. The second fixed point not a root of S. Then the involution 
t' = — t will interchange the four simple roots in pairs and S becomes 

t^t' + at^ + l), 

which is a special case of type (1), as is readily verified. 8 can not admit a 

cyclic g^j for one of the simple roots would be a fixed point contrary to 

hypothesis. The four points, however, might be permuted cyclicly by the 

transformation 

t' = it, i* = l, 

when S assumes the form 

t'it' + l). 

The p* corresponding to this may be written 

^0 = ^ ^1 = *S (x^2 = t* + 1, 
^0 + ^1 — a^a?ia?2 = 0. 
It has a triple point with a cusp at 0, oo . 

♦ Writing 8,, att* + h t* *, + t^* V + o *x» V + V V + 6 *i *«" + « U\ we obtain, on placing a = 6 = 0' 
t^ t^ {t^ -\-oixtt-\- it) 9 ft form to which a sextic with two double roots may be reduced. 
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Case II. The second fixed point a root of S. The sextic can now admit 
the cyclic g^ 

t'=0}t, 6)» = 1, 

which permutes cyclicly the remaining roots producing 

The corresponding p* may. be written 

a^o = 4 *» + 1, x, = t' + 4t, x^ = t\ 
which is a curve with three undulations, and is therefore a special case of the 
pe already noticed, § 6.* 

There are then sextics with one repeated root invariant under cyclic 
groups of orders 2, 3 and 4, only the last of which, however, determines a new 
type of curve. 

§ 9. Gases of Failure, 

There remains the consideration of the p^ with a singularity such that the 
tangent cuts out a quartic with four equal roots, for then the fundamental 
involution has a common factor and the Stahl sextic is no longer defined. 

If p* have an undulation, say at the point 0, it can admit only a cyclic group 
of which the undulation is a fixed point. The group will have another fixed 
point, say c3o . Referred to the tangents at these two points and the line 
joining them, the equations of the curve are 

' Xq = iS 

x^ = t^-\-ht + l, 
x^ = t{t^ + ct + a). 

This will admit the involution 

t' = —t, if 6 = c = 0, 

and we have as the equations of a pi with an undulation 

a?o = t\ x^ = t^ + l, x^ = t (<« + a), 

which is a special case of p2 of ^3. 

If the other fixed point is an inflexion, p* may admit the cyclic ^j, i' = o <. 

The equations are 

Xq=4\ a?i = «, x^ = i^ + l, 
or 

* It should be remarked that while the sextic admits only a g^ there is no contradiction in our 
theory, for the Stahl sextic in this case is not unique (sec below) . 
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The fles: tangent x^ meets again at the nndnlation and n^j ^^^^ ^^^ ^ triple 
point. Three flexes and three double lines remain. 

Again, the quartic with a tac- node-cusp at may admit the cyclic ^,, 
giving rise to a new type of pj , 

a?o = t\ X, = t\ x^ = f* + 1, 
or 

^1 (^ — ^ + 2iCoa;iiC2) — (x^x\ = 0. 

The multiple point consumes all of the singularities of the curve except three 
flexes. 

A p* with two undulations, say at and oo , may be written 

x^ = t', rci = 1, x^ = t{t^ + 2at + l), 

which admits the involution 

r = 1/t. 

Hence, a p^ tuith two undulations is invariant under a g^. In this case the 
undulations are interchanged. They may be fixed points of an involution 
when the curve takes the form 

x, = t\ x, = l, x^ = t{t^ + l), 

which is invariant under a dihedral g^ and is the same as that noticed, ^ 5. 

The p* with three undulations is Brusotti's curve and admits a dihedral g^^ 
§ 6, foot-note. It may be derived uniquely from the special S^ 

t^ + 20t^ + l. 

But if we attempt to recover the sextic, we obtain the doubly infinite system 

(<* + 20<» + l) +Xt^{2t^ + 5) +iit{5t^ + 2), 

any member of which determines the same curve. 

We have thus arrived at a complete solution of the first part of our funda- 
mental problem, having found eight types of self -projective rational quartics. 
Moreover, the nature of the investigation is such that we are in a position 
to say that these eight types include as special cases all others. 

For convenience of reference they have been collected in a table at the end. 

11. The Rational Quintic 

§ 10. General Considerations. 
We begin our study of the p^ with a generalization of a theorem enunciated 
for the p*, § 3, viz. : 

If a rational curve p** of order m 

a;,= (a,0^ i = 0, 1, 2, 

9 
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is invariant under a cyclic group of order w, w > m, it is invariant under a 
one-parameter group. 

Proof: A ternary collineation of period n can always be written in the 
canonical form 

where the c's are n-th roots of unity. The triangle of reference is then a fixed 
triangle of the group.* Now each side of this triangle must cut p*" in m points 
whose parameters form a conjugate set under the corresponding binary cyclic 
g^. If w > w, the only conjugate sets of m points are 

t^t^j a + b = m. 

The only three sets having no common factors are 

tTf <r, ti'^tl, l<r<m — l. 

The equations of the curve then become 

which admits an infinite group. 

If n = mj the only conjugate sets of n points are 

t\t\ and atl + ^tl, a + h = n. 

There can not be three independent sets of the latter kind. If there are two 
independent sets, they can be replaced linearly by <? or t^y and we have the 
one-parameter type. If there is one such set and a set <J or <J, we can obtain 
by a transformation the preceding case. The only new types then are 

a«? + /3<2% tltr\ tltr% rzfzs, l^!;i^n-l. 

If there is no set of the form ati+^tz^ we have again the one-parameter case. 
That is, the equations of a p* invariant under a cyclic g^ may be written 
(non-homogeneously) in canonical form 

Xq = r, x^ = <*, iCj = r + 1, 

with the above restrictions imposed on r and s. 

* Every such collineation has at least one proper fixed triangle, an homology having oo ^ 
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These equations are the canonical form of p* invariant under a dihedral 
ff2n if r + s = n. 

Incidentally, for varying r in the one-parameter case, we obtain the classes 
of curves invariant under an infinite group. These are the self -dual binomial 
curves, so-called parabolas of higher order, 

^1 — ^o"' (x>l = Oy < r < n. 

The singularities are all concentrated at the two fixed points and oo . There 
are two such types pf p**, r = 1, 2.* If r = 3,4, we obtain curves metrically 
distinct but projectively equivalent, t 

Our theorem excludes for the rational quintic those cyclic ^,^'8 and dihedral 
Sl2n% w > 5. Furthermore, a group that transforms a p* into itself must leave 
the flex ninic unaltered. From a study of the characteristic invariant forms 
of the binary group — i. e., those special sets of parameters which assimie fewer 
than n values — we readily conclude that 

A p^ can not admit a dihedral g^^^ n even^ nor the tetrahedralj the octa- 
hedral or the icosahedral group^ even though its flex equation have multiple 
roots. 

There are left, then, only cyclic groups of orders 2, 3, 4 and 5 and dihedral 
groups of orders 6 and 10. It turns out that there are rational quintics 
belonging to all of these. 

§ 11. The Cyclic Groups. 

Using the fixed triangle of the group as triangle of reference, we obtain 

without diflSculty the equations of the cyclic quintics in canonical form. 

Thus the pf is 

^ x^ = t^-\-at^ + ht, 

x^ = t^ + ct\ 

x^ = t^ + l. 

The only fixed points under the involution are and oo . One of these is an 
inflexion — the center of the reflexion. The other lies on the axis, being the 
contact of a tangent from the center. The parameters of the other contacts 
of tangents from the center and those of the extra intersections of the axis 
must be interchanged by the involution. That is, two double lines meet at the 
center and two double points lie on the axis. 

* Gf. Snyder's O^ and O^, loo. dt., paragraphs 5 and 6. It may be remarked that his curves 
axy* -\-hy^ + cs^z=iO and aa?y* + 6»* = 
are projectively equivalent. 

t See Wieleitner, " Algebraische Kurven/' p. 135^ Beisp. 5. 
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The equations of pf are 

. 0^1 = &<« + !, 

Xi = t\+t. 

The points of the curve are arranged in triads, but as the singularities occur 
in multiples of 3 this can happen without any striking geometrical speciali- 
zation. The line x^ is the apolar line and cuts out the fixed points of the 
generating binary transformation. 

We write the pj 

' XQ = at^ + t, 

X, = <», 
[x, = t' + l. 

Now the binary cyclic g^ generated by 

t' = ity t* = l, 

contains as a subgroup the involution t' = —t. Hence the pj admits a reflexion 
into itself. The line x^ is seen to be a touching flex tangent, the contacts being 
the fixed points of the binary group. The line a?, is the axis of reflexion and 
cuts out as above two double points. In addition to the special flex tangent 
two double lines meet at 0. Thus, the center of reflexion is a syzygetic points 
For particular values of r and s of the previous section we obtain two 
types of p*^ invariant under the g^ generated by 

V = et, 6^ = 1, 

(1) x, = t, x, = t\ x^ = t' + l, 
or 

^ + a?f — a^a?iic, = 0;t 

(2) x^=zt\ x, = t, rr, = «« + !, 
or 

rco — ^1 + ii?o^^ — 2 a^a;^ a?j = 0. 

The first has a fourfold point at 0, oo , with three coincident parameters, 
consuming four flexes and seven double lines. The parameters are the fixed 
points of the binary group. 

* By a syzygetic point we mean a point whose lines cut out the syzygetic pencil of binary quartics 
17 -}-^ff, where H is the Hessian of U* See Johns Hopkins University Circular, February, 1911, p. 101. 

Snyder's curve, paragraph 6, is a special case of this and may be written parametrically 

*o=«»+t, *» = **, ». = 1, 
when names the undulation, oo the hyper-osculation point and t* + l the fourfold point. 

t Gf . Snyder, loc. oit,, paragraph 5. 
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The second has a cusp of higher order at a point of inflexion which uses up 
all of the double points, four flexes and seven double lines, the parameters being 
fixed under the binary group. 

Sets of five conjugate points on either curve are cut out by the pencil of 

double contact conies 

a^ + X iCj iCj = 0, 

five of the intersections being taken up at the multiple point. 

§ 12. The Dihedral pV^. 

We find likewise two types of quintics invariant under the dihedral g^^ 
obtained by combining with the g^ above the involution 

t' = 1/t. 
They are 

(1) x^ = t\ x, = t\ x^ = t^ + l, 
4 + ^ — 4^a^2 = 0;* 

(2) x^ = t, x, = t\ 2?, = <* + l, 
4 + irJ + a?o^i^j(3a?oiri — a|) =0. 



or 



or 



The first has a fourfold point with two cusps, the parameters being fixed 
under the cyclic g^ . The line x^ cuts out the five flexes which are the centers 
of the five reflexions. From each inflexion run one of the five double lines and 
one simple tangent. The contacts of the latter, together with the corresponding 
flexes, make up the five pairs of fixed points of the involutions. 

In the metrical representation of § 4 the curve has fivefold symmetry. 
The equations are t 

x = 



t^ + v «« + 1 • 

The multiple point is isolated at the origin but the five double lines are real, 
their equations being 

5(6*ir + f-*5) +4 = 0, i = 0, ....,4; *« = 1. 

There are five inflexional asymptotes whose equations are 

5(€*rr + f-<i)— 1 = 0. 

* This it Snyder't curve (2), paragraph 5. f Cf. Hulburt, "Galculua/' Ex. 14, p. 126. 
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We saw that sets of conjugate points were cut out by the system of con- 
centric circles 

Among these may be mentioned the circle on 

(a) 5 flex lines, 10 A, = 1, 

(b) 5 lines from flexes, 2 X = 1, 

(c) 5 double lines, 5 X = 2, 

(d) 10 contacts of double lines. 




Fig. 1. 

(b) has five contacts with p*, lying on the axis and given hy t^ — 1. 

The curve cuts the base circle at the fifteenth roots of —1, exclusive of 
the fifth roots. A figure (Fig. 1) has been drawn, using the equation x'=5x. 

Quintic (2) has a double point of which each branch is an undulation,* the 
nodal parameters being the fixed points of the binary cyclic g^ . The line x^ 



** This may be caUed a bi-ufid-node. 



of the Fourth and Fifth Orders. 71 

cuts out the remaining five flexes which are the centers of the five reflexions. 
From each flex run one ordinary tangent and two of the ten double lines. 
Metrically the equation of the curve is 



t' + l' 

The bi-und-node, at which the five axes of reflexion meet, is isolated at the 
origin. The other five double points are real, one lying on each axis and 
together forming a special conjugate set of the ternary group and their 
parameters a general set of the binary group. That is, 

The six double points lie at the vertices and center of a regular pentagon. 
They are therefore perspective in ten ways^ two ways corresponding to each 
axis of symmetry. 

There are five real inflexional asymptotes : 

5(e*a? + F-<5) +3=0. 
Among the system of invariant circles we note that on 



(a) 


5 flex lines, 


10X = 3, 


(b) 


5 lines from flexes, 


2;i = i, 


(c) 


5 double points, 


X = l, 


besides two each on 






(d) 


5 double lines, 




(e) 


10 contacts of double lines. 





(b) is the perspective conic, or we may say, the perspective conic is in- 
scribed in the five tangents from the flexes^ the contacts lying on the axes of 
symmetry^ given by t*— 1. These contacts and the flex parameters, therefore, 
are the fixed points of the involutions. 

A figure (Fig. 2) is given. 

§13. The Dihedral pj. 

The equations of p^ invariant under the dihedral g^ generated by 

r=ut, t' = l/t, (j» = l. 

are found at once from those of p| by writing a = b: 

Xq = <« + a««, x, = at^ + 1, x^ = t^ + t. 

The centers of reflexion are points of inflexion and are given by i* + 1, 
That is, the quadratic giving the fixed points of the binary cyclic g^ is the 
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Hessian of the cubic which names the centers of reflexion^ and both are cut out 
by the apolar line. Denote the cubic by Ci j, the cubico variant by C,^, and 
the Hessian by H. 

From each center run one tangent and two double lines, the contacts C,^, 
of the former lying on the axes. The residual intersections of each axis, 
therefore, are made up of two double points. Hence, the double points are 
perspective. 




Fio. 2. 

The tangents at the centers are 

3 (6)*a;o + tt-*a?i) + (a + 5) a;^ = 0, i = 0, 1, 2. 

The invariant conies all touch the curve at the Hessian points. Among 
them is the perspective conic 

^0 = 1, fx = «S ^,= -(a + l)^ 

x,= (a + l)iS x,= (a + 1), x^ = 2t, 

4.x,x,-{a + iyx\ = 0, 
which touches again at the cubicovariant points. Hence, the perspective conic 



or 



or 
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is inscribed in the three tangents from the centers of reflexion and touches the 
curve at the same points. 

The group may be characterized geometrically as the one that permutes 
the sides of this triaugle. 

The flex form, exclusive of <* + 1, is 

a<«+ (a* — 9a + 10) <* + a, 

and names a general set of six conjugate points. Owing to the symmetry, the 
vanishing of the discriminant 

(a — 1) (a — 2) (a — 5) (a — 10) 

means three equal roots and is therefore the condition that they reduce to a 
special set of three. 

Many interesting special cases of pe arise for numerical values of a. In 
particular are those corresponding to the roots of the discriminant above. 
We note the following: 



(1) 


a = l. 


degenerate. 




(2) 


a = 2, 


undulations 


^t 6^8, 


(3) 


a = 5, 


cusps 




(4) 


a = 10, 


hyper-osculation points 


^l,8J 


(5) 


a = -2. 


syzygetic points 


^^,8J 


(6) 


a= — 8, 


syzygetic points 


'' H, 



(3) is self -dual. The cuspidal tangents are the axes and therefore meet 
at a point. 

(4) is the quintic case of Brusotti's curves. From each hyper-osculation 
point run one tangent and one of the three double lines, contacts of the former 
being t^ — 1. Many of the facts brought out by him in connection with the 
group apply to all quintics invariant under it. 

§ 14. Three Syzygetic Points. 

I shall conclude the discussion of the quintic with an account of the special 
pe which suggested this investigation. 

Cayley* proved that the locus of the foci of parabolas on three points 
is a rational quintic passing through the circular points. Now at each of these 
points three double lines meet, t i. 6., they are syzygetic points. 



♦ "Collected Papers," Vol. VII, p. 568. f Loria, "Ebene Kurven," Vol. I, p. 239a. 
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In absolute coordinates the equation can be written * 

(1) x=t + k~-^^, 

it — a< 

where a< are the parameters of the three points on the unit circle and 

In this form the coeflScients of (1) can be expressed in symmetric functions of 
the a's. 

The question naturally arises as to the nature of the locus when a par- 
ticular arrangement of the three base points is selected. For example, if the 
triangle is equilateral, say —1, — cj, — w^ so that 5^ = 5, = 0, 5, = — 1, 
equation (1) becomes 

t* — St 



(2) x = 



t' + l' 



which is the metrical representation of the sixth type of the previous section. 
Hence, the locus of the foci of parabolas on the vertices of an equilateral 
triangle is a special ply as is evident also from other considerations. All twelve 
double lines cut p^ at points of x^ , two each at the inflexions t^ + 1 and three 
each at the Hessian points. 

Again, if the vertices of the triangle are — a>, — o^ 1, whence Sj^=s^=2s^=2j 
the equations of the curve written homogeneously are 



(3) 



— *5 



Xt = t* — 2t' + 2t^ — t. 



It is readily verified that there is a third syzygetic point, t = l, lying on a line 
with the other two. 

For the sake of symmetry we apply to the parameter the transformation 

< + cj V — Ci) 

so that the syzygetic points are named by t^ — 1. Call this cubic Cj ,, the 
cubicovariant C,^, and the Hessian H. Likewise transfer to a new triangle of 
reference by the substitution 

* Johns Hopkins University Circular, February, 1011, p. 105. The proof in given in the manuscript 
of my dissertation, Johns Hopkins University, 1912. The parameters of the absolute points on circle and 
quintic are and oo , while the a's on the quintic are cut out by the line joining them. 
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X: 



4 = ^0 — "^1+ (« — 1) ^2> 

x[ = — oiCo + a;j + (o — l)a?2, 



a?o = ^o + tt^'i + ca*a;2> 
rr, = (dici + rrj + (j* iTj , 
a;^ — o^ a;i . 



Under the transformations T and X equations (3) reduce, on dropping 
primes,* to 



2t^ 



1, x^ = t^ — t, 



(4) x, = t' + 2t\ x,= 
or, eliminating t, 

(5) aJoO?! (a?5 + Sa^oiTjirj + x\) + rr|(2a;; + 1:0^1^2 + 2a?^) — x\ = 0. 

We saw, § 13, that the syzygetic points are inflexions. It is readily found 
that the tangents at the syzygetic points tovch again at Cg^s- These three pairs 
of parameters, then, are the fixed parameters of the involutions. Now each such 
touching flex tangent is made up of one stationary line and two double lines. 
The tangents from the syzygetic points therefore account for the twelve double 
lines of the curve. 

The equations of the perspective conic are 



(6) 



^0 = 1, ^^ = t^ e, = ^ 

Xl 4:X^Xj^ = 0. 



Substituting the values of the x's from (4), the contacts are found to be 

t{t' + l). 

Hence, the perspective conic is inscribed in and has contacts in common 
with the five tangents at the points H Cj^j, cut out by the apolar line^ the con- 
tacts being given by H Cg^g. Since each syzygetic tangent counts for four 
common lines of the two curves, these five defining tangents constitute the 
total of sixteen. 

We proceed in the next instance to a consideration of the double points. 
The coordinates 6f a node of (1) were found to bet 

XQ = s^a^{a^ + a^) — a^af (a^ — a,) —s^a^a^, 
^ a;i = a? (ttg — ttg) — a^(ag — tti) +5g, 

OJj = 5g ttg , 

* On writing t= — t and changing the signs of o^o and Xi, this becomes the special case (6) of 
Pe* above. 

t Johna Hopkins University Circular, loc. cit. 
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whence the others can he derived by permutations of the a's. For this case 
they become, substituting the particular values of the a's, 



1 — 






1, 



1— ««, 

a* — a, 

1, 



ur — u, 
1— oS 

1; 



1 — CJ, CJ — CJ^, 

1 Oy 1 O, 

1, 1, 

Under the transformation X these reduce to 



2 



1. 



(1,1,6)), (1,(0,1), ((0,1,1); 

(1,1,(0^), (l,a)Sl), (oSl,l). 

Denote the first row by rf, , rfg? ^s ^^d the second by rfi, rfi, ^i. 
These two triangles of double points, together with 

(1,0,0), (0,1,0), (0,0,1); 

(1,1,1), (l,ca,G)^), (1,6>S(.), 

have the canonical form of four triangles, any two of which are in sixfold 
perspection, the centers of perspection being the other two. Hence, the six 
double points form two fully perspective triangles. In other wordsy they define 
a Hessian configuration in the plane^ namely^ that associated with a syzygetic 
pencil of cubic curves * This just accounts for the four relations that must 
exist among them. 

The little table exhibits in rows and columns the six centers of perspection, 
together with the lines passing through them. 



d,d[ 


d,d; 


d',d. 


0,0,1 


dtd't 


d,d\ 


d',d, 


0,1,0 


d,d'. 


did'i 


d[d. 


1.0,0 


1,1,1 


1, 6), 6)« 


1, ttS a 





The residual intersections of the fifteen lines joining the double points are 
given by H^ Cf^j ^s.s- Hence, two of the centers are on the curve, viz.j at the 
Hessian points. 



* Three of the bajse points of the pencil of cubics are the syzygetic points of the quintic. 



^ 
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Since the curve admits three reflexions, the other six inflexions must lie 
in harmonic pairs on three lines from each of the syzygetic points. That is, 
they are in triple harmonic perspection^ which just accounts for the four con- 
ditions on them. 

Thus, from each syzygetic point run, besides the touching flex tangent, two 
double lines and two lines carrying each two double points, and three lines 
carrying each two flexes. 




Fig. 3, 



The metrical equation of the curve, reflected in the origin, is 

t' — 2t 



^ = -^ ^• 

t^ + 1 

The syzygetic line is now the line at infinity, and there are three real inflexional 
asymptotes (the tangents at the syzygetic points which touch again) and two 
ordinary ones (the circular rays, imaginary of course). The perspective conic 
becomes a circle of radius 1/2, touching p^ where the real asymptotes touch. 
In other words, the triangle of asjnmptotes is inscribed in the unit circle and 
circumscribed about the perspective. 

The intersections with the base circle are at the ninth roots of — 1, 
exclusive of the cube roots. The curve is now readily drawn and a figure 
is shown above (Fig. 3). 



78 



Winger: 8 elf -Projective Rational Curves 



§ 15. Summary. 

To summarize, we have found, according to our criterion, ten types of self- 
projective rational quintics, belonging to cyclic groups of orders 2, 3, 4, 5 (two 
types) and dihedral groups of orders 6 and 10 (two types), besides two with 
infinite groups. 

The parametric equations in canonical form of these as well as of the 
quartics are shown in the following table : 

Self -projective Rational Quartics. 





^0 


X, 


^i 


cyclic 


ffi 


t' + at\ 


t' + l, 


f + bt. 


(1) 


cyclic 


ds 


t\ 


t, 


f + 1 


(2) 


cyclic 


ffs 


t*, 


t\ 


t' + l. 


(3) 


cyclic 


9i 


t, 


t', 


t* + l. 


(4) 


dihedral 


9, 


t\ 


i, 


I* + at* + 1. 


(5) 


dihedral 


9i 


at' + 1, 


t* + at, 


t\ 


(6) 


octahedral 


9u 


t, 


t\ 


t* + l. 


(7) 




9» 


t\ 


t, 


1. 


(8) 







Self-projective Rational Quintics. 






cyclic 


9t 


t^ + at' + bt, 


t* + ct\ 


t* + l. 


(1) 


cyclic 


9, 


t' + at\ 


bt'-\-\, 


t* + t. 


(2) 


cyclic 


9i 


at' + t, 


t\ 


t' + l. 


(3) 


cyclic 


9i 


t, 


t\ 


t' + l. 


(4) 


cyclic 


9s 


t', 


t, 


t' + l. 


(5) 


dihedral 


9t 


t' + at*. 


at' + 1, 


t* + t. 


(6) 


dihedral 


9x0 


t', 


t\ 


t''+ 1. 


(7) 


dihedral 


9io 


t, 


t*, 


t' + l. 


(8) 




9" 


t', 


t\ 


1. 


(9) 




9» 


t\ 


t', 


1. 


(10) 



Iterated Limits in General Analysis. 

By Ralph E. Boot. 



Introduction. 



In a former note* we have briefly indicated a method for the investigation 
of iterated limits of functions on an abstract range. It is the purpose of the 
present paper to give a more comprehensive account of the method there pro- 
posed. The paper has its origin in the thought that in most of the definitions 
of limit that are employed in current mathematics a notion analogous to that 
of '^neighborhood'' or ^'vicinity'' of an element is fundamental. In the domain 
of general analysis t various ways of determining a neighborhood of an element 
have been employed, notably the notion of voisinage used by M. Frechet,t and 
the relations K^ and K^ used by E. H. Moore, either as undefined or as defined 
in terms of a "development'' of the class of elements constituting the funda- 
mental domain. § 

A definite class of elements being assumed, the notion of "neighborhood'^ 
of an element is essentially that of a subclass having a special relation to the 
element. In taking this relation as undefined and at the basis of our system 
of postulates we occupy a position intermediate, as regards generality, between 
the extreme position of those who take the notion of "limit" itself as undefined, || 
and that of those who define "limit" by means of other relations which give rise 
to notions analogous to that of "neighborhood." The character and form of 
the postulates adopted are determined largely by two fundamental require- 

*Bnll. Am. Math. 800., Vol. XVII (July, 1911), p. 638. 

fThe term "general analysis*' is here used in a technical sense to indicate mathematical analysis 
pertaining to a class of elements whose character is not specified. 

t " Sur quelqucs points du calcul fonctionnel," Rendiconti del Circolo Matematico di Palermo, 
Vol. XXII. 

§ E. H. Moore, "Introduction to a Form of General Analysis," pp. 125 and 138. 

Il For example, Fr^chet in the first chapter of the paper referred to above, and F. Riesz in his paper 
before the International Congress of Mathematicians at Rome, 1908 (" Stetigkeitsbegriff und abstracte 
Mengenlehre," Atti, Vol. II, pp. 18-24). 
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ments ; * first, to provide for an adequate treatment of ideal limiting elements, 
and second, to insure the persistence of the specified conditions under compo- 
sition of ranges. 

In Chapter I, we consider a class $ of elements and an undefined relation R 
between subclasses of ^, the system (^P; iJ) being subjected to a set of postu- 
lates that permit the definition of ideal elements in such fashion that the system, 
when once extended by the adjunction of ideal elements, is closed to further 
extension in this manner. It is shown also that from two or more systems 
a composite system may be derived, and that the composite system satisfies 
the postulates if and only if the postulates are satisfied by every component 
system. 

A somewhat less restrictive body of postulates, considered in Chapter II, 
pertain to a system ('^; U; T), ^ being a class of elements, U a class of ideal 
elements, and T a relation between subclasses of ^ and individual elements of 
^ or U. A subclass 91 of ^ having the relation T to an element p of 5p or to 
an ideal element w of U may be thought of as a generalized neighborhood of 
p or u. The postulates of Chapter I, with the definition of ideal elements for 
the system ('^; ii), lead to a system satisfying the postulates of Chapter II. 
We obtain for our system a generalization of a portion of the theory of point- 
sets by establishing relations between our postulates and the more general 
conditions involved in the notion of "limit'' as used by Frechet, and those 
involved in the " Verdichtungstelle'' of P. Biesz. 

In the third chapter a system (^; U; T) is supposed to satisfy the postu- 
lates of Chapter II, and functions fi defined on the range 5p, a subclass of ^, are 
studied relative to limits and continuity. The treatment is not intended to be 
exhaustive, the theorems developed being such as are suggested by familiar 
theorems on multiple sequences and functions of real variables. Interesting 
features of the general theory associate themselves with the presence of ideal 
elements in the system, and with the study of a property of functions which 
has much the same force as uniform continuity, but which we have called 
extensible continuity. 

The fourth chapter is given to applications of the general theory through 
direct specialization of the system and particular determination of other arbi- 
trary features. Special systems ('^; U; T) are specified, by consideration of 

♦ E. R. Hedrick {Transact ions, Vol. XII (1911), p. 289) obtains by his " inclosable " property of the 
fundamental domain essentially a generalization of the notion "neighborhood," but his assumptions are 
made from a different point of view and, involving a certain uniformity, are more restrictive than the 
postulates of the present paper. 
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which the theorems *jf Chapter III pertain to : The theory of multiple sequences ; 
functions of real variables ; functions on a range for which there is defined a 
relation of the type of either of the relations K^ and K^ used by Professor 
Moore ; functions on a range subject to the voisinage used by Frechet ; and 
functions on a range whose elements are real-valued functions on an arbitrary 
range. In some cases the system (^; U; T) is reached by the mediation of a 
system (5P; jR), and in some cases directly. In the applications, under certain 
restrictions on the class ^, the property extensible continuity is found to be 
equivalent to uniform continuity in each case where the latter is defined. 

We find it advantageous to draw largely upon the notation and terminology 
used by Professor Moore in his work on General Analysis. Convenience and 
economy of notation are conserved by the adoption of letters for elements, 
classes, etc., whose connotation renders frequent explanatory remarks un- 
necessary. Classes of elements are denoted by ^, Q, 9t, etc., while their elements 
are denoted by p, 5, r, etc., respectively. Classes of classes are, in general, 
denoted by w, v^ w, etc. ; properties and relations by P, Q, R, etc., or simply by 
the numerals attached to their definitions. Superscripts denote, in general, 
defining properties or conditions, the character of the superscript as well as of 
the base symbol serving to determine the nature of the limitation. Thus, 
91' states that 91 is a subclass of 5p, p^ that p is an element of 9t, ^'^ that 5p 
has the property P, etc. The symbol D is a sign of implication, to be used 
in the statement of a proposition. That which precedes the sign of implication 
is hypothesis or given data, and that which follows is conclusion or a true 
statement concerning the given data. Thus, if A and B are propositions, 
A.O.B is read ^^A implies B" or **if A then B/' and if x represents 
a number in a certain interval and F a definite function on the interval, the 
proposition "for every two numbers x^^ and x^ of the interval F(a:i) — F{x^) <k" 
may be written, x^.x^.'D.FiXi) —F{x^) <k. The reversed symbol C denotes 
"is implied by'' and c/) is the symbol of logical equivalence, "implies and is 
implied by/' In a complex statement the symbols D , C and c/) carry punctu- 
ation marks, . , : , .: , etc., the primary implication of the proposition being 
indicated by the greater number of dots. The mark 3 is read "there exists," 
and the mark b may be read "such that" or "where" as the sense of the 
proposition demands. 

The independent use of the symbolical statement of propositions is confined 
largely to the proofs of theorems, where it is most useful in conserving pre- 
cision and brevity, and where the technical symbols may be least objectionable 
to the general reader. 
11 
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CHAPTER L 
The System (5P;B): Extension and Composition of Systems. 

§1. Introductory: The System {^; R). 

In this chapter we consider a system (^; ii) consisting of a class 5P of 
elements p and a relation R on ordered pairs of subclasses of ^. While the 
relation R is of the definite type indicated, it is not farther specifically defined. 
We specify a system {^; R) by specifying the class 5p and the relation B, i. c, 
a criterion which determines for every two subclasses Stj and SRj of 5P whether 
or not SRi has the relation R todi^. 

For example, take for 5p the class of all points of an ordinary Euclidean 
plane. Consider a circle as the class of all points within and on its circum- 
ference, then we may specify a relation R in terms of geometry as follows : 
Every circle whose radius is different from zero has the relation R to the point 
at its center considered as singular subclass, and every two concentric circles 
whose radii are different from zero have the relation R to each other. In no 
other case does the relation R hold. 

In this example we have a definite system (^; fi). The pertinence of the 
relation R as specified to the study of limits of functions defined for a set of 
points in the plane is obvious. A study of the current theory of real-valued 
functions, in particular in connection with questions of continuity and iterated 
limits, leads to a determination of bodies of postulates on systems {^]R) which 
serve to validate a theory of continuous functions and multiple and iterated 
limits associated with such systems (^; JS) in general. 

Subclasses of 5P are, in general, denoted by 9i, and the notation di^RM^ 
indicates that Slj has the relation JS to SRj, while ^^~R^^ indicates that 9t^ does 
not have the relation R to Stj . In case it is desired to imply that a subclass 
consists of a single element, we may for simplicity, and for our purposes without 
confusion, use the notation for single elements. Thus 3iRp indicates that the 
class 91 has the relation R to the singular subclass whose element is p. The 
letter v denotes a class of subclasses 91 of 5p, and, for a given element p, v^ is 
the class of all subclasses 9i having the relation R to jp, i. e., 

i;p=[all9ld9li2p]. 

Thus, in the example above, Vp is the family of concentric Circles whose common 
center is at the point p, excluding the point circle of the family. 
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^ 2. The Postulates and Certain Fundamental Definitions. 

Preliminary to the statement of postulates for a system (5P; JS), we note 
that a class v of subclasses Dt of ^ may have one or more of the following 
properties : 

1. Every member 91 of the class v contains at least one element p. 

2. The relation B holds between every two classes SRi and 9i^ that are 
members of v. 

3. There exists a sequence \9i^\ of members of the class v such that for 
every 91 of v there is a number n^^ such that for n > % the class 9l„ is con- 
tained in 91. 

4. For every 9i of v there exists an di^ of v such that for every p m^t^ 
there is a subclass 9^2 of di having the relation R to the singular class p. 

5. K Vi is a class containing v and having properties 1, 2, 3 and 4, 
then V = Vi . 

6. If Vj is a class having properties 1, 2, 3, 4 and 5, and not containing v, 
then there exists a member 91^ of v^ and a member di^ of v such that di^ and 9I2 
have no common elements. 

7. For every element p of 5p there is an 91 of t; which does not contain p. 
These definitions may be more concisely stated in symbols as follows : 

1. 9l*.D.3p«. 

2. 9lr.9lJ.D.9lii29ij. 

4. 31^ : D : 3 SRJ * p** . D . 3 9t? 3 ^^Rp. 

5. v""^ . t;^-*-8* , 3 . t; = t;^ . 

6.* v\^'^'^'^ . v""^ . D • 3 (3tr • ^I) 3 "3 P * P*' . P'^ . 
7. p.D- 3SR''*P~^. 

These properties, 1-7, may be called propositional properties, t It is not 
here asserted that any of the defining propositions are true with respect to any 
class V, but it is clear that the question whether or not a given one of these 
propositions is true with respect to a given class t; is a question of the presence 
or absence of a definite property for the class. 

The desired postulates might now be stated in the following form : 

* The minus sign here signifies negation. Thus ~3 is read ",there does not exist," and p"^ indicates 
that p is not an element of the subclass iR. t)~vx indicates that v is not a subclass of v^ . 
t See £. H. Moore, loo, cit., p. 20. 
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(A) For every element p the class v^ has properties 1-6, i. e., 

„ — . .,1.2.8.4.6.6 

(B) For every element p it is true that every 31 of v^ contains p, while 
if Pi is distinct from p there is an di of v^ not containing p^. In symbols: 

But for convenience of reference, as well as to provide for discussion of 
the independence of the conditions on the system, we separate these assump- 
tions into simpler components, which we state explicitly in the following seven 
postulates : 

I. dlRp .'^.p^. 
II. di.Rp .di^Rp .'^.di.R^^. 

III. p.:d:.3 \K\mn.'D-KRp) • {'^Rp:o:3n^3n>n^.'o.dil)]. 

IV. ^Rp:^:jdl,3 [dl.Rp. (pf^ .'d .jdifs^i^Rp^)]. 
V. v''^'-'. i^Rp.'o.dl') :o:v = v^. 

VI. v'''-''-' . V • D • 3 (9^J • ^t|') ^ "3 Pi ^ Pf' • P?" • 

VII. Pi=^p.D,3 3i6 3tiJp.p7*. 

Postulates I and VII are together equivalent to the statement (B). A 
corollary of postulate I is that for every p the class t;^ has property 1, while 
postulates II-VI state that for every p the class v^ has the respective properties 
2-6. 

The following examples are pertinent to the question of consistency and 
independence of the postulates. Example is an instance of a system satis- 
fying the seven postulates, and the remaining examples each violate one postu- 
late and satisfy all the others, the examples being numbered in the order of 
the postulates violated. 

Ex. 0. The class ^^5 is the class of all complex numbers. The notation 91^^, 
where d is a positive real number and p is an element of ^^, stands for the sub- 
class of ^^ consisting of all elements p^ of ^ such that |Pi — p| ^rf, that is, 

^i,,^[eil\p,B\p,-p\<d]. 

The relation R is specified as follows : For every p and every d the relation 
SR^piJp holds, and for every p and every rfj and d^ the relation ^dipR^d^p holds. 
The relation holds in no other case. 

Ex. 1. The system (^; iJ) is specified as in example 0, except that 91^,, 
does not contain the element p, hence 

Rap^ [all Pi^P 3\ Pi — P| ^d]. 
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Ex. 2. The class ?IJ is the class of all complex numbers, and the notation 
3l^p has the same significance as in example 0. For every p and for every d 
the relation ^^^Rp holds, but in no other case does the relation R hold. 

In this example postulates V and VI are satisfied vacuously, i. e., their 
hypotheses are incapable of fulfilment, there being no class v which has prop- 
erties 2 and 3. 

Ex. 3. The class 5p is the class of all points of a given Euclidean plane. 
The designation "line'' is used to indicate a subclass 9t constituting the class 
of all points of a line. Every "line'' has the relation R to every one of its 
points, and every two intersecting "lines" have the relation R to each other. 
In no other case does the relation R hold. 

Here "intersecting" is interpreted as "having a point in common," so that 
a "line" has the relation R to itself. Postulates V and VI are again satisfied 
vacuously. 

Ex. 4. The system {^;R) is as specified in example 0, except that in the 
particular case p = the classes R^^ consist only of real elements p, , t. e., 

JR^ = [all real Pi^\Pi\^d]. 

Ex. 5. Again, the class ^ is the class of all complex numbers, and the 
notation 9t^^ has the same significance as in example 0. The relation R is as 
specified in example except that for the particular element Po = the relation 
^dpo^Po Isolds only in case d is less than or equal to unity. 

Ex. 6. The class 5p consists of two elements, p, and p^ . * The cases in 
which the relation R holds are listed as follows : 

p,Rp,, p^RPzy ^R^' 

Ex. 7. Again, ?iJ is a class consisting of two elements, p^ and p^. Follow- 
ing is the list of cases in which the relation R holds : 

^Rp,, ^Rp,, ^R^. 

In this instance postulate VI is satisfied vacuously, since any class v that 
has properties 1-5 possesses the single member ^, and is therefore coincident 
with both Vj^ and Vp, . 

* It should be remembered that elements do not enter in tlie relation R, The notation for elements 
is substituted for class notation as a matter of convenience. The class vp^ consists of one member, the 
class 9{ having the single element Pn and has no member in common with that class v whose only member 
iB$. 
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% 3. Extension of the System by the Adjunction of Ideal Elements 

Making use of properties 1-7 defined in § 2, properties that may be 
possessed by a class v of subclasses 9t of ^, we proceed to the definition of 
ideal elements for the system {^; R). 

Def. 1. An ideal element of the system (^;ii) is a class v of subclasses 
31 of ^ having properties 1-7. 

The letter u invariably stands for an ideal element. 

Theobem I. If V is a class having properties 1-6, then v is an ideal ele- 
ment M, or there is an element p such that v = v^. 

Proof : If V has property 7, it is a w by definition; if it has not property 
7, then there is an element p conmion to all classes 9i of v. Since v^ has 
properties 1-6, we clearly have v=Vp. 

Let U denote the class of all ideal elements of the system (ip ; JS), and let 
G be a class consisting of the elements of 5P, together with all ideal elements, 
t. e., C ^ ^ + U. We denote elements of Q, in general, by g, subclasses of O 
by ©, and classes of subclasses by w. A certain technical form of corre- 
spondence between classes is of frequent occurrence, and it is therefore con- 
venient to adopt a special symbol, ||, to be read corresponds tOj which we define 
as follows : 

Def. 2. © li 91 indicates that © consists of the elements of di together with 
every ideal element u such that there is a subclass 9ti of di which belongs to 
the class* u. In symbols : 

© II 51 : = : © = 31 + [all uaj^fa 91?]. 

Def. 3. w\\v indicates that w consists of all classes © for which there 
exist classes 9i in v such that © || 9i. In symbols : 

w\\v: = :w= [all © d 3 91" d © II Jt] . 

It is obvious that for every 91 there is a unique © such that © || 9t, and 
that for two distinct classes 9ti and 91^ the corresponding classes ©^ and ©, are 
distinct. It follows that for every v there is a unique w, and that for two 
distinct classes v^ and v^ the corresponding Wi and W2 are distinct. 
Let S' be a relation of the same type as R defined as follows : 
Def. 4. The relation ©^ S ©2 holds if and only if one of the following 
conditions is fulfilled : 

* No confusion need arise from the fact that the letter u denotes at the same time an element of C 
and a class of subclasses of O, as well as of tp. It was this double rdle that led to the adoption of smaU 
letters as notation for classes of subclasses in general. 
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(a) 3 (91, . 91,) 9 SR,ZJ3i, . ©1 1| 9i, . @, || gft,. 

(b) j{di.u)3di^.(S,\\m. {q^^.'D.q = u). 

In condition (b) the ideal element u considered as a class of subclasses 
contains 91, and considered as an element of Q constitutes the singular sub- 
class @2 • 

We now have a definite system (D; /S), which we shall call the extended 
system derived from (5P; R). We investigate the character of this extended 
system with respect to the seven postulates. The properties 1-7 defined for 
a class V are defined also for a class Wy if in the notation we replace v by w, 
p by g, 91 by © and R by 5, and with similar changes of notation we have the 
seven postulates stated for the system (Q; /S). 

Theorem II. The seven postulates are satisfied by the extended system 
(£l;S). 

In proving this theorem it it convenient to establish first the following 
lemma : 

Lemma. The necessary and sufficient condition that a class w shall have 
properties 1-4 or 1-5 or 1-6 is that there shall exist a class v having the 
corresponding properties such that w \\ v. 

In considering the necessity of the condition we have available in each case 
the fact that w has property 2. This is suflScient to secure the existence of a t; 
such that w \\ v. It is sufficient, then, to assume a definite w corresponding to 
a definite v and prove the following propositions : 



(a) 


^i.i.j.4 ^ ^ . ^l.i.^A^ 


(b) 


„1. 2.8.4 , 3 ^ j^l.e.8. 


(c) 


^l.J.8.4.6 . 3 . v^^ 


id) 


,j,1.2.«.«.6 . 3 . ^6^ 


(e) 


^l.*.8.4.6.6 . 3 . v»^ 


(f) 


^.1.2.8.4.6.6 . 3 . ^6 



(a) : Since w has property 1, every Q oi w contains a g, that is, either 
8L p or a, u. Every 91 of v has a corresponding @ in Wy hence it contains either 
this element p or an di^ of this class u. Therefore v has property 1. That v 
has property 2 is evident from definition 4, and from property 3 oi w there is 
a sequence jS„j such that the sequence !9t„j, where S„||9t„, is effective in 
establishing property 3 for v. Since w has property 4, we have 

(1) S«^ : D : 3 ®r 3 g®^ • D • 3 ©2® 3 Q^Sq, 
and we wish to prove 

(2) 9t« : D : 3 9tl 3 p«' . D . 3 9i? 3 9t2/ip . 
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Given an di of v, take © such that S|| itt, then ©^ and (1) applies. Take di^ 
so that ©1 II Slj , then ^f and every p of 9li is in ©j . For every p of 91^ , then, 
there is a subclass ©^ of © such that ©g^p, and there is an Stg such that 
©gllSRj, then clearly 3J? and ^^Rp. Thus t; has property 4. 

(b) : The proof is obvious for properties 1, 2 and 3. As to property 4, 
we have condition (2) above and wish to prove (1). Given an © of Wj there 
is a corresponding di in v, so that (2) applies to provide an SWi fulfilling the 
conclusion of (2). Take ©^ to correspond to 3lj, then ©y and every p in ©^ 
is in dii and an ©2 corresponding to an di^ furnished by (2) meets the require- 
ments of (1). Further, every u in ©^ possesses a member Stg which is a sub- 
class of 3i, , and since Jl^ is necessarily a subclass of 3t, we see that the class ©^ 
corresponding to Stg is a subclass of S ; and clearly ©g 8 «, therefore w has 
property 4. 

Propositions (c) and (d) are easily verified by the use of (a) and (b). 

(e) : From property 6 of w; we have 

(3) w]-^-^'*-' • w'"^ • D • 3 (©r • S?') 3 -gg 9 g®^ , g«% 
and we wish to prove 

(4) ^1.2.8.4.6 . t;-^ , 3 , 3 (5ijx .dil) B-jpa p^^ . p\ 

If v^ has properties 1-5 and does not contain t', then there is a w^ such that 
w^ II v^ which does not contain w and which, by (b) and (d), has properties 1-5. 
Proposition (3) is now applicable, and the ©^ and ©2 thus available have corre- 
sponding classes Dl^ and SRg which obviously fulfil the conclusion of (4). 

The proof of (f) is similar to that of (e). 

The proof of the theorem is now easily completed. In analogy with 
previous notation, we denote by w^ the class of all classes © such that © S' g, 
and we observe that for every p we have Wj,\\ v^y while for every u we have 
w^\\u. Since every v^, and every u have properties 1-6, it follows from the 
lemma that the class tv^ has properties 1-6. Postulate I being obviously ful- 
filled, it remains to consider postulate VII. We wish to show that 

If both Qi and q^^ are elements of ^^, postulate VII on the system (^; B) 
assures us of a class dl such that the corresponding class © is effective. If 
either q^ or q^ is a u, then, since by property 7 of w and postulate I the class u 
is not contained in any class v^ , the corresponding class w^ is not contained in 
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any class w^, and therefore property 6 of w^ is effective, the desired conclusion 
being an immediate consequence. 

It is desirable now to show that the extended system (O; S) is closed to 
this process of extension; that is, if we repeat the process of extension the 
second extended system coincides with the first. We may state the required 
theorem in the form : 

Theorem III. No ideal elements arise in the extended system (O; jS). 

Proof: Suppose a class w to have properties 1-6, then there is a class v 
having properties 1-6 such that w || v. By theorem I t; is a ti or a t;,,, and in 
either case w is a. w^ and therefore does not have property 7. 

Following is an instance of a system which illustrates effectively the ope- 
ration of the foregoing definition of extension : 

Example. The class ^ is the class of all rational numbers. If p^ and p^ 
are two distinct rational numbers, then, if p^ is less than p^ , the class di^ ^ is 
the class of all rational numbers on the interval Pj Pg • That is, 

The relation St^^ p, iJ Sip, p^ holds if and only if the intervals p^p^ and p^p^ have 
a common sub-interval, i. e., if Pi<P4 and p^Kp^^ and the relation ^^^Rp 
holds if and only if Pi < p < P2 • ^^ ^^ other case does the relation R hold. 

It is not difficult to see that the system (^; i?) here specified satisfies the 
seven postulates. We proceed, therefore, to investigate the matter of ideal 
elements. Consider a class v having properties 1-6. By a little attention to 
the requirements of properties 3 and 4 we see that there exists a sequence }3l^{ 
of members of v such that for every n the class 3t^ is of the form Sip, 5., where 
the sequence \p^\ is an increasing monotonic sequence of distinct elements 
and the sequence \p^\ is a decreasing monotonic sequence of distinct elements ; 
and, further, such that every member 91 of t; contains a member 91^ of the 
sequence. In view of property 5, then, the two sequences {p^j and j^^j have 
a common limit. If this limit is a rational number p, then v coincides with Vp, 
while if the limit is an irrational number a, then v consists of all classes "Si^ p. 
such that Pj < a < P2 • I^ the latter case v has property 7 and is an ideal 
element of the system (^; R). Since it is obvious that for every irrational 
number a the class v consisting of all classes 3ip^ p, such that Pi< a < Pg has 
properties 1-7, we see that the ideal elements u of the system (^; R) are in 
reciprocal one-to-one correspondence with the irrational numbers in such fashion 
that, if u corresponds to a, then 

ti=[all3lp.p,3pj<a<p2]. 
12 
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We may therefore consider our definition of ideal elements, in this instance, 
as a definition of irrational numbers. 

The extended system (O; S) is seen to be as follows: £i is the class of all 
real numbers ; two intervals with rational limits that have a common interior 
element have the relation 8 to each other, and every interval with rational 
limits has the relation S to every one of its interior elements (considered as 
singular class), but in no other case does the relation S hold. 

§ 4. Comporition of Systems* 

Two classes of elements, 5P' and '$", determine a ** product" or composite 
class, ^ = 5P'5P", consisting of all elements p of the form p = {p\p"), where 
p' and p" belong to the classes ^i' and ^" respectively. It should be borne in 
mind that these bi-partite elements, p = (p',p"), which we shall denote simply 
by p' p"y are not in any sense products of the elements p' and p", but rather 
that p is a notation for the pair p' p". From St' and 3i", subclasses of 5p' and 
^" respectively, we have 31 = dV 31", a subclass of ^ consisting of all elements p 
of the form p = p'p"y where p' and p" belong to 3i' and 3t" respectively. 
Similarly, if v' is a class of subclasses 31' of 5P', and z;" is a class of subclasses 
31" of 5P", we have the composite class v = v'v\ the class of all Jt = 3l'3i", 
where 3t' and 31" belong to the respective classes v' and v". 

If R' and R" are relations of the type discussed in § 1, defined for 5P' and 
^" respectively, then from the two systems (^^S'; iJ') and (5P" ; iJ") we derive 
what we shall call the composite of these two systems, the system (?P;iJ), 
where 5p = 5p'^" and JS is a relation of the same type as R' and B" defined 
as follows : 

Def. 4. For a system {^;R), composite of (^'; R') and (5P"; iJ"), the 
relation ^^R^^ holds if and only if there exist classes 3t5, 9l(', Stg and Slj' such 
that 3ti = 3i;3tr and di^ = di'^fR'^ , and such that the relations StJE'SR^ and 
>R;' R" 3^2' hold. 

It may be observed that the effectiveness of the foregoing definition is 
independent of the conditions imposed upon the component systems. It is 
convenient throughout the present section to regard the systems involved as 
unconditioned, except as conditions are specified in the hypotheses of the 
several theorems. 

Theorem IV. The seven postulates are satisfied by the system {^; iJ), 
composite of (5P'; R') and (^" ; iJ"), if and only if they are satisfied by both 
component systems. 

* Compare T. H. Hildebrandt, American Journal of Mathematics, Vol. XXXIV (1012), p. 250. 
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We consider first the following lemma : 

Lemma I. If v = v' v"j then the following propositions hold: 

(a) v^-^»^D •!;''•'•'•*. 
(c) v'-^'^'-^ • D • t;'^ V 

(e) V i-2»*«« , 3 • t;'^ V" S (f ) t;'i««*«« . t;" 1.2.8.4.6.C . 3 , ^e. 

(a) and (b) are suflSciently obvious if only we remember the significance 
of the relation v = t;' v". 

(c) : Suppose a class vj to contain v' and to have properties 1-4. The 
composite class v^ = v[v" then contains v and, by (a) and (b), has properties 
1-4 ; by property 5 of t; then v^ = v, and therefore vi = v\ In similar manner 
it may be shown that v" has property 5. 

(d) : Suppose v^ to contain v and to have properties 1-4, and consider 
the two classes v[ and v" defined as follows : 

v[ = [allW'^g (Sft" .3t^)3 3l = ?R'3i"], 
< = [all 91" 5 3 (3t' • St^O « 9t = 31' 3^']. 

It is not difficult to see that these classes have properties 1-4, and also that v[ 
contains v' and v" contains v" ; then by property 5 of v' and v", we have 
v[ = v' and v" = v", and consequently i\ = v. 

(e) : Suppose v'l has properties 1-5 and t;'~*''s then if v, = Vit;" we have 
^1.2.8.4.6 j^jj^ ^-«i. hence by property 6 of v, 

3 (3?^ . 31J) 3-jpBp^^. p\ 

The classes Sl^ and 3i^ are of the forms di^ = dt[di" and 3?2 = 31^31^', where 
311 and 3ti are members of v[ and v' respectively, and 3ii" and Slg' are members 
of v". By properties 1 and 3 of u"y 31" and Sig' have common elements, there- 
fore ^[ and 3^2 can have no elements in common, and consequently v' has 
property 6. In like manner it may be shown that v" has property 6. 

(f) : Suppose t;}-2«*-6 and t;"*'*; take v[ and v[' defined as in the proof of 
(d) above, then as before they have properties 1-4, and by (b) the composite 
class t?! = v[ v" has these four properties. Since v^ clearly contains v^ , and v^ 
has property 5, we have Vj = Vj ; hence by (c) v[ and v" have property 5. 
Since v is not contained in v^ , either v' is not contained in v[ , or v" is not 
contained in v" ; suppose the former, then since v' has property 6, we have 

3 (3i'/' . W/) ^'3p'B p'«'^ . p'^\ 

Take 31" and 31^' so that 31" is a member of v" and 31^' is a member of v", and 
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take ?ft, = 3t[3t[' and ?li^ = m'^?fi^; then M, and Sft^ are members of v, and v^ 
respectively, and clearly they can have no common elements. Thus we show 
that V has property 6. 

We record here for future reference certain results reached incidentally 
in the foregoing proofs : 

Lemma IL (a) If v has properties 1-4 and 

v'= [allSR'^g (SR" . SR^) ^31 = St'SR"], 

then v' has properties 1-4. 

(b) // V has properties 1-5, then there exist classes v' and v" such that 

Taking up now the proof of the theorem, we assume that the composite 
system {^; R) satisfies the seven postulates and show* that as a consequence 
both component systems satisfy them. For a given p' there exist elements p 
and p" such that p = p'p" and Vp= Vp^Vp'., and since every SR of v^ contains p, 
clearly every 91' of v^, contains p', so that postulate I is satisfied by (^'; fi'). 
It follows also from lemma I that postulates II-VI are^atisfied by this system. 
If p'l^Pij then taking p^ = p[p" and p^ = p'lP" j where p" is any element of 
^" J we have p^^p^'j hence there is an 9t not containing p^ such that "SiRp^. 
But such an 5R is of the form M = 9t' 31", where 3i' R' p[ and 9i" jB" p" ; and since 
Pi is in 31, we see that p\ is in 91' and p" is in 9i". Clearly then, pi is not in 31', 
so that the system (^$'; jR') satisfies postulate VII. In like manner the system 
(5P" ; R") is shown to satisfy the seven postulates. 

The remainder of the theorem, i. e., that if the postulates are satisfied by 
both component systems then they are satisfied by the composite system, is 
sufficiently evident without detailed discussion. 

From the system (^l;fi), composite of the two systems (^';jB') and 
(^"; fi"), we may derive an extended system (Q; 8) by the process defined 
in %Z\ or we may take first the extended systems (C; S') and (Q" ; S"') and 
form their composite system, which we denote by £l\S). It is desirable to 
compare the two systems (C; S) and (C; 5) thus derived. Let it be assumed 
that the systems (^^'; R) and {%'' ; R") satisfy the seven postulates; then the 
systems (Q; S) and (D; S) also satisfy them. The class O consists of all 
elements of the four forms 

(1) q = p'p'\ (2) g = w'ti", (3) q = p'u\ (4) g = ti'p". 

^ It is neoetsary to exclude the trivial case in which the class $ has no elements. 
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Now all elements p =p' p" belong to 5JJ and are therefore in O; also, since all 
classes u' and u" have properties 1-7, every class u = u' u" has properties 1-7 
and is an ideal element of ($; 12) and consequently appears in £l. Further, 
it is clear that a class v of the form v'^, u" or u' v'^n has properties 1-7 and is 
therefore an element of D. 

Conversely, every element of Q is either a p or a ti ; every p is of the form 
p = p'p'' and therefore is in £l; every w is a class having properties 1-7, 
hence, by lemma II above, is of the form u = v'v"\ and by lemma I above 
v' and v" have properties 1-6; therefore by theorem I v' is a v'^, or a w, and 
v" is a Vp// or a w", so that every w of D is of the form u'xi" or Vp/W" or u'v'^n . 

We arrive, then, at the following theorem : 

Theobem V. If from two systems^ (5P'; R) and (5jJ" ; /f"), which satisfy 
the seven postulates we derive {^\ 8) by composition then extension^ and 
(Q; S) by extension then composition^ the two systems (O; 8) and (Q; S) are 
related as follows : 

(a) The elements q of D, are in reciprocal one-to-one correspondence 
with the elements q of £X in such manner thaty if q corresponds to g, then 
q = p' p" and q = p' p", or q is of the form u = u' w", where q=:u' w", or of the 
form u = Vp,Wj where q = p'u", or of the form u = u' Vp*/, where q = u' p". 

(b) // under the correspondence of (a) q corresponds to g, then the 
classes © such that ®8q are in reciprocal one-to-one correspondence with the 
classes © such that ^Sq in such manner that, if © corresponds to @, then 
under the correspondence of (a,) the elements of © correspond to elements of 
©, and those elements of © which do not correspond to elements of S are of the 
form p'u" or u' p" . 

For a given g a class © such that ©iSg must be of the form © = ©'©", 
and if ©' contains an element p' for which there is no subclass Sft' of ©' such 
that SR'jR'p', it is obvious that for every m" in ©" the element p' u" is in ©, 
while the corresponding element v'^» u" is not in the class © that corresponds 
to © under the correspondence of (b).* 

* An important fact to be noted here is that it is with respect to the relations B and S that this 
discrepancy appears. Our purpose in defining a relation B and an extended system (O; B) is to show 
more completely than would otherwise be possible the operation of our definition of ideal elements. Wo 
make no further use of relations B^ but ti'eat ideal elements u as associated with systems ($ ; /2) . A con- 
siderable simplification is introduced in Chapter II. It Is sufficient for our purpose that if U' is the class 
of ideal elements arising in ($'; R*) and U'^ is the class of ideal elements arising in ($''; 22''), then the 
class U of ideal elements arising in the composite system ($; R) may be regarded as identical with the 
sum of the composite classes U' U'^, U' ^'^ and $' U". And this is seen to be permissible, in the sense that 
U consists of all classes u of the form u' u" or u' v"p" or v'p' u". 
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Consider a set of r systems, {^';R')y (^P^ iJ*), , {^'; R'). From the 

first two we may construct the composite system (5P^'^; R^'^), and from this 
system and (5P*; JB*) we obtain the composite system (5p^'2,8. Rh^.sy q^jj. 
tinning in this way we arrive at what may be called the iterated composite 
system (^i* ••'*"; R^'-'"^). From the definition of the composite of two given 
systems it is at once evident that this iterated composite system is as follows : 
$pi, ....,r jg ^^Q class of all elements of the form p = p^p^'.*-p% where 

P^j pS . . . • , and p' belong to the respective classes 5PS ^2, , ^\ That is, 

5jji,....,r _ ^1^2 5pr^ jf jji ,r ^j^^ jji, r ^re subclasses of ^^'•- •-', then 

the relation SRJ'--'*' 7?^' ••••''' SRJ'-'' holds if and only if there exist classes 

311, ^Ij , ^I and SR^, 3tl, , dt; such that SR}- ' = di\di\ 3lJ and 

jji,....,r = SRI Sftl .... 3ij and the relations m\R'9il, ^IR^dil, . . . ., miR'^i are 
all fulfilled. 

It is clear that any other iterated composite system derived from this same 
set of r systems taken in different order can differ from the one considered in 
notation only. It will be observed, also, that if we form the composites of 
groups of systems into which this set of r systems may be divided, and then 
take the composite of these composites, we arrive at a composite system differ- 
ing only in notation from the iterated composite system first considered. Thus 
we see that, aside from possible differences of notation, there is a unique com- 
posite system of any finite number of systems of the type (^; R). 

An obvious generalization of theorem IV is : 

Theorem VI. The composite system of a finite number of systems satisfies 
the seven postulates if and only if every component system satisfies them. 

As a partial generalization of theorem V we have : 

Theorem VII. If (^;jB) is the composite of the systems (^^;2i^), 

(5P*; R^), , (^''; fi*'), then all elements of the form q = q^q^ q% where 

at least one q* is an ideal element of the corresponding system^ and the remainder 
are elements of the corresponding classes ^\ may be regarded as ideal elements 
of the system (5jJ; 22), in the sense that the class u = v\i v^: . . . . v^r {in whichy 
if g* is a u*, v^i is understood to be identical with the class u*) has the properties 
1-7. And every ideal element of the composite system is a composite class of 
the type indicated. 
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CHAPTER 11. 

Properties of a System for which Ideal Elements are Defined. 

§ 5. Postulates for a System (5jJ; U; T), an Instance of which is Associated 

with Every System (5P; jB). 

We have seen in Chapter I that the postulates I-VII on the system (^; U) 
permit of an effective definition of ideal elements for the system, and that the 
postulates persist under the process of composition, this process being suitably 
defined. A body of postulates more simple in form and more general in appli- 
cation, yet adequate for a development of a theory of multiple and iterated 
limits, may be stated for a system for which a definition of ideal elements is 
assumed to exist independently. Special instances of systems may arise, 
where ideal elements may be defined in terms of special features of the system 
in such manner that the enlarged system shall possess all the properties that 
are essential for the application of our general theory of functions, but where 
it may be very difficult or impossible to treat the system as a special instance 
of a system {^; R) satisfying our postulates.* For this reason, as well as for 
the sake of simplicity, we specify here the conditions on which we rely for the 
development of the following theory. 

The system consists of a class ^ of elements p, a class U of ideal elements w, 
and a relation T between subclasses 9t of ^ and elements of the class Cl = 5p + U. 
The notation for this system is (5P; U; T), but the symbol T is largely sup- 
pressed in practice. That a given subclass 91 has the relation T to a given 
element q is indicated by 9t^, while 31"^ indicates that the relation T does not 
hold between Si and g. A relation T is said to be defined for the classes 5P 
and U when a criterion exists determining for every 31 and every q whether 
3t^ or dT^. 

Following are the postulates : t 

* Instances of this sort are found in the systems ($ ; JT,) of § 17 and ($ ; V) of § 18. 
t We discriminate notationally between the present postulates and those of § 2 by the use of 
parentheses with the numerals. The postulates may be read as follows: 
(I) If fft has the relation T to p, then p is an element of SR. 
(II) Every 91 having the relation T to an ideal element u contains at least one element p. 
(Ill) For every q there exists a sequence ^^n\ of classes having the relation T to q such that 
for every jR having the relation T to q there exists a number nsn such that for n'^n^ 
fitn is a subclass of 91. 
(VI) For every IR having the relation T to an element q there exists another class 9ti having the 
relation 7* to g such that for every p in 9tx there is a subclass 9^^ of fit having the relation 
T to p. 
(V) If 9i is distinct from g, there exist classes 9ii and 9la having the relation T to q^ and q, 
respectively such that there is no element common to 9{i and 9}t • 
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(I) StP.D.p". 
(II) Sft-.D.3p«. 

(III) g .: D :. 3 \K\ * [(w . d . SR2) . (»• : D : 3 n« * n > n« . d • «?)]• 

(IV) fl« : 3 : 3 JR? a (p*^ . d . 3 JR? ^ 9tf ) . 

(V) «i =^ «2 . 3 (3ir . «!•) a -3 P ^ P"* . P"^' 

A system (^; U; T) may be derived from a system (5P; A) as follows: 
Let 5P and U of the system (5P; U; T) be respectively the class 5P of the system 
(^; fl) and the class of ideal elements arising in (?P; JS) ; and let a subclass SI 
have the relation T to an element p if and only if 91 JS p, and let 91 have the 
relation T to an ideal element u if and only if 91 is a member of the class u 
which constitutes the ideal element of the system (5p; fi). 

It may easily be seen that if the system (^; B) satisfies the seven postu- 
lates of §2 the resulting system (5P; U; T) satisfies the five postulates stated 
above. By the mediation of the foregoing definition of T in terms of JS, either 
example of ^ 2, or the example of § 3, may serve to establish the consistency 
of the present postulates; and in this same way examples 1, 3, 4 and 7 of § 2 
serve as instances of systems satisfying respectively all but (I), all but (III), 
all but (IV) and all but (V). To complete the proof of the independence of 
the five postulates we have only to show a system failing to satisfy (II) but 
satisfying the remaining four postulates. Such a system is the following: 
$ is the class of positive integers, and U consists of a single ideal element u. 
The relation di^ holds if and only if 9i contains only the single element p, 
while 9t" holds if and only if 91 is the null class. 

From two systems, (5P'; U'; T') and (^" ; U" ; T"), we derive a composite 
system (^; U; T), where ^ = 5P'5P" and U consists of all elements of the form 
u'u" or u'p" or p'u\ i. e., U = U'U" + U'^" + 5P'U", so that if JD' = 5^' + U' 
and £l" = 5P" + U" and Q = 5P + U, then £i is the product or composite class 
D'C". The relation 9l« holds if and only if there exist classes 9t' and 9t", 
subclasses of ^' and ?P" respectively, such that 91 = 9t'9l", and 9t'«' and 9l"«", 
where g = g' g". Obviously, this definition of the composite system is consistent 
with the definition employed in § 4 and the above definition of T in terms of R. 

Analogous to theorem IV of Chapter I is the following theorem, the proof 
of which should cause no diflSculty : 

Theorem I. The composite system (^; U; T) of two systems (5P'; U'; T') 
and (5P"; U"; T") satisfies the postulates (I)-(V) if and only if both com- 
ponent systems satisfy them. 



/ 
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As in ^ 4, the definition of the composite of two systems leads to a unique 
composite system for any finite number of systems of the type considered. 
We clearly have here a theorem analogous to theorem VI of Chapter I. 

§ 6. Limiting Elements: Postulates of F. Riesz. 

The notion of limiting element of a subclass is of primary importance for 
the purpose in hand. From the point of view of the present investigation, it 
is sufficient to define limiting elements only for subclasses * 9t of $, 

Def. 1. An element g is a limiting element of the subclass SRi of 5P if 
every 91 such that 3l« contains an element of Sftj distinct from g, i. e., if 



i» 



If 9 is a p, it is an actual limiting element, and if a Uy it is an ideal limiting 
element ; and if q is an element of di^ , it is a proper limiting element of 31^ , 
and if not an element of Sftj, it is an improper limiting element of Sftj. 
Evidently, a proper limiting element is always actual, and an ideal limiting 
element is always improper, but a limiting element may be for the same 9t] 
both actual and improper. 

In his paper t on "Stetigkeitsbegriff und abstracte Mengenlehre" before 
the International Congress of Mathematicians at Bome, 1908, F. Biesz proposed 
a set of postulates on which to build, for an abstract class, a generalization of 
the theory of point-sets. He first assumes an abstract system which we may 
denote by (5JJ; C), where 5p is a class of elements p, and C is a relation between 
subclasses 9t of $ and individual elements p, in the sense that p is a limiting 
element or element of condensation (Verdichtungs telle) of the class 31. It is 
of interest here to note that if the abstract class of Biesz be identified with our 
class $, and if the relation C be assumed to hold if and only if the element p 
is a limiting element of 3t by definition 1, then the resulting system is found 
to satisfy the postulates of Biesz. We establish this fact by proving the 
following theorem, the four propositions of the theorem being somewhat more 
general than the four conditions necessary to secure the postulates. 

Theobem II. (a) Every limiting element of 9i is a limiting element of 
every class dt^ containing di. 

* To define limiting elements for a general subclass of O it would be necessary to resort to a situ-* 
ation analogous to that of §3; but since the extended system (O; 8) is of the same character as ($; B)^ 
lire should thus revert essentially to the situation found in the special case when the class U of the system 
(9; Us T) contains no elements. This special case furnishes a close analogue to the usual method of 
procedure in the matter of limits. 

t Atti, etc., pp. 18-24. 

13 
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(b) // 9l = 3lj +^2y then every limiting element of 91 is a limiting element 
either of Mj or of Sij . 

(c) Only infinite classes have limiting elements. 

(d) Each limiting element of 91 is uniquely determined by the totality of 
all subclasses of di of which it is a limiting element. 

Proof: Proposition (a) is immediately evident from definition 1. 
(b) : Let g be a limiting element of ^ = di^ + di^. We are to show that 
g is a limiting element of St^. or of di^. By postulate (III) we have 

(1) 3 S SR,} n(n . D . 5RJ) . (3l« : D : 3 n« 9 n > ^i3t . D . S»?) ] ; 
then by definition 1 we see that 

(2) w . D . 3 p, 3 p„ :#: g . p«" . pj. 
A sequence \p^\ thus secured satisfies the condition 

(3 ) SW« : D • 3 % ^ ^ > w» • D • P? • 

Since either SRj or SRg must contain an infinite subsequence of ]p„j, we may 
suppose that SR, contains the sequence \p^^ \ , where, if m, =^ m2, then n^^ 4^ n^ . 
For a given 91 only a finite number of terms of the sequence j p^^ \ can precede 
the term pn^i in the sequence \p^\; hence by (3) we have 

3l«.D.3t»^^P?^, 

and since by (2) every p^^ is distinct from g, we see that g is a limiting 
element of di^, 

(c) : Let g be a limiting element of di. If possible, let 31 consist of a 
finite set of elements, Pu P27 - - - -j Pn- ^Y postulate (V) we see that for 
every element p^ distinct from q there exists a class 3t^ not containing p^ such 
that 3t?. By an application of postulate (III) we secure a class 91 such that 9t«, 
which is a common subclass of all the classes 91,.. This class 9t clearly contains 
no element of 9t distinct from q ; hence we reach a contradiction. 

(d) : We are to show that if q^ and ^2 ^^^ distinct limiting elements of 91, 
then there is a subclass of 91 that has one of these as limiting element but not 
the other. By postulate (V) 

3(9i?'.9l|«)5-3pap«'.p««. 

Denote by 9li the greatest common subclass of 9i and 9ti; then it is clear that q^ 
is not a limiting element of 9ii . For a given 91 such that 91^ there exists by 
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postulate (III) a common subclass Stj of 91 and 9i^ such that 3?|\ Since q^ is a 
limiting element of SR, SRg must contain an element p of 91, distinct from q^y 
and this element p is obviously in 9li. Thus every 91 such that 91^^ contains 
an element of St^ distinct from q^ ; that is, g, is a limiting element of 9li . 

The four postulates of F. Biesz are equivalent to the four propositions of 
this theorem if we restrict limiting elements q to actual limiting elements p, 
and if in (b) di^ and 9^2 have no common elements. 

For the purpose of introducing ideal elements into the abstract class 5p, 
Biesz considers a system which we may denote by (^; F), where F is a relation 
between subclasses 91 of 5p of the same type as our relation R. He postulates 
for the system (5P; V) four properties as follows: 

(1) If 9ii and Stg have the relation F, and dt^ contains 9li and 91^ contains 
Slg , then 9^8 and 91^ have the relation F. 

(2) If 9ii and 91^ have the relation F, and 91^ is divided into two classes, 
then at least one of these has the relation F to 91^ . 

(3) Two singular subclasses can not have the relation F. 

(4) If 9*1 and 9^2 both have the relation F to a given singular class p, 
then they have the relation F to each other. 

A definition of C in terms of F is given by Riesz, by which the relation C 
holds for a class 9t and an element p if and only if the class 91 and the singular 
class whose element is p have the relation F. A system (5P; C) thus obtained 
from a system (5P; F) which satisfies the first three conditions above has the 
first three properties postulated for the system (^; C). 

From a system (5^; U; T) we obtain a system (5jJ; F) as follows: Tht; 
class ^ of the system (^P; F) is identical with the class ^ of the system 
(5P; U; T). The relation F holds between two subclasses of 5p if and only if 
the two have a common limiting element (actual or ideal) or one subclass con- 
tains a limiting element of the other.* 

It is easily seen that if the system (^P; U; T) satisfies the five postulates 
of §5, then the resulting system (^; F) fulfils the four conditions prescribed 
by Biesz. In fact, the propositions (a), (b) and (c) of theorem II contain 
sufficient conditions on the system (5P; U; T) to secure this result. 

Biesz defines an ideal element as a class v of subclasses 9t which satisfies 
the following conditions : 

(a) If 91 belongs to v and 9tj contains 9i, then Stj belongs to v. 

* Compare Riesz, loo, cit., p. 23. 
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(b) If 91 belongs to v and consists of two subclasses, 3i^ and 9^2 9 then 
either 3i, or Sftjj belongs to v. 

(c) Every two classes Stj and SRg of v have the relation F. 

(d) The class v is not contained in any different class v^ having 
properties (a), (b) and (c). 

(e) No element p is contained in every 3i of t; or has the relation V to 
every 3i of v. 

A special case of theorem 11, (d), is the proposition: Every ideal element u 
is uniquely determined by the totality of all subclasses of 5p of which it is a 
limiting element. It is not difficult to see that such a totality of classes for a 
given u constitutes a class v fulfilling the five conditions just given. In fact, 
condition (a) follows from proposition (a) of theorem 11, condition (b) from 
(b) of theorem II, condition (c) from the definition of F in terms of T, and 
conditions (d) and (e) from (d) of theorem 11. Thus every element of the 
class U of the system (^; U; T) corresponds uniquely to an ideal element of 
the system (5P; F). 

It may be observed that by the mediation of the definition of a system 
(5P; U; T) in terms of a system (5P; R) there is associated with every system 
(^; fi) a definite system (5P; F), and that if the former satisfies the seven 
postulates of ^ 2, the latter must fulfil the conditions stated by Biesz. It is 
clear, also, that every ideal element arising in the system (5P; U) by our defini- 
tion corresponds uniquely to an ideal element arising in the associated system 
(5P; F) by the definition given by Biesz. 

§ 7. The Frechet Limit : Properties of Classes. 

In his thesis, "Sur quelques points du calcul fonctionnel," Paris, 1906, 
M. Frechet* makes use of an undefined relation between sequences of elements 
and individual elements. By imposing certain conditions on this relation he is 
able to develop a theory, analogous to the theory of point-sets and of continuous 
functions, in which an element that has the undefined relation to a sequence 
plays the role of limit of the sequence. It is of advantage here to show that 
the notion of limit of a sequence of elements as defined below satisfies the con- 
ditions stated by Frechet. 

Def. 2. The sequence \p^\ has the limit q if and only if for every 3t such 
that di^ there is a term of the sequence such that all following terms are in the 
class 3t. In symbols : t 

* Rendiconti del Ciroolo Matemaiico di Palermo, Vol. XXII. 

t The notation lim pn = q is here replaced by the more conyenient but equally suggestive notation 
»=«■ 

LfiP=9* Note that a sequence may have an ideal element as limit. 
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LPn = g .: — :. ( jpj . g) 5 (3i« : D : 3 w» 3 w > wg, . D • P?). 

The conditions stated by Frechet for the definition of the limit relation 
between sequence and element arie implied by the following theorem: 

Theorem HE. (a) A sequence formed hy repeating a single element has 
that element for limit. 

(b) A sequence can not have two distinct limits. 

(c) // a\sequence jp^f has a limit g, then every subsequence \p^^\ such 
that n^ becomes infinite with m has the limit q. 

Proof: Proposition (a) is an inmiediate consequence of postulate (I), 

(b) : Suppose a sequence \p^\ to have two distinct limits, g^ and q^. By 
postulate (V) we have 

3(»f .3l|«)*-3p«p**.p"'. 

But by the supposition 

3W5,,3W>%..D-P?' and 3^.«^>W3i..D.p;«. 

By considering p^ such that n is greater than both n^^ and %,, we reach a 
contradiction. 

(c) : By hypothesis we have 

«« : D : 3 ^3, 3 w > % . D . p? , 

and since n^ becomes infinite with m there is for every % a number m^ such 
that if m is greater than m^ , then n^ is greater than n^ ; thus 

^^ : D : 3 ^'^ ^ w > ^ • D • P?«» 
which is the required condition. 

The three propositions of the theorem are equivalent to the properties of 
the Frechet limit, except that he uses instead of (c) a less restrictive condition, 
obtained by adding to the hypothesis of (c) the restriction that the elements of 
the subsequence are taken in the same order as in the original sequence. In 
the proof just given we made use only of postulates (I) and (V), so that these 
two conditions on a system (5P; U; T) are sufficient for the development of a 
theory at least as extensive as that pertaining to the class (L) of Frechet.* 

* Fr^het denotes by (L) what we should represent by ($; L), where 1/ is a relation between 
sequences of elements of $ and individual elements of $. Observe that the limit relation which we have 
defined differs in type from that of Frechet to the extent that we include ideal limiting elements. One 
sees, however, that the presence of ideal elements does not interfere with the application to the present 
situation of the theorems proved by Frechet on the basis of his limit relation and without the aid of his 
^cori or his voisinage. 
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Theorem IV. A necessary and sufficient condition that q shall be a limiting 
element of di is that there exist a sequence \p^\ of distinct elements of dt such 
that Lp^ = q. 

It is necessary: By postulate (III) we have 

3 \K\ nin .'D .^l) . {di^ :^ : 3n^3 n > n^i .Zi .^^)]y 
and, q being a limiting element of SR, we have by definition 1, 

^•D.3 Pn=#=2^P?".P?- 

The sequence j p„ j thus secured is such that L p„ = g, and since the elements 
of the sequence constitute a class having the limiting element g, we see by 
theorem II, (c), that the number of distinct elements of the sequence is not finite. 
There exists, then, an infinite subsequence j p^ j of distinct terms such that n^ 
becomes infinite with m, and which, by theorem III, (c), has the limit q. 

It is sufficient: This proposition is a direct result of proposition (a) of 
theorem II. 

Theorem IV shows that our definition of limiting element of a subclass is 
consistent with the definition employed by Frechet. It may be noticed that in 
establishing these relations with the work of Frechet, and the relations to the 
work of Eiesz discussed in the previous section, no use has been made of 
postulate (IV) ; it is clear, therefore, that while we have sacrificed much in 
the matter of generality, we gain somewhat in the extent of the theory avail- 
able for our system. We consider here certain properties of subclasses that 
are found useful in the next chapter. 

Def. 3. The derived class of a subclass 31 is the class of all limiting 
elements of 91. 

Def. 4. A subclass is closed if it contains its derived class. 

Def. 5. A subclass dt is compact * if every infinite subclass of 31 has at 
least one limiting element. 

The propositions of the following theorem, which are given by Frechet, 
are seen to be valid here, his proof of (d) being entirely applicable to the 
present situation, and the first three propositions being obvious deductions 
from the definition of compactness. 

* See Frechet, loo, cit., p. 6. Here, again, attention must be called to the fact that we recognize 
ideal limiting elements. 
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Theobbm V. (a) Every subclass of a compact class is compact. 

(b) // every subclass of 91 is compact^ then 31 is compact. 

(c) A class formed of a finite number of compact classes is compact. 

(d) If every member of a sequence jSR^j of subclasses of a compact class 31 
is closed^ contains the succeeding meynber, and contains at least one element, 
then there is an element common to all classes of the sequence. 

A proposition somewhat diflferent in content from this last, but permitting 
of a very similar proof, is stated by Riesz,* and may be stated here as follows : 

Theorem VI. // every member of a sequence j3i„j of infinite subclasses 
of a compact class 3i contains the succeeding member, then the members of the 
sequence possess at least one common limiting element. 

An important proposition in the theory of point-sets and in the analogous 
theories! in the domain of general analysis is the following: *^The derived 
class of every subclass is closed." The following theorem, in the proof % of 
which we find the first use for postulate (IV), reduces to this proposition in 
case no ideal elements exist, i. e., in case U is the null class. 

Theorem VII. If Stj is the class of all actual limiting elements of 3t, then 
every limiting element of di^ is a limiting element of 3t. 

Proof: By postulate (IV) we have for a given limiting element g of 31^, 

(1) 3i« : D : 3 31? 9 p«' . D . 3 31? 2 ^i. 

Now such a class 3ti must contain an element p of 3ti distinct from q. Then 
there is a subclass Slj of 31 such that 3tf , and p being a limiting element of 31, 

♦ Loo, cii., p. 20. 

t E. R. Hedrick, "On Properties of a Domain for which Any Derived Set is Closed," Transaoiiona 
of the American Mathematical Society, Vol. XII (1911), p. 289. 

X Fr^chet shows {loc. cii., p. 15) that this proposition does not follow from the hypotheses he has 
made on the class (L) . He secures this theorem only after the introduction of the notion of voiainage. 
The following example shows that the theorem is not a consequence of postulates (I), (II), (III) and (V), 
which, as we have shown, are together as strong as the postulates on the class (L) combined with the 
postulates of Riesz. We specify a system ($; U; T) as follows : $ consists of an element p, a sequence 
-{ Pf» }- of elements, and a double sequence \ pmn [ of elements. Two elements having different notations 
are distinct. U is the null class. The relation 91' holds if and only if 9t consists of the element p 
together with all, excepting a finite number, of the elements of the sequence -{ Pn }- . For a given n, the 
relation jRPn holds if and only if 91 consists of the element pn together with all, excepting a finite number, 
of the elements of the simple sequence \ pmn [ • For a given m and n, fitPmn holds if and only if 9i con- 
sists of the single element pmn . This system satisfies postulates (I) , (II) , (III) and (V) . For a given n 
the element pn is the limit of the sequence \pmn[ ; and the sequence ] Pn [ has the limit p. The 
subclass 9{ consisting of the elements of the double sequence •{ pmn } has for its derived class the class 9li , 
which consists of the elements of the sequence -{ pn }- • The only limiting element of 9li is p, which is not 
in ffti . Thus the derived class Six is not closed. 
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there is by theorem IV a sequence of distinct elements of 3t in Slj > *^d there- 
fore in Sft. Clearly then we have 

that is, g is a limiting element of 9t. 

The proofs of the following propositions relative to a composite system 
should cause no difficulty. 

Theorem VIIL If (5jJ;U;T) is the composite system of the systems 
(5P^; U^; TO, {V] U^; r*), . . . ., (5P^ U**; TO, and if ffi = ^'W .... 3i% and 
q = q^q^ g*", the following propositions hold: 

(a) //, for every n, p» = pip» . . . . p«, then Lp^ = q if and only if for 
1 = 1,2, J r we have Lp\, = q^. 

(b) The element q is a limiting element of Sft if and only if every g* 
(i = 1, 2, . . . ., r) is contained in SR* or is a limiting element of 3i*, and at 
least one of the g* is a limiting element of the corresponding W. 

(c) 9i is closed if and only if every W is closed (i = 1, 2, . . . ., r ). 

(d) 91 is compact if and only if every 31* is compact (t = 1, 2, , r). 

(To be concluded in the April number.) 
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Iterated Limits in General Analysis.— Continued. 
By Ralph E. Root. 



CHAPTER III. 
A Theory of Functions Based on Properties of a System (5P; U; T). 

§ 8. Introductory. 

In this chapter we are concerned with a definite system (5P; U; T), which 
is assumed to satisfy the five postulates of § 5. In § 10 and § 12, in order 
to provide for the features of iterated limits, special hypotheses are made with 
regard to the composite character of the system. Subclasses of ^ are, in 
general, denoted by 31; but a definite one of these subclasses, denoted by 5p, 
receives special consideration, being the range of the independent variable in 
our theory of functions. The derived class of ^ is denoted by S, and £l is the 
least common superclass of $ and S. The letters p, q and I denote elements of 
the respective classes $, O and S, while a general element of $ is written jp, and 
q is an element of the class Cl = 5p + U. 

Functions are denoted by the letters 6, ^, (ly etc. The notion of function, 
in general, involves two classes, one called the range and the other the class 
to which the function-values belong. If X and ^ are two classes of elements, 
then a function 6 on 3£ to ^ is a correspondence between elements of X and 
subclasses of D, whereby to every element a? of X there corresponds uniquely 
a subclass 6^ of ^. If, for every Xj B^ consists of a single element y of % then 
is a single-valued function on X to ?). In the present chapter we consider 
only single-valued functions on a subclass of £l to ^, where ^ is the class of 
all real numbers with the ideal elements +oo and — oo adjoined. The notation 
91 stands for the class of all real numbers, and the letter a invariably represents 
a real number, while the letters e and d always denote positive real numbers.* 

§ 9. The Character of a Function in the Neighborhood of an Element. 

We take as the subject of discussion a definite function /li on 5P to ^. In 
the consideration of the character of the function (i with respect to a particular 
limiting element I of the range, three symbols play an important role : 

* The letters e and d replace the usual e>0 and d>0. There can be no doubt that convenience and 
economy are conserved by these and other special notations. We find sufficient precedent in the work of 
Professor E. H. Moore on "General Analysis." 

14 
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(a) lim u : upper limit of u- as p approaches I. 

(b) lim (ip : lower limit of (ij, as p approaches I. 

(c) lim fip : limit of (i^, as p approaches L 

Following are the conditions under which these symbols may represent definite 
finite numbers : 

Def. 1. The relation lim (ip = a is equivalent to the following two con- 

ditions * on fi, I and a : 

(1) e : 3 : 3 SRi 3 p«' :#= f . 3 • /ip< a + e, 

(2) e.dVizilBP^^lSfip^a — e. 

Def. 2. The relation lim |i/p = a is equivalent to the following two con- 

ditions on (i, I and a : 

(1) e:3:3 9ijap»^-q^^3.|t£p>a — e, 

(2) e . di' : ^ : J p^ ^ I B (i^< a + e. 

Def. 3. The relation lim ^1^ = 0, is equivalent to the following condition 

on jE£, I and a : 

e : 3 : 3 SRJ a p^' :^ f . 3 . ! |i£p — a I ^ e. 

These definitions lead to the obvious theorem : 

Theobem I. The limit of (ij, as p approaches a limiting element I is a 
number a if and only if the upper limit and the lower limit of (i^ as p ap- 
proaches I are both equal to this same number a. In symbols: 

lim fip = a : c/) : lim (i^ = lim (i^ = a. 

p->^' p->^' p-^i 

For a given limiting element Z of 5(5 we have also the following analogue 
of the Cauchy condition for convergence : 

Theobbm IL The following two conditions are necessary and sufficient 
for the existence of a finite limit of (i^ as p approaches I: 

(1) 7/ 3i' there exists a p in^ distinct from I such that (jUp is fHiie. 

( 2 ) 6 : 3 : 3 31 J ^ pf • q^ Z . pr- :#= i . 3 • ! fs. - i^p, ! ^ e. 

Proof: That the conditions are necessary is quite obvious. As to their 
being sufficient, we observe that since I is a limiting element of 5P we have a 
sequence \p^\ of distinct elements of ^ such that 

* Condition (1) may be read : " For every e there exists a class SRe such that {R« (%« has the relation 
T to I) and such that for every p in 9ie distinct from I the function-value fj^ is less than or equal to 
a + e**; and (2) may be read: "For every e and every tR such that W there exists a p in It distinct from ( 
such that the function- value i^p is greater than or equal to a — e.** The conditions in definitions 2 and 3 
may be read in similar fashion. 
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(1) «' : 3 : 3 % » w > wa . 3 . p^. 

If for a given e we consider the class fR^ required to exist by condition (2) of 
the theorem, we see that 

3n,an,>n,.n^>n,.'3.\fi^ — li^^\<e. 

By condition (1) of the theorem the terms of the sequence \(ipj, after a finite 
number of terms, are all real numbers ; therefore the sequence is convergent 
to a finite limit by the condition just written. Let this limit be a, then 

(2) e:3:3n,3w>ti,.D. |f*p.-a|<|, 
and by condition (2) of the theorem we have for this same e 

(3) 3 9»J^P*'=if=i.P?-=^^D.|i^p-i^pJS|. 

Since, by (1), this conclusion is fulfilled for some value of «, we see that, by 
(2) and (3), 

that is, the limit of fi^ as p approaches I is a. 

Theobem in. // for a given I there exist a number a and a class SR such 
that SR' and such that, for every p in Rj\(ip\<ay then there exist numbers a and a 
such that 

lim fip = a and Imi fi^ = a. 

Proof: By use of postulate (III) we secure a sequence \dij such that 
for every n we have fR[ and ^^^ and further, such that each term of the sequence 
is contained in the preceding term. For every n let d^ be the least upper bound 
of fip, where p belongs to fH^ and is distinct from ?, and let q^ be the greatest 
lower bound of (ij, with the same restrictions on p; then the sequences ja„j and 
\q^\ are respectively decreasing and increasing monotonic sequences of real 
numbers. Since a»^2n> ^^^^ sequences converge. Let d and a be the limits 
of these sequences, then it is clear that they are respectively the upper limit 
and the lower limit of (ij, as p approaches I. 

In the following definition, in which we employ the symbol, s, of defini- 
tiosial equivalence, we indicate the conditions under which the limit, upper limit 
and lower limit of [i^ as p approaches a limiting element / may be infinite 
elements of the class SI. 

Def. 4. With respect to an arbitrary limiting element I of 5p the following 
are definitional identities : 
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(a) lim /t£p = + 00 : = : a . 31' . 3 . 3 p^ :^ Z 3 ^p > a, 

(b) lim /t£p = — 00 : = : a . SR' . 3 . 3 p^ :^ Z a |i£p < a, 

(c) liiii|Mp= + 00.: = :. lim/ip= + co. :^:.a:^:'3dij,3p^'zfzi.^.(i^> a, 

(d) lim/E£p= — 00.: = :. lim/i£_ = — oo .: = :.a:3: 3SRi:jp^:^Z.3.u^ < a. 

Theobem rV. If \p^\ is a sequence such that Lp^ = /, then 
lim |i£p ^ lim //p^ < Urn ^p^ < lim /Up. 

p_^i «->.oo «->-« P->-« 

These four symbols clearly always represent definite elements of the 
class ^ ; t. e., " the quantities always exist, finite or infinite/' The proof of 
the theorem follows immediately from theorem III and the foregoing defini- 
tions, with some use of well-known properties of sequences of real numbers. 

Theobem V. For a given I there exist sequences \p^\ of distinct elements 
such that Lp^ = I satisfying each of the conditions: 

(a) limf/p^ = Rm/ip, 

(b) lim/i/p^ = l^|i£p. 

Proof of (a) : First, suppose that lim ji/ = -f oo . Consider a sequence 
ja„! of real numbers such that lim a„= + oo , and a sequence j3i^) as required 
to exist for I by postulate (III). We have by definition 4, (a), 

A sequence j p^ j so secured has the desired properties, namely, Lp^ = l and 

Next, suppose that lim (i = a. Consider a sequence \e^\ of positive real 
numbers such that lim e^ = 0. By condition (1) of definition 1, 

( 1 ) ni^i-^^i^B p»- ^l.0.fi^<a + e^. 

Take a sequence iSft^j such that for every n SRi and 91J*», and such that if 91' 
the classes SR„ , after a finite number, are all contained in 31, all of which may 
be done by means of postulate (III). By condition (2) of definition 1 we have 

( 2 ) ^ : D : 3 P?" =#= i ^ /t£p^ > « — e„ . 

Clearly, Lp„ = Z, and since p„ is an element of SR^, we have by (1) and (2) 

n:^l \l^p.-a\<2e,, 
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and, the limit of e^ being zero, it is seen that the limit of ^^^ is a, so that the 
sequence \p^\ is of the kind desired. 

In case lim ft = — oo the proof is entirely obvious, and an entirely 

analogous proof is available for the condition (b). 

Theorem VI. (a) For a given limiting element i, lim (i^ = a if and only 

if for every sequence \p^\ of distinct elements such that Lp^ = l it is true 
that lim (i^^ = a. 

(b) Proposition (a) still holds if a be replaced hy +co or by — oo . 
This theorem* is an immediate consequence of Theorems IV and V. 

§ 10. Iterated Limits at an Element of a Composite Range. 

Let the system (5P; U; T) be the composite of two systems, (5P'; U'; T') 
and (^';jU";T"), and let 5p = ^'^", where ^' and ^" are subclasses of 
5P' and 5P" respectively. Let S' and S" be the derived classes of 5P' and ^"^ 
and let Q' = 5P' + S' and Q" = ?" + S" ; then we have for the derived class 
of ^ the class S = S' O" + D' S", while O = 5P + S = O' O". 

We consider again a definite function /i on ^ to 21. For every p' the 
symbol (i^^ represents a function on 5P" to a[, having for every p" the function- 
value (ip,p„. Similarly, for every p" (i^,, is a function on 5P' to ^. The symbols 

lim (jtp, pw , lim ii^ ^i , lim /Up/ ^n , lim (i^, ^t 

P'-^V ^fZ^i, p"->r' ^^Vf 

represent definite functions, the first two being defined on 5P" to 31 and the 
last two on 5P' to t. 

Theorem VII. For a given limiting element 1 = 1' V we have 

(a) lim lim u^i^n < lim lim /Wp/p,, < lim Hm /i/p^p./, 



(b) lim lim ii^fp,, < lim lim fip,^.. < lim lim fip,pn. 

p»f-^Vt pt-^V p"->-l" p'->i' pf'-^l" p'->-l' 

It is clear that the symbols indicated always represent definite elements 
of the class S;, and the inequalities follow easily from theorem IV. 

Theorem VIIL If l = V T', then there exists a sequence \p^\ of distinct 
elements such that 

* Compare' Alfred Pringsheim, "ZurTheorie der zweifach unendlichen Zahlenfolgen," Mathematiache 
Annalen, Vol. LIII (1900), p. 301; alBO Frans London, "Ueber Doppelfolgen und Doppelreihen/' same 
Yoliime, p. 330. Analogies between the theorems of"§9 and §10 of the present paper and theorems by 
Pringsheim and London in the papers here cited, analogies extending in some instances to the very details 
of the proofs, are so apparent that they call for no special notice. A method of specializing the present 
general theory to secure a theory of multiple sequences is shown in § 14. 
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Lp^ = I and lim' ii- = lim lira /Vp'm 

and the proposition remains true if the iterated upper limit be replaced by any 
of the three quantities 

lim lim /iVp"? ^^ i™ t^vvy lim lim fiptptf. 

We indicate the proof for the case of the iterated upper limit when this is 
a finite number a. Let 6 be a function on 5P" to S such that for every p" 
0" = lim Up, p,f ; then lim 6.,, = a, and by theorem V there is a sequence i p^ I 

of distinct elements such that L p^ = I" and such that 

(1) e : ^ : -^ n,3 n > n, .'3 . \e^^ — a\ ^fy 

We may regard the sequence jpi' ! as chosen so that 6^^ is finite for every w; 
then again, by theorem V, there exists for every n a sequence }pi»«! of distinct 
elements such that Lp^„ = /' and such that lim u_/ _« = 5_,r . Take a sequence 

\e^\ such that the limit of e^ is aero. We have 

(2) n:D:3 w^dt»> w^,3. \ (i^^^y^ — e^.\ <e,. 

Consider a sequence jSR^j such as is required to exist for V by postulate (III). 
Take a sequence \m^\ such that for every n p^^ is in W^ and m„ > m^; then 
clearly LPm^n = i' and by (2) we have 

(3) W.3 p''-»^\<e^. 

— 6 — 

For a given e we m^y take n^ so that e^<^for « > n^; therefore we see by (1) 

and (2) that lim (i * n = a. Take a sequence jp„( such that for all values of n 

P»= Pm,» Pn ; then by theorem VIII, (a), of Chapter II, we have Lp^= /, 
and also lim fi^^ = a. 

ll>>-00 

The proofs of the remaining cases offer no new difficulties, and are omitted 
in the interests of brevity. 

Theokem IX. If 1 = Vl\ then 

(a) lim /tip < lim lim ^i^,^,, < liml lim ii^^fj^n < lim ^, 

(b) 7/ the limit of //^ as p approaches I exists* then 

lim iim fj ,^, = lim lim //.,.,, = lim [i^. 

pff^Vrpf^l, pn^i„pq^if '^ p^l 

* The term " exists " i» employed in the UBual aenee, to indicate that the limit is defined, i. e., 
repre«entft a definite real number or +00 or — ao . The theorem may be regarded as eompariag' ttarated 
limits with muHapIe limits;, we ean not» however, adopt with consistency any special notation to indicate 
that a limit is " multiple," since no class is assumed to be linear, and the limits studied in § 9 may fae 
regarded as multiple limits of any order desired. 
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Tbe propositions of this theorem are easy deductions from theorems V, 
VI, Vn and VIII, 

We have just derived, in terms of iterated limits, a necessary condition 
for the existence of the limit of ^^ as p approaches a limiting element L To 
derive sufficient conditions on the iterated limits for the existence of the limit 
is a matter calling for additional restrictions- For this purpose it is con- 
venient to introduce certain uniformity features. We indicate that a condition 
is satisfied uniformly with respect to the elements of a class by placing the 
notation for the class in parentheses following the symbol for the condition. 
Thus, if SR" is a subclass of 5P", and 6 is a function on 5P" to ^, finite for every 
p"* in 91", and such that lim i* , „ = 6^, for every p", then we may indicate that 

the limit function 6 is approached uniformly on 91" as in the following 
definition: 

Def.5. lhnfi^ = e(^'')r.^ue:o:'3W/3p'K^l\p^'^\'^.\li..—^^ 

It will be observed that the uniformity of the condition consists in the 
existence for a given e of a single 9te effective for every p" in 31". Similarly 
we write : 

De/.e. <a) limu^== + oo(r').:^:.ao:33i;''ap'«l:#=i\l?''«^D,|i£^^ 

(b) limiu^=— oo (m'').:=:.a:D:39t;^'3p'«^l:#=r,p''*''o-^^,,,<o. 

Theorem X. // i = VI" and 91" is a class such that 91'"", and if'^" is the 
greatest common subclass of 91" and ^", then the following propositions hold: 

(a) lim (i^» = Q (9i") . 3 . lim /u, = lim B^f . lim // = lim Q n , 

(b) Inn f/^ = + 00 (91") .^ .lun (i = + co , 

(c) lim |i£ . = — 00 (9t") • 3 . lim (i = — 00 ; 

provided that in case V is a p' we have in the respective cases the additional 
hypotheses 

(a) lim 6^, < lim fd^^, and lim (ip^, < lim 6^, , 

(b) lim(it,^,= + 00, 

(c) liaifii, „ = — co ; 
pff^iff 

and in case /" is a p", in (a) the further hypothesis 

lim dj^, < 6ii, < lim 6 „ . 
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We prove proposition (a), supposing that V and T are improper limiting 
elements of 5P' and ^P" respectively. Suppose first that lim 0^,, = a; then for 
a given e we have 



(1) 39i:'"»P"^:.D.ep'^<a + |, 

e 

2 



(2) ^r\^.3P'"'^^e^.>a-l, 



and by definition 5, 

(3) 3K'^P'''^.p"^"^^^\li^^'-0^.\< 



Let 3I2' be a common subclass of 31^' and 91", such that Sij '", since such classes 
exist by postulate (III) ; then by (1) and (3) we have 

therefore, if SR. = 9t;5R^', we see that 

(4) P^'-D.i^p^^ + «. 

Any class 5R such that 5R* must be of the form dt = % Sftg', where %^ and St;'". 
Since 9li and 3i^ have elements in common, and since Sij' and 3i" have a common 
subclass which fulfils the hypothesis of (2), we have from (2) and (3) 

(5)' 3P^S(ji^>a — e. 

We see, then, from (4) and (5), that lim u. = a. 

p^i 

Now suppose that lim ., = + oo ; then for a given a we have 

(6) Sft;'".D.3p"«.ae,.>a + l, 

and, taking e<l, we have by (3), 

P'''^.p"''\o.\fi^^.-e^,\<i. 

Let 31' and let 91 = SR^ SRj , then since 91^ and SR^ have elements in common, and 

since Sij' and 3i" have fa common subclass which fulfils the hypothesis of (6), 

there is a p in 9t such that u^ > a, and thus lim (i = + 00 . 

p->^i 

The proof in case lim 6 » = — oo is not difficult. Under the same hypotheses 

with respect to V and l" we easily see that lim 6^, = lim (i^. 

p"->/" p->i 

If we remove the restrictions on r and i", the additional hypotheses then 
available easily lead to the desired conclusion. 
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The proofs of (b) and (c), which offer no n^w difficulties, are omitted. 
We obtain conclusions similar to those of theorem X under more mild 
hypotheses as follows : 

Theobem XI. If l = V V and if 6 and are functions on 5P" to 21, then 

(a) A sufficient condition for the relation lim u < lim 6^, is 

3 «-'" ^ [e : D : 3 K' a p'K . p"«" .O.fi^^.< 6^. + e], 

(b) A sufficient condition for the relation lim (i^ > lim 6^^, is 

3 «-"' ^[6:3:3 SR;" b p'K . p"«" . 3 . (i^,^, > d,„ - e] ; 
provided that if I" is a p" we have for (a) and (b) the respective conditions^ 
lim S^, > Q^n and lim 0_„ < 6,„ . 

We observe that if 6^^, is finite for every p" in 31", and if 6 = 6, then the 

combined hypotheses of (a) and (b) are equivalent to the hypothesis of (a) 

of theorem X, while the combined conclusions are equivalent to the conclusion 

of X, (a) only in case lim 6 „ = lim 6 „ = lim 6^, = lim ,r. If for every p" 

p"->^i" pf^iff p"->^/" ^f^i'f 

in 31" we suppose 9^// = — 00 , then (a) is equivalent to theorem X, (c), both 

in hypothesis and in conclusion, and similarly X, (b) is a corollary of XI, (b). 

§ 11. Continuity of Functions. 

We return now to the general situation considered in § 9. Making use of 
the notations there employed, we turn attention to questions of the continuity 
of the function (i on the range ^. 

Def. 7. A function ;[/ on 5P to ^ is continuous on 5P if and only if (i^ is 
finite for every p, and for every proper limiting element I of ^ lim (i^ = fii. 

The definition here given is analogous to the usual definition of continuity 
of a function of a real variable. With the present postulates on our system 
(5P; U; T) we are not able to define an analogue of uniform continuity on a 
range ; but by requiring, in addition to the conditions of definition 7, that there 
shall exist a finite limit for the function fi at every improper limiting element 
of 5p, we obtain a form of continuity that in most applications is equivalent to 
uniform continuity. We call this extensible continuity, and a function having 
this property is said to be extensibly continuous. We have then : 

Def. 8. (I is extensibly continuous on 5p if and only if it is continuous 
on 5p and for every improper limiting element I of ^ there exists an a, such 
that lim iji^ = a^. 

The following theorem is obvious : 
15 
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Theobem XIL If 5P is closed, then fi is continuous on ^ if and only if 
(I is extensihly continuous on 5p. 

With every function /li on 5p to a[ there are two associated f unctions^ ^ and '^j 
called respectively the upper and lower limiting functions of ^ on % 

Def. 9. 4>, the upper limiting function of (i on 5(5, is a function on the 
range O such that, for every Z, ^| = lim (i^^ and, for every p not in S, ^^ = (i^. 

Def. 10. 4'> the lower limiting function of fi on 5(5, is a function on the 
range £l such that, for every Z, -v^i = 1™ fip and, for every p not in S, '\i/^ = (i^. 

The functions ^ and '^ are then functions on £l to ^. They lead to greater 
economy in the statement of propositions on the function (i. 

Theorem XIII. (a) (i is continuous on ^ if and only if for every element 
p the function-values ^p, -^^ and (i^ are equal and finite. 

(b) (I is extensihly continuous on 5P if and only if for every q the function- 
values ^g and '^q are equal and finite j and for every p they are equal to (i^. 

(c) If (jt is extensihly continuous on ^ and di is the greatest common sub- 
class of 5p and Q, then ^ is extensihly continuous on 31 and for every u in €x 
lim<^; = <^„. 

The truth of (a) and (b) is obvious. As to (c), it should be remarked 
that since SR is a subclass of Q, ^ is defined on SR, and since 9t is a subclass 
of 5p, continuity and extensible continuity are defined for functions on 31 to &. 
Further, in view of theorem II, (b), of § 6, and theorem VII, of § 7, we see 
that every limiting element of SR is a limiting element of ^. Since by (b) ^ is 
finite for every r (element of 3t), it remains, for the proof of (c), merely to 
show that for every I we have lim ^f = ^, . Since (i is extensihly continuous 

on 5P, we have for every Z, lim fi =^i; that is, 

(1) e.f:D:3SRiap^.:#=Zo.|i^p-*il<|. 
By postulate (IV) we see that 

(2) gStf^^^.D.gSRf^M?'. 
We wish now to show that 

(3) r^^=#=i-D-l4»r— ♦i|<e. 

If f is a p, this follows from the fact that Stj is necessarily a subclass of di^ . 
If f is not a p, it is an improper limiting element of 5p, and we have by an 
application of (1), 
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(4) 3^J^P*--D-l4^-i^pi<|. 

By use of (2) and postulates (III) and (V) we may show that SR^ contains an 
element p of 31^ distinct from I; then (3) follows from (1) and (4). 

Theobbm Xn^. (a) // 5P is compact and (i is extensibly eontinuous on 5p, 
then (I is hounded on ^, by finite bounds. 

(b) If ^ is compact^ then there exist q^ and g, such that the least, upper 
bound of (I on ^ is either <^^ or (i^j and the greatest lower bound of (i on '^ 
is either ti^^^ or (i^^. 

(c) If ^ is compact and closed and (i is continuous on 5P, then there exist 
p^ and p^ such that the least upper bound and the greatest lower bound of fi 
on ^ are respectively n^ and ^i^ . 

Proof of (a) : Suppose that /x is not bounded from + oo , and consider 
a sequence }a,j such that lim a^ = + oo . We have then 

(1) W.D-3P»^i^p»>«n. 

Since $ is compact, and since the number of distinct elements in the sequence 
jp^j can not be finite, there exists a subsequence \p^\ of distinct elements of 
the sequence \p^\ which has some element I as limit. Since fi is extensibly 
continuous, there is a number a^ such that 

(2) e 2 D : 3 We * w > m, • 3 . I |Mp^^ — a, i < e. 

Now we may take an w^ such that for n > n^ we have a^> ai + e, and since 
there exist values of m greater than m^ such that n^ is greater than n^ , we see 
that (1) and (2) are contradictory. Thus (i is bounded from + oo, and in 
similar manner we may show that [x is bounded from — oo . 

Proof of (b) : The least upper bound of ;[/ on ?P may be a finite number a 
or + 00 . In either case there exists an element p such that (i^^ is this least 
upper bound, or there is a sequence \p^\ such that the limit of (i^ is this least 
upper bound. If the former is true, then qi=p meets the requirements of the 
theorem; if the latter is true, then there is a subsequence \Pn^\ of distinct 
elements of jp„j which has a limit i, and clearly we have 4>, as the least upper 
bound of II on 5^. Similarly q^ exists, fulfilling the conditions of the theorem. 

Proof of (c) : Since ^ is closed, every g is a p, and since fi is continuous, 
^^ = (i^ = -i^p for every p; therefore (c) is a corollary of (b). 

§ 12. Functions on a Composite Range. 

Returning to the special case when the system (5P; U; T) is the composite 
of the two systems (f'; U'; T') and (^"; U"; T"), and using the notations 
^', O', 2' and 5P", O", S", as in § 10, we discuss the character of a function (i 
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on 5p to a; with regard to continuity and related properties. Use is made also 
of the upper and lower limiting functions, ^ and '*//, of (i on % We notice 
that for every g' ^^, and ij/^/ are definite functions on £l", and for every q" 
^p// and 4'^," are definite functions on £l'. 

Theorem XV. (a) // V is such that for every I of the form 1 = 1' p" 
^i is finite and lim /£ = ^, , then ^,/ is continuous on 5P". 

(b) If V is such that for every I of the form I = T g" <p^ is finite 
and lim fi = ^^^ then 4>,, is extensibly continuous on 5(5" and for Avery I" 

Ima <^,/ „ = ^i, If, . 

(c) If (I is continuous on ^, then for every p" (i^,, is continuous on ^' 
and for every p' ^^ is continuous on 5(5", 

(d) If (I is extensibly continuous on 5P, then for every p" (i^,, is exten- 
sibly continuous on ^' and for every p' (i^ is extensibly continuous on 5P". 

The propositions of this theorem are easy deductions from theorems I 
and IX, (b). 

In the following theorem we employ the notation for uniform approach 
to a limit that was introduced in definition 5. 

Theorem XVI. (a) If V is such that in every 91' such that SR"' there is 
a p' distinct from V such that (i^^ is continuous on 5P", and if there exists a 
function 6 on 5P" to ^ such that lim u^ = B (^"), then 6 is continuous on 5P". 

(b) // /' is such that in every SR' such that Si"' there is a p' distinct from V 
such that (i^ is extensibly continuous on 5P", and if there exists a function 6 on 
5P" to ^ such that lim (ij^ = 6 (^")> ''^^^ ^ ^^ extensibly continuous on 5P". 

(c) With the additional hypothesis that V is an improper limiting element 
of 5P', or, in case V is a p\ that /ti^r^i/ = 0^, for every p'% we have for both (a) 
and (b) the additional conclusion that for every p" Q^, = ^^t^,, = 4'rp"> ^^^ for 
(b) the further conclusion that for every V lim Q^, = A,,.f, = '^,/,». 

We prove first the lemma : 

Lemma. // l = V V and di" '" and 91" is the greatest common subclass of 

5P" a7id SR", and if for every 91' such that 9i' '' there is a p' distinct from V in 91' 

and a number a such that lim (i ,^, = a, and if there exists a function 6 on 5(5" 

pf'-^i'f 

to 9[ such that lim u^ = 6 (91"), then there is an a^ such that lim C = a^ . 
By the uniform approach to the function ©, we have for a given e, 
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and by the remaining hypothesis on (i there is a p[ in SR« snch that, taking 
account of theorem I, we have 

(2) 3»tr'"3p;'«'=^/".pi'«x#=^".D.i^p'^-^p..-i<|. 

J * 1 • o 

By postulate (III) it may be shown that there exists a common subclass Si^ of 
Si" and SR" such that Sftg''". K p^ and p^ are any two elements of SRj' distinct 
from V% we have by (1) and (2) the three conditions 



^pJ-^pxI^I' I^p;p;'-<>p;I^| and l^pjpj-f'j/xl -| 



from which we obtain \6^ — 0j,»\ <e. Since condition (1) of theorem II is 
obviously fulfilled, we conclude that there exists an a^ such that lim 6^, = a, . 

From the lemma and theorem X, (a), the present theorem should now be 
evident. 

The language **/i is continuous on 5P"' might conveniently be used to indi- 
cate that for every p" the function (g^n is continuous on ^' ; and this manner of 
speaking is especially advantageous if the continuity on ^' is uniform on ?P", 
i. e., uniform with respect to p" . Thus we have 

Def. 11. (a) |[/ is continuous on ^' uniformly on 5P" if and only if for 
every p the function value fi^ is finite, and for every proper limiting element V 
of 5P' lim |i/^ = fi,, (5P"). 

(b) (i is extensibly continuous on 5P' uniformly on 5P" if and only if fi is 
continuous on 5P' uniformly on 5P", and for every improper limiting element V 
of 5P' there exists a function 6 on 5P" to t such that lim /!£_, = 6 {^"). 

The following theorem is a result of an easy application of the propositions 
of theorem XVI. 

Theorem XVIL (a) If (i is continuous on ^' uniformly on 5P" and if 
for every p' (i^ is continuous on 5P", then (i is continuous on ^. 

(b) // fi is extensibly continuous on 5P' uniformly on 5P" and if for every 
p' (ij^f is extensibly continuous on 5P", then (i is extensibly continuous on 5p. 

The following theorem, the notations of which may easily be interpreted 
hj analogy with those previously defined, is not without interest, and is found 
convenient in some applications that follow. 

Theorem XVIII. If (5P; U; T) is the composite of three systems^ 
(^'; U'; T'), (^"; U"; T") and (^'"; U'"; T'"), CL^d if (i is defined on ^ = 
$p/ 9^ff $p///^ ^^^ I — 1 1* ^///^ ^^g^ f/jg following propositions hold: 



^ 
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(a) // there exists a function 6 on ^ ^" to 81 such that lim fUn = 

6 (5P'5P''), and if there exists a function a on ^'" to 21 such that for every p*" 
lim lim u^f ^f ^ft = a^n j then there exists a number a such that lim lim $^^, 

= lim a^„ = a. 

(b) //, in addition to the hypotheses of (a), there exists a function f on 
5p"5p//^ to 21 such that for every p'" lim M«f,w = f-f.. (5P'')f ^'^^^ there exists a 

function y on ^" to 21 such that lim 6^ = y (^")- 

Proof: By the first hypothesis in (a) we see that 

(1) P".D. lim iUp,v" = «p"(^')^ 

and by the second hypothesis we know that there exists a function ^ on 5^" ^'" 
such that 

(2) p" . p'" . D • lim iL^ p,, ^u = ^p. p,,, ; 

therefore, applying the lemma to theorem XVI and theorems X, (a) and IX, (b), 
we see that there exists a y on 5P" such that 

(3) P" . D • lim dp,p,, = lim f^,^„ = y^.. 

Now, for a given e, the first hypothesis in (a), (2) and (3) give respectively 
the conditions 

(5) p" • p"' : D : 3 Kp-v' ' P'^'.y^^' * i' • D • i ?p'v" -i^i^p"^" I ^ |» 

(6) P":D:3 9i:^'^P'^-^=^i'-D-|epV'-yp''l^|. 

Since for every p" and p'" the two classes 9*ep"p'" and dt'^p,, have a common p' 

distinct from 1% we see from (4), (5) and (6) that lim ^^„ = y (^"), and 

piti^fftt ^ 

since by the second hypothesis lim J^^^n^f, = a-w for every p'", we have the 

pff^i*' 

conclusion of (a) by another application of theorems X, (a), IX, (b) and th^ 

lemma to XVI, 

As to proposition (b), it remains to prove that the approach of $^ to y 

is uniform on 5P". This follows from (4) and the following two conditions. 
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which come respectively from the special hypothesis of (b) and the fact that 
lim ?^.=:y(r), 



e 



3 «:'"" B p'' . p-»r #: Z- .3.1 ^,.^. -r^^\<~; 
for, since fH"' and 3i"' have a common p'" distinct from Z'", we have 
p'K^ #: Z' . p" . D . I fli/.^'-y,'' I < e, 

CHAPTER IV. 

Applications op the Gbkebal Thboby by Dibbct Specialization. 

§ 13. Introductory. 

In developing the theory of Chapters I, II and III it has not been necessary 
to specify the character of the elements under consideration, and the nature of 
the conditions postulated is such as to provide great latitude in the matter of 
applications. Special theories are obtained by particular determinatiosi either 
of a system (^; i?) which satisfies the postulates of ^ 2, thus giving rise to a 
system {^;Vi; T) of the required character, or directly of a system (5P; U; T) 
which satisfies the postulates of <^ 5. In the present chapter we suggest, by 
means of chosen examples, certain methods of procedure to secure these special 
theories. The first instances used, viz., multiple sequences and functions of 
real variables, are chosen not because of any novelty of form or content of the 
results reached, but rather because of the interest that may be attached to the 
manner in which various familiar theorems, usually treated as independent, 
emerge as special cases of the same general theorem. The remaining examples 
are in the domain of general analysis, and are chosen to show the availability 
of the present method in certain fields already shown to be fruitful of interest- 
ing and useful theories. 

§ 14. Multiple 8eq;uences. 

We may specify a system {^; R) as follows: The class ^ is the class of 
all positive integers ; the relation dt^ R 3tj holds if and only if 91, and di^ are 
equal and consist of a single element^ or there exist two positive integers, 
ttj and n, , such that di^ consists of all integers greater than n^ and ^ consists 
of all integers greater than n, . 
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This system clearly satisfies the postulates of ^ 2, and the resulting system 
(5P; U; T) therefore satisfies the postulates of §5. This latter system is said 
to be of type A^^ , and is as follows : The class ^ is the class of all positive 
integers, U is a singular class having only the element oo ; the relation Sft* 
holds if and only if 9t consists of the single element n, and the relation St"" 
holds if and only if 9t consists of all integers greater than some given integer. 
The composite system of r systems of type A^ is a system of type A^. 

To obtain a theory of multiple sequences, consider the special case when 
the system {^;Vi; T) of Chapter III is of the type -4^, and the class ^ coin- 
cides with 5p. A function fi on ^ to ^ then gives an f-f old sequence of function- 
values, every one of which is a real number or +oo or — oo . Since the nature 
of the range in this instance renders it unnecessary to place in evidence the 
notation for limiting element, and since it is desired to emphasize the character 
of the limits as multiple limits, it is expedient to adopt notation which places 
all the variables concerned in evidence. Accordingly the notation lim u^i ,r 

(nx....n') 

is used to indicate the limit of the function- value /M,i....,r as the variables n^. . . . w*' 
simultaneously increase without limit. Similarly, the notations lim (inx,„.nr 

(Hi....*') 

and lim u^ «r indicate respectively the upper and lower limits under the 

same conditions. Explicit definition of these symbols in the light of defi- 
nitions 1, 2, 3 and 4 of Chapter III should cause no difficulty. For example, 
lim /^...,n' = ^ is equivalent to the conditions: (a) For every e there exists 

n]. . . .nl such that if w* > nj (t = 1, 2, . . . ., r), then f^,i,...„r ^ a + e; and 

(b) For every e and every n^ n'" there exist n\ wj such that n{ > n* 

(t = 1, 2, , r) and such that (in^..,.nr ^ct — e. 

Among the contributions of <^ 9 to the theory of multiple sequences are 
the following, which we record in the form of a theorem. 

Theorem I. (a) The limit of the multiple sequence j/ii»i..,.nrj is a finite 
number a if and only if the upper and lower limits of the multiple sequence 
are both equal to a. 

(b) The limit of the multiple sequence \(ini.,..nr\ exists and is finite if and 

only if for every n^ n*' there exist n\. . . .n[ such that wj > w* (i = 1, 2, . . . . , r) 

and such that (ini„.,n' i^ finite^ and for every e there exist nl. . . .nl such that^ if 
n\>niandn^>ni{i = l,2, , r), then |it^nj....nj — /i£«j....„j| < e. 

(c) If there exist n\ n[ such thatj for w* > wj (i = 1, 2, . . . ., r), /ii«i....„r 

is finitely bounded^ then there exist numbers a and a such that 
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lim fi,i....«r = a and lim /Mnx....,»r = a. 

(d) If the simple sequence if£,i....nr | is such that lim ni» = oo (t = 1, 2, 
.,r), ffeen 



lim iM^....nr < Jim ^„i ..,.^. < lim ^i ...... < lim fini,...nr . 

(e) There exists a simple sequence of the kind described in (d) having 

for limit lim /M,»i....nr, and aZso one having for limit lim /:i,i....,r. 

(i»i....iiO (»^ --»*^) 

(f ) I'fee Wmtf o/ the multiple sequence eodstSj finite or infinite^ if and only 
if all simple sequences of the hind described in (d) have the same limit; and 
the limit of the multiple sequence is the common limit of the simple sequences. 

In § 10 we may consider the systems (^'; U'; T') and (^" ; U" ; T") to be 
of types A^ and A^^ respectively, where r^ + r^ = r\ then our hypothesis with 
respect to (5P; U; T) is fulfilled. The real force of the theorems on iterated 
limits is here realized only by repeated application of the principles established, 
a process made available by the persistence, under composition of systems, 
of the conditions specified in our postulates. We may conveniently use the 
notation* lim i^nK...nr to denote the result of taking the upper limits 

as the variables n^ n*" tend to infinity in groups, the group n*. . . .n*' passing 

to the limit first, etc. Analogous notations, easy of interpretation, may be 
used for limits of other types. With a little reflection the theorems of § 10 
are seen to yield the following results : 

Theorem II. (a) For every expression of the type 

lim (i^t »r, 

(n>....nO.... (n>....itO 

where the grouping of the variables and the arrangement of upper and lower 
dashes are entirely arbitrary y there exists a simple sequence j/EinL....ic! ^^^^ ^^^^ 
lim nl = 00 (i = 1, 2, . . . ., r) having the given expression for limit. 



(b) An expression of the type mentioned in (a) is not less than the ex- 
pression obtained from it by replacing any number of upper dashes by lower 
dashes; or by the subdivision of any group that has an upper dash and giving 
the subgroups either upper or lower dashes; or by combining any number of 
adjacent groups and giving the combined group a lower dash. In particular j 

* Compare Bromwich and Hardy, '' Some ExtensionB to Multiple Series of Abel's Theorem on the 
Continuity of Power Series/' Prooeedinga of the London Mathematioal Society, Series 2, Vol. II, p. 161. 

16 
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if the limit of the multiple sequence exists^ then every expression of the type 
discussed is equal to the limit of the multiple sequence* 

(c) If there is an s-fold sequence \6nK,..n»\ such that for n* > n{ {% = 1, 2, 
. . . ., r) 6,1... .„r is finite^ and such that 

lim i^^.+i. ..nr=d(3t' Sft'), 

where W consists of all n* greater than wj (i = 1, 2, . . . ., r), then 

lim iinK,,.nr =Jim^(9nx..,.n. and lim /i£,i....»r = lim (9,i....,.; 

and if for similarly chosen 3t^.,. . M' we have 

lim /£».+.....,.= +00 (5ft^...3t•), 

(n^+x....!**-) 

</ien t(;e aZ^o have 

lim f^i....„r = + oo ; 

(fit....iiO 

and this latter statement remains true t/ + oo he replaced by — oo . 

The theorems of § 11 and § 12 are clearly applicable to multiple sequences, 
although in some cases the results are trivial, and in some cases are identical 
with results already obtained from § 9 and § 10. We note here the fact that 
if the system (5P; U; T) is of type A^j then an extensibly continuous function 
on $ gives a convergent sequence of finite terms, while analogous statements 
hold for systems of type A^. If we assume the system to be of type A^ and 
consider (i defined on the class ^ = ^, then the lemma to theorem XVI, § 12, 
may be interpreted as follows : 

Theorem III. If the s-fold sequence |6^....,.} is such that 

lim it^„.^^....,. = e•(5p^...r),. 

(n*+i....nO 

and if for every w*"'"^ . . . . n*" there are values n{'^^ . . . . n[ such that n{ > n* 
(i = 5 + 1, . . . ., r) and such that iint^\.„ni is a convergent s-fold sequence^ then 
i^n»....ii«j is a convergent s-fold sequence. 

§ 15. Functions of Real Variables. 

To obtain applications of the general theory to functions of a real variable 
we might, as in the previous section, specify a system ($; i2) in which $ 
should be the class of real numbers and R should be so defined as to secure 
ideal elements corresponding to + oo and — oo . For the sake of simplicity 
however, we proceed at once to the specification of a system (5P; U; T). 5p is 

* Compare the note by G. H. Hardy, Prooeedinga of ike London Mathematical Society, Series 2, 
Vol. II, p. 190. 
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the class of all real numbers; U consists of two elements, +00 and — oo ; 
a class 91 has the relation T to a given element pj if and only if there is a 
number d such that 9t consists of all elements p such that \p — Pi\$id; 9t has 
the relation T to + 00 if and only if there is a number a such that 31 consists 
of all elements p such that p>a; and di has the relation T to — 00 if and only 
if there is a number a such that 9t consists of all elements p such that p <a. 

Such a system, which obviously fulfils our postulates, is designated as a 
system of type B^, and the composite of r such systems is a system of type B^. 
Attention should be called to the fact that with this special determination of 
the system (^; U; T) the definitions and theorems in Chapter II relative to 
limiting elements, and, pertaining to properties of subclasses of $, are in 
accordance with the usual treatment of these features of the range of a real 
variable. 

It may be seen, without detailed discussion here, that in this instance the 
theory developed in Chapter III is a theory of multiple and iterated limits 
and continuity of functions of several real variables. The definitions and 
terminology employed render the interpretations of the various theorems im- 
mediate, except for the fact that the term ** extensible continuity" has not been 
in use to denote a property of a function of a real variable. We show in 
theorem V that this property, for functions on a limited number set, is equiva- 
lent to the property ** uniform continuity.'' For convenience in the proof of 
theorem V we prove first the following theorem : * 

Theobem IV. 7/ the system (5P; U; T) is of type B^j then every subclass 
^of^is compact. 

Proof: In view of theorems V; (a) and VII, (d) of § 7, it is sufficient to 
consider the special case when r = 1 and ^ = 5p. Let \p^\ be a sequence of 
distinct elements of $. If any limited subclass of $ contains an infinite sub- 
sequence of jp^j, then by a well-known property of the number system this 
subsequence gives rise to at least one limiting element. If no limited subclass 
of $ contains such a subsequence, then, considering a sequence \a^\ of real 
numbers such that lim «,» = + 00 , we see that for every m there is an n^ 

such that p^^ > a^ or Pn^< —(^m- Clearly at least one of the infinite ideal 
elements is then a limit of a subsequence of jp^j. 

Theorem V. If the system (^; U; T) t5 of type B^j and if fi is defined on 
the subclass $ of $, then we have the propositions: 

* There is a difference in the force of the term " compact " as employed here and as employed by 
Frdchet {Rendioonti del Circolo Matematioo di Palermo, Vol. XXII, p. 6) , due to the fact that we recog- 
nize ideal limiting elements i^hile Fr^chet does not. 
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(a) If fi is extensibly continuous on $, then (i is uniformly continuous 
on% 

(b) If ^ is limited and (i is uniformly continuous on 5P, then fi is exten- 
sihly continuous on $. 

Proof of (a) : By the definition of extensible continuity we see that for a 
given limiting element p of $ and for an arbitrary positive number e we have 

(1) 3^«p»P = P'---P'-Pi=Pl---PMPt— P*l^rfep-D- \t^p,—l^p\<e 

(i = l,2, ....,r); 

while for an element p that is not a limiting element of $ we have 

(2) 3^p*P = P'--P'*'Pi = P} Pi* |pi — pM^^p'D'Pi = P 

(t = l,2, ....,r). 

Consider a function 5 on ^ defined as follows : For every limiting element p 
of ^ let 5p be one-half of the least upper bound of the set of values effective 
as ei^ in (1). For every element p that is not a limiting element of 5P let 5, 
be one-half of the least upper bound of the set of values effective as e2^ in (2). 
This function 5 is positive for every p, and we proceed to show that the greatest 
lower bound of 5 on 5P is positive. Let a. denote this greatest lower bound of S 
on ^, for the value of e in question, then since 5P is compact by theorem IV, 
we see by theorem XIV, (b), of ^ 10 that either there is a p such that S^ = a^ 
or there is a limiting element I of ^ such that lim ^^ = a^ . In the former case 

a^ is clearly positive. In the latter case we have by the extensible continuity 
of fi on ^, applying theorem II of § 9, 

3^i9pf'.pf'.:^.\(i^-(iJ<e. 

Now we clearly have i = g^ . . . . g*" and 3t^ = 3t^ . . . . M*', where the relation 31*** 
holds for i = 1, 2, . . . ., r; therefore each of the dt* must be of one of the three 
forms: (a) all ^** such that \p* — q*\^d*] (b) all p* such that ^*" > a*; (c) all 

p* such that p*<a*. Consider now a class 31^ = 31} 3iJ , such that 3t{ , defined 

as follows: If 91* is of form (a), then di\ consists of all pf such that \p^—q*\^d; 
if W is of form (b), then 9l{ consists of all p* such that p^>d* + d; if M* is of 
form (c), then M* consists of all p^ such that p* < a* — d. The number d is 
one-half of the least of the d\ in case any of the 91* are of form (a), and other- 
wise d is unity. For a given SR^ , then, dl^ is a definite class, and for every p 
in 9*1 we have Sp>^d. Clearly lim 3p>iei, so that a^ is positive. Now re- 

ferring to (1) and (2) we see that if p, = p} pj, and P2 = pl ph and 

I Pi — pi I =^«> th^n Ifi^ — i^p,! ^^; that is, (I is uniformly continuous on 5p. 



ItooT: Iterated Limits in General Analysis. 125 

Proof of (b) : Since uniform continuity on ^ implies the convergence of 
(i^ as p approaches any proper limiting element of 5P, and since, 5P being limited, 
every limiting element of ^ is finite, it is sufficient to show that fi is convergent 
at every finite improper limiting element of ^. By hypothesis we have, if 
Pi = pi Pi and P2 = pj p5, 

(3) e : D : 3 ri, 3 I p} — p*| < d, (i = 1, 2, . . . ., r) • D • I t^p^ — fij < e. 

If I is an improper limiting element of $, then for a given e we may take 
SR, = SRJ....9l;, where S«i=[all p*^ |p* — g»| <rfy2] (i = 1, 2, ....,0, where 
Z = g^ . . . . g*", and obviously, if Pg and P4 are both in 91^, we have by (3) 
li^Pi — i^ni I = ^- Thus, by theorem II of § 9, /[£ is convergent at I. 

Interesting results are obtained if, in ^ 10 and § 12, we take one of the 
component systems to be of type A^ and the other of type B^ . We notice here 
a few special cases. 

In theorem IX, (b),^f § 10 let (f'; U'; r) be of type A, and (^"j^U" ; T") 
of type B,. Let ^' = ^'j but let ^" be an arbitrary subclass of ^\ V is 
necessarily the ideal element 00 , but we take I" as a proper limiting element 
of ^"y this class being assumed to have such a limiting element. If we replace 
the notation p' by n and p" by a?, and set I" = Xq , the theorem yields the 
following : 

Theorem VI. If \^^{x) \ is a sequence of functions defined for every x 
of the set ^", and if lim ^n(^) = ^{x) and Jim ^^(x) = £(0?), and if for every e 

there exist n^ and d^ such that \ ^^ (x) — a | < e for n> n^ and x such that 
1^ — ^ol = ^«> '^^^ ^^ '^^^^ 

lim f (a;) = I (x^) = lim f (a?) = ^ {x^) — a. 

A sequence of functions satisfying for every e the condition of the hypoth- 
esis of this theorem is here designated as a sequence ^'totally* convergent 
at Xq." By similar specialization we obtain from theorem X, (a), of ^ 10 the 
following : 

* If there is an interval od^ — d to oo^ + d such that, for every 9 in the interval, lim (n{w) =z^{(s), 

and if for every e there is an ne and a de such that for n'^ne and dP^ — de<w <W9 + d we have the con. 
dition |^n(<D) — H^)\ Se, then the sequence may be called ''uniformly convergent at «•/' by analogy with 
the use of this term in the theory of series of functions (W. H. Young, Proceedinga of the London Math, 
Society, Series 2, Vol. I, p. 00; also Vol. VI, p. 29). In case the limit function f (x) exists for all values 
of a in an interval (To — d to 99+ d, total convergence at x^ implies uniform convergence at d^o; i^nd in caec 
the number of functions of the sequence that are continuous at «« is not finite, uniform convergence at «» 
implies total convergence at d^o; but for an unconditioned sequence of functions total convergence at a 
point and uniform convergence at a point arc independent properties. 
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Thbobem VII. If a sequence of functions is uniformly convergent on a set 
consisting of all elements x in the interval from Xq — d to x^ + d and if the 
limit function is continuous at x^j then the sequence is totally convergent at x^. 

And from the same theorem, but taking (5P'; U'; T') to be of type JSj, 
and ^" ; U" ; T" ) of type Ay , we have 

Theobem VIII. If the functions of a sequence are equally^ continuous 
at x^ and if the sequence is convergent at x^j then the sequence is totally 
convergent at Xq. 

By taking account of theorem V of the present section we have the following 
two theorems resulting from theorems XV and XVI of § 12 : 

Theorem IX. If !i^„(a?) \ is a sequence of functions defined on ^"j and if 
the sequence is convergent for every x in ^", then 

(a) If the sequence is totally convergent at every proper limiting element, 
of 5P'', the limit function is continuous on ^''. 

(b) // the sequence is totally convergent at every limiting element of 5P", 
the limit function is uniformly continuous on ^". 

Theobem X. If \^„{x) \ is a sequence of functions defined on the limited 
set 5P", and if the sequence is uniformly convergent on 5P", then 

(a) If for every term of the sequence there is a subsequent term that is 
continuous on ^", then the limit function is continuous on 5p". 

(b) // for every term of the sequence there is a subsequent term that is 
uniformly continuous on ^", then the limit function is uniformly continuous 

onT^ 

The remaining two theorems of this section are seen to follow from 
theorem XVII of § 12, if we take account of theorem V of the present section 
and remember that in the general theorems the situation is symmetrical with 
respect to the two component systems. 

Theorem XL (a) If \^^{x) j is a sequence of functions continuous on 5p ', 
and if the sequence is uniformly convergent on ^", then at every proper limiting 
element of 5P" the sequence is totally convergent. 

(b) If ^" is limited and the functions of the sequence are uniformly con- 
tinuous on 5P", and if the sequence is uniformly convergent ow ^P", then at every 
limiting element of ^" the sequence is totally convergent.^ 

* The functions of a sequence are equally continuous at x^ if for every e there is a de such that for 
every n and for \w — aPo|^<i« we have \^n{sD) —^nM\^c. For a discussion of the term see Fr^chet, 
loo. cit., p. 11. 

t Theorems XI, (a), and IX, (a), together give the well-known theorem: "A uniformly convergent 
sequence of continuous functions has a continuous function for limit." Propositions (b) of these two 
theorems give the corresponding theorem for a sequence of uniformly continuous functions. We notice 
that these theorems are corollaries of the two propositions of theorem X. 
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Theorem XII. (a) If the functions of the sequence \i^{x) \ are equally 
continuous on ^", and if the sequence is convergent at every x in 5P", then at 
every proper limiting element of 5P" the sequence is totally convergent^ and the 
limit function is continuous on 5P". 

(b) If ^^ is limited and the functions of the sequence are equally uniformly 
continuous* on 5P", and if the sequence is convergent at every x in 5P", then at 
every limiting element of $'' the sequence is totally convergent and the limit 
function is uniformly continuous on ^". 

§ 16. An R Relation in Terms of JT, . 

The ^1 relation used by Professor E. H. Moore in Part 11 of his memoir on 
^'General Analysis^' may be characterized as a relation on the composite class 
$ ^y where $ is a class of elements of any kind whatever, and i^f is the class of 
positive integers.! In other words, K^ may be considered defined for a class ^ 
if a criterion exists by which it may be determined for every element p and 
integer m whether K^ or "K^ ; i. e., whether the relation K^ holds or does not 
hold for p and m. While Professor Moore defines certain properties for this 
K^ relation, he does not permanently condition the relation by any fixed prop- 
erties or postulates. 

We define a relation R in terms of K^ as follows : The relation 9t^ R St, 
holds if and only if 9%^ and SRg both consist of the same single element p, or 
there exist two integers m^ and m^ such that St^ consists of all elements p such 
that K^^ and 9lj consists of all elements p such that K^^ . 

In order that the system {^; R) obtained in this way shall satisfy the 
seven postulates of ^ 2, it is necessary that some restrictions be placed on the 
JSTj relation. The following conditions are found to be sufficient : 

(1) For every m there exists a p such that K^. 

(2) For every p there exists an m for which K^ does not hold. 

(3) If m^<m^ and if K^, then K^. 

Assuming that these conditions are fulfilled, we see that a class v^ consists 
of a single class 9t which contains the single element p. One ideal element 
exists, consisting of all classes di of the type 91= [all paK^]^ there, being 
a class 9i of this class of classes corresponding to each integer m. 

♦ The functions of the sequence are "equally uniformly continuous" on P* if, for every e, there is 
a de such that, if |»i— ««| <<ie, then the relation |fn(«x) --^«(»i)| < « holds for every n. 
t E. H. Moore, " Introduction to a Form of General Analysis," p. 126. 
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§ 17. Application to a System (^; K^). 

In this section we consider a system ($ ; f 2)9 where $ is an arbitrary class 
of elements and K^ is a relation on ^5p3f. That is, we suppose a criterion pro- 
vided by which we are able to say for every p^, p^ and m whether or not the 
relation K^ ^ « holds. The notation K^ is used by Professor Moore for a re- 
lation of this type,* and as in the case of the relation K^ , the relation is con- 
ditioned by various hypotheses to secure desired results in the theorems in 
which it is involved, but no permanent postulates or conditions are adopted. 

For our purposes it is convenient to postulate the following conditions on 
the systemt (5P; K^) : 

(1) The relation K^^^ hold,s for every p and m. 

(2) If ^p,^«, then K^^^. 

(3) If m, < m, and if K^^^, then K^^^,., 

(4) For every m there exists an m^ such that if K^^^^ and K^^^, 
then K^^^. 

(5) If Pi and Pj *re such that K^^^ holds for every m, then Pi = Pj- 
Still further restrictions t on the system (^; JTj) would be required to 

enable us to derive from it a system {^; R) which would fulfil our postulates. 
These assumptions, however, furnish sufficient basis for a special definition of 
ideal elements, and for the determination of a system^ ($; U; T) which fulfils 
the postulates of ^ 5. 

An ideal element of the system (^] K^) is a class s of sequences |p,,[ of 
elements of $, having the following properties : 

1. If jp^j is a sequence belonging to the class 5, then for every m there 
exists an n^ such that, if n^ and n, are both greater than n^, the relation 
^P«,p.Hm holds. 

2. If tPnl and \p^\ are sequences belonging to the class 5, then for every m 
there exists an n^ such that, if n^ and n, are both greater than n^, the relation 

* Loc. oit,, p. 126. 

fA tystem of the type here indicated forme the basie of T. H. Hildebr&ndt'e "Contribution to the 
Foundations of Fr^chet'e Calcul Fonctionnel ** (Aiisbican Joubnal of ^Iathematics, Vol. XXXI V, p. 237) . 
He giyee a "complete exietential theory," for eight properties of the eyetem, including the first three and 
the fifth of the properties postulated here. The first three are among the properties considered by £. H. 
Moore, loo, cit., p. 127. 

{A sufficient additional restriction would be the following assumption: If Pi'tpt, then for every m 
there is a p such that Kp^pm holds but Kp^pm does not hold. 

§ A system ($; U; T) in which U is the null class may be derived by omitting this definition of ideal 
elements. In this case assumption (4) may be made less restrictive by permitting fiK to depend on p as 
well as on m. 
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3, For every p there exists a sequence \pj^ of the class s and an integer m 
such that for every n there is an n^ greater than n such that JTp^^ p« does 
not hold. 

4. Any class 5^ which has properties 1, 2 and 3 and contains s, must 
coincide with 5. 

Let U denote the class of all ideal elements arising by this definition and 
let Q*= 5p + U, then we may extend the definition of K^^ to make it a relation 
on 5pClQf, as follows: The relation K^^^^ holds if and only if there is a sequence 
\p^\ of the class s such that for every n the relation K^^^^ holds. 

To complete the specification of a system (5P; U; T) it remains to define 
a relation T for the classes ^ and U. Let the relation 91^ hold if and only if 
there is an integer m such that 9? consists of all elements p for which the 
relation K^^^ holds. That this system (5P; U; T) satisfies the postulates of § 5 
easily follows from five conditions which are easily deduced from the assump- 
tions on the system {"^^K^) and the special definition of ideal elements. These 
five conditions, the first of which is identical with the first assumption, may be 
written : 

(1) The relation K^^^ holds for every p and m. 

(2) For every u and m there exists a p such that -?,«„. 

(3 ) If m, < m^ and if K^^^ , then K^^^ . 

(4) For every m there exists an m^ such that if K^^^ and K^^^j 
then K^,^. 

(5) ^ Qi^Qi there exists an m such that no element p can fulfil both 
relations K^^^ and K^g,^. 

The theory of Chapters II and III is available for any system {^; K^) 
which satisfies the assumptions of this section, by the mediation of the asso- 
ciated special system ($; U; T). Here, as in the case of a real variable, there 
is a close relation between the properties "uniform continuity'' and "exten- 
sible continuity.'' If (5P; K^) is a system which fulfils the foregoing assump- 
tions, and /£ is a function defined on a subclass $ of $, then [i is uniformly 
continuous on ^ if and only if for every e there exists an m^ such that if 
K^PnM. then \ii^-iij<e^ 

Theorem XIII. If (^; K^) is a system fulfilling assumptions (1) to (5), 
then a function (i is uniformly continuous on a compact subclass ^ of ^ if and 
only if J with reference to the associated system (^;ll;T), ii is extensibly 
continuous on % 

The proof of this theorem may be made similar to that of theorem V, § 15. 
17 
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§ 18. The Frechet Voisinage. 

In his thesis M. Frechet* denotes by (F) a class of elements for which 
there is defined, fulfilling certain conditions which he specifies, the notion of 
**voisinage/' We may present his assumptions accurately, but in form adapted 
to our purposes, as follows : With the class ^ of undefined elements is associated 
a function F, forming the system (5P ; F) . The function F is defined on 5p5|J to 21 ; 
i. e.j it assigns to every pair of elements, p^ and Pj , a real number, which is 
denoted by (PiP^). The conditions postulated for this system (^; F) are: 

(1) For every two elements p^ and p^ we have (PiP^) = (P2P1) ^0. 

(2) If (PiP2)=0, then p,= p2. 

(3) It p, = p,, then {p,p,)=0. 

(4) There exists a function <^(rf) such that lim ^(d) =0 and such that 
if {PiPi)^^ and (PaPs)^^, tlien {PiPB)<^{d). 

Proceeding now as in the case of a system (5P; K^)^ we give attention to 
the introduction of ideal elements, t An ideal element of the system (5|J; F) is 
a class 5 of sequences ]p^\ of elements of the class ^ which fulfils the following 
conditions : 

1. If !p„j is a sequence belonging to the class 8j then for every d there 
exists an n^ such that, if n^ and n^ are both greater than w^, then {PmPnJ^d' 

2. If \p^\ and jp^j are sequences belonging to 5, then for every d there 
exists an n^ such that, if n^ and n^ are both greater than w^, then {p^p„^) ^rf. 

3. For every p there exists a sequence \p^\ of the class s and a positive 
number d such that for every n there is an n^ greater than n such that 

(PmP) > d. 

4. Any class s^ which satisfies conditions 1, 2 and 3 and contains ^ must 
coincide with s. 

We extend the definition of F so that it is a function on ^ O, where, as 
before, D is the class 5p with ideal elements u adjoined, by assigning to (p u) 
. the value d^ of the greatest lower bound of the set of numbers d for each of 
which there exists a sequence jp„j of the class u such that (pPn) = ^ for every n. 
In terms of this extended function F a relation T is specified : The relation 
9i^ holds if and only if there exists a d such that 3i consists of all elements p 
for which {pq)^d. It may be shown without difficulty that the system 

♦ Rendiconti del Circolo Matematico di Palermo, Vol. XXII, p. 17. 

t Here also we might specify a system ($ ; R) in which R should be defined in terms of V in smfa 
manner as to fulfil our postulates, by the adoption of an additional condition on <$; F). A condition 
effective for this purpose would be : If pi 4= Ps > ^1^^° ^or every d there exists a p such that (p px) < d, 
while (p Pi) > d. 
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(5P; U; T), now definitely determined by the system (^; F), satisfies the pos- 
tulates of ^ 5. As to the significance of the general theory of Chapters II 
and in, in this special case, we give attention here only to a feature of exten- 
sible continuity. Let (5P; V) be a system satisfying conditions (1) to (4) and 
let ^ be a function defined on the subclass 5P of 5p. The function (i is uniformly 
continuous on 5P if and only if for every e there exists a d^ such that if 
{PiPt)^d,, then \ii^—fip,\^e. 

In strict analogy with theorem XIII of § 17 we have 

Theobem XIV. If (5P; V) is a system satisfying conditions (1) to (4), 
then a function fi is uniformly continuous on a compact subclass ^ of '^ if and 
only if J with reference to the associated system (5P; U; T), fi is extensihly 
continuous on %. 

% 10. A Class of Functions as Range of the Independent Variable. 

By the mediation of our definition of a system (5P; U; T) in terms of a 
system (5P; F) our general theory is available for any class 5P of elements for 
which there is defined a voisinagcy or an ecarty which may be considered as a 
special voisinage. Among these classes ?P, is the class of all real- valued, single- 
valued functions that are uniformly continuous on a given interval of the real 
number system.* Our theory is equally applicable, however, to a class ^ 
consisting of all real-valued, single-valued functions on a range absolutely 
unconditioned. 

Let ft denote a class of elements A:, concerning which no hypotheses are 
required. We consider a system! (^; U; T) in which 5P is the class of all 
single- valued functions on ft to 5!l, U is the null class, and T is defined relative 

to a particular function cr on ft to 91. For a given function a the relation T i 

is specified as follows : The relation SR^ holds if and only if there exists a posi- 
tive number e such that 3t consists of all functions p^ such that for every k » 
IPh — P;t| ^ejcTjfel. This system obviously satisfies the five postulates of §5. ;, 
Since in this special instance the class 11 is not arbitrary, and since the system , 
involves the arbitrary class ft and the arbitrary function Cj the notation 
(5P; T; ft; <t) is adopted for a system of this special type. 

A necessary and suflScient condition that a sequence \p^\ shall, have the 
limit p, by definition 2, '^ 7, is: For every e there exists an n^ such that, if 
n > w^, then |Pn* — PtI =^kjbl ^^^ every k. If this condition is fulfilled, the 

♦ M. Fr^chet, loo. oit,, p. 36. 

t We might just u re&dily set up a syBtem ($; R) which would give rise to this system ($; U; T) 
by the process explained in §5, but the present plan is more direct. 
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sequence \p^\ of functions is said to approach the function p relatively uni- 
formly ^ * the relativity being with respect to the scale function a. Theorem IV 
of § 7 now shows that a subclass 91 of 5P is closed (definition 4, § 7) if and only 
if every sequence of functions belonging to 91 that converges relatively uni- 
formly with respect to a converges to a limit function t that is in 91. For 
example, the class of all functions constant on ^ is closed ; or, the class of all 
functions p such that a^<pj^< a^ for every k is closed. 

If we make the special hypothesis that ^ is a subclass of a class 5p for 
which there is defined a relation R so that C^; R) satisfies the postulates of 
§ 2, then, through the associated system of the type (^; U; T), the theory of 
Chapter III is applicable to functions p defined on ^. With this restriction 
on Si and the hypothesis that a is bounded on Stj we have the following examples 
of closed subclasses 9i of 5p : 

1. The class of all functions p that are convergent at a given limiting 
element of ^. 

2. The class of all functions p that are convergent to a given limit at a 
given limiting element of ^. 

3. The class of all functions p that are continuous on ^. 

4. The class of all functions p that are extensibly continuous on ^. 
With the further hypothesis that (^i R) is the composite of two systems, 

(^'; R') and (^; i?")^ and that S = ^'^", where ^' and ^" are subclasses 
respectively of ^' and 5P", we have the further examples of closed subclasses 
of^P: 

5. The class of all functions p such that, for a given limiting element 
/ = VI" of ^, lim lim p^t/^./ exists and is finite. 

6. The class of all functions p such that, for a given limiting element 
IzziT I" of ^ and a given number a, lim lim p^/ ^u = a. 

7. The class of all functions p such that, for a given limiting element 
I = VI" of % there is (for each p) a function a on ^", convergent at /", such 
thatlimpfc. = a(«"). 

8. The subclass of 7 containing every function p for which the corre- 
sponding a has the limit a at I" . 



* E. H. Moore, loc. cit,, p. 29; also Atti del IV Congresao Intemazionale dei Matemaiioi (Rome, 
1908), Vol. Il/p. 101. 

t A clas8 of functions that is closed in this sense, for a given a, has the closure property C®. 
"closed as to @," used by E. H. Moore ("General Analysis," p. 37 ; and Atti, etc., p. 101), where B, the scale 
class, contains the single function a. If there exist positive real numbers a^ and a, such that <h < 1^*1 <a, 
for every k, then closure as to <r is equivalent to closure under extension by adjoining the limits of all 
uniformly convergent sequences of functions of the class. Important instances in which this equivalence 
is not effective are furnished by classes of functions defined for positive integers and giving rise to abso. 
lutely convergent series (E. H.Moore, "General Analysis," p. 38, as t<j 9K"i«; and Atti, etc., p. 102, as 
to mil). 
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9. The class of all functions p such that for every k" p^,.. is continuous 
on «'. 

10. The class of all functions p such that for every k" pj^n is extensibly 
continuous on ^'. 

11. The class of all functions p continuous on ^' uniformly on ^". 

12. The class of all functions p extensibly continuous on ^' uniformly 
on «". 

The proofs that these classes are closed* may be made to depend on the 
general theorems of Chapter III in the same way that the theorems on sequences 
of functions in § 15 are deduced from them. 

Dropping now the special hypotheses on ^ and c, we observe that 
theorem! VII of § 7 reduces in this case to the familiar proposition, "Every 
derived class is closed.'' 

Consider a system {^; T; ^; a) as defined above, where ^ and a are 
arbitrary, and consider a function (i defined on a subclass $ of ^, finite for 
every p. The function fi is uniformly continuous on 5p if and only if for every e 
there exists a d^ such that, if IPu— P2*l=^el<'^*l ^^^ every i, then \(ij^ — i^p,|^^- 
We have again the relation between uniform continuity and extensible con- 
tinuity : 

Thbobbm XV. If ^ is a compact subclass of a class ^ pertaining to a 
system (^; T; ^; cr), then a function (i is uniformly continuous on ^ if and 
only if (I is extensibly continuous on ^. 

Note* — The inTeBtigations leading to the present paper were completed in June, 1911, and the manu- 
script left the hands of the author in April, 1912. These facts are offered in explanation of what might 
otherwise appear to he unwarranted disregard of certain recent contributions to the literature of this 
field. We have added foot-note references to papers by £. R. Hedrick, Tranaactiona of the American 
Mathematioal Society, Vol. XII (1911), pp. 285-294, and T. H. Hildebrandt, Amebican Joubnal of Mathe- 
1CATIC8, Vol. XXXIV (1912), pp. 237-290. At this point we should mention a recent paper by E. V. Hunt- 
ington, on "A Set of Postulates for Abstract Geometry, Expressed in Terms of the Simple Relation of Inclu- 
sion," Mathematisohe Annalen, Band 73 (1913) , pp. 522-569, which obviously has a strong bearing in the field 
of the present paper. Mention may also be made of a more recent paper by the present writer, "Limits 
in Terms of Order, with the Example of Limiting Element not Approachable by a Sequence," Transactions of 
the American Mathematical Society, Vol. XV (1914), pp. 51-71, which pertains to the same general field, 
and in which relationships of various systems of postulates receive further attention. 

Annapolis, Md., February, 1914. 

* These classes, 1-12, have also the property "self -closure" defined by E. H. Moore, At ti, etc., Vol.11, 
p. 102, and designated simply as "closure" in "General Analysis," p. 37. Other properties of general refer- 
ence, i. e., properties defined for classes of real-valued functions in general, and therefore applicable to the 
classes here enumerated, are the five dominance properties, D, Do, D\, D^ and D^ ("General Analysis," 
p. 39). Classes 1, 3, 5, 7, 9, 10, 11 and 12 have properties Z>o and Dx't classes 2, 6 and 8 have property D^ , 
and, in case the given number a which enters in the definition of each class is positive or zero, they have 
property Do, and property D'^ in case a is zero; and the class 4 has properties D, Dq, D^ and Df 

t It is worthy of note that this general theorem, as applied in the special case now under con- 
sideration, is, by an application of theorem II, (b), of §6, equivalent to a special case of theorem III, 
p. 52, of Professor Moore's memoir on "(general Analysis." The special feature is, obviously, in the 
reduction of the scale class @ to the single function a. 



Simply Transitive Primitive Groups Whose Maximal Sub- 
group Contains a Transitive Constituent of Order p% or 
pq, or a Transitive Constituent of Degree S. 

By Elizabeth Buth Bennett. 



If the maximal subgroup (zj of degree w— 1 of a simply transitive primi- 
tive group G of degree n contains a transitive constituent of degree 3, it is 
known that it must also contain another transitive constituent of degree 3 or 
6,* Similar restrictions on G^ have been determined when G^ contains a transi- 
tive constituent of degree 4.t We proceed to consider restrictions that may be 
placed on the degree of G or on the transitive constituents of G^ when G^ 
contains a transitive constituent of order p^ or pg, or a transitive constituent 
of degree 5. 

Theorem I. // a transitive constituent of G^ is of order p*, the degree of 
G is g*, q a prime. When fc, the number of transitive constituents of order p^ 
in G^ J is oddj & ^ 3, mod. 4, and g=2. When A; =b 2, mod. 4, q is a prime of 
form 4n+3 and a is an odd number. 

All groups of order p* are abelian and can be represented transitively only 
in regular form. Therefore the order of G^ can not exceed p* and G^^ must be 
formed from the simple isomorphism of groups of degree and order p*.t 
G is then of class n — 1 and of degree g*", q a prime.§ 

The following relation must exist where k represents the number of 
transitive constituents of order p* in G^ : 

kp^ + l = q-. (I) 

By considering (I) with respect to modulus 4, the remainder of the theo- 
rem is evident. 

Theorem II. // a transitive constituent of G^ is of order pg, p and q 
primes^ p > q^ and the order of G^ is pq^ (?, is formed from establishing a 

* Miller, Amsbican Joubnal of Mathematicb, Vol. XXXV, p. 7. 
t Bennett, Ambbican Joubnal of Mathbkaticb, Vol. XXXIV, pp. 8, 9. 
t Miller, BuUetin American Mathematical Society, Vol. VI, p. 104. 
§ Frobenius, Berliner Sitzungsherichte (1902), pp. 455-459. 
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simple isomorphism between groups of order pq. When the constituent of 
order pq is abelian, G is of degree r^j r a prime^ and of class n — 1. If the 
order of G^ exceeds pq^ G^ must contain a transitive constituent of degree pq 
whose order is greater than pq, andj in case the constituent of order pq is of 
degree p, the order of G^ must he q^p. 

When the order of (?, is pg, G^ is formed from the simple isomorphism of 
groups of order pq^ for the order of G^ is Dot divisible by the square of a prime 
number.* 

A group of order pq can be represented transitively only on pq or p let- 
ters, and, in case the group of order pq is abelian, the representation must.be 
on pq letters. Therefore, if the order of G^ is pq and the constituent of order 
pq is abelian, G is of class n — 1 and degree r% r a prime. When the order of 
Gi exceeds pq and the transitive constituent of order pq is regular, then G^ 
must contain an additional transitive constituent of degree pq whose order 
exceeds pg.f When the constituent of order pq is of degree p, the subgroup 
leaving a letter of the constituent of degree p fixed is composed of transitive 
constituents of order and degree q. G^ must then contain a transitive con- 
stituent whose degree is pq and whose order is greater than pq.\ If the con- 
stituent of order pq is of degree p, the order of G^ must be q^p^^ for the order 
of G^ is not divisible by p*. 

CoBOLLABT I. // G^ contains a dihedral group of prime degree p as a 
transitive constituent^ the order of G^ is 2*p. 

Theobem III. When G^ contains k transitive constituents of order 5, k an 
odd number^ the degree of G is 2*^ and A; ^ 3, mod. 4. If k^ 2, mod. 4, the 
degree of G is g% q a prime of form 4n-t-3 and a an odd number. 

Since G^ contains a transitive constituent of order 5, the order of G^ is 5 
and G is of class n — 1. The degree of G is then q% q a prime. If the number 
of transitive constituents of order 5 is odd, 5k +1 is even or 5^4-1^=2* and 
A; = 3, mod. 4. Since 2 is a primitive root of 5, in order that the above equa- 
tion be satisfied a=4/3. If i = 2, mod. 4, 5k+l^ 3, mod. 4, and in order that 
g*s 3, mod. 4, a must be odd and q a prime of form 4n-|-3. 

Theorem IV. // G^ contains the semi-metacyclic group of degree b as a 
transitive constituent^ G^ must contain another transitive constituent of degree 
10 or 5 and the order of G^ must be 2* • 5. 

* Miller, Proceedings London Mathematical Society, Vol. XXVIII, p. 536. 
t Beitz, American Joubxal of Mathematics, Vol. XXVI, p. 9. 
% Bennett, loc. cit., p. 6. 
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When the order of G^ is 10, G^ can be formed only from the simple iso- 
morphism of groups of degrees 5 and 10. If the order of (z, exceeds 10, from 
Theorem II G^ must contain a transitive constituent of degree 10, and the order 
of (?iis 2*-5. 

Theobem V. // G^ contains the alternating group of degree b as a transi- 
tive constituent and the order of G^ is 60, G^ is formed from the simple iso- 
morphism of groups whose degree can be only 60, 30, 20, 15, 12, 10, 6 and 5. 
// the order of G^ exceeds 60, Gi must contain a transitive constituent of 
degree 20. The order of G^ is 2* • 3^ • 5. 

When the order of G^ is 60, since the alternating group of degree 5 in sim- 
ple, the order of the other transitive constituents of G^ must also be 60. The 
group of order 60 can be represented only on 60, 30, 20, 15, 12, 10, 6 and 5 
letters ; therefore, only transitive constituents of such degrees may occur when 
G^ is of order 60. If the order of G^ exceeds 60, G^ must contain a transitive 
constituent of degree 20, for the subgroup leaving fixed a letter of the alter- 
nating group of degree 5 is a primitive group.* Since the order of G^ is not 
divisible by 5*, the order of G is 2* -3^ -5. 

A theorem concerning the symmetric group of degree 5 may be stated 
which differs from Theorem V only with regard to the possible representations. 

* Bennett, loc, oii,, p. 6. 



An Extension of Greenes Theorem. 

By Ida Barney. 



§ 1. Recti fiable Green Fields. 

In the usual proof of Green's theorem the functions must be continuous, 
and have at each point in the field of integration partial derivatives of the first 
order which are integrable over the given field. The field itself is assumed to 
have as a boundary a rectifiable curve, which is cut only a limited number of 
times by lines parallel to the axes. Other proofs* of this theorem have been 
given, in which the conditions on the functions are not so narrow, but all require 
the field of integration to satisfy the condition mentioned above. The proof of 
Green's theorem given in this paper makes the theorem apply to a much larger 
class of functions than has been possible before, and also permits the field of 
integration to be cut an infinite number of times by each one of a certain set 
of parallels. 

For the sake of clearness, the definition of a line integral over any rectifi- 
able curve will be given, together with some other geometric definitions. 

Let x = X{t)y y = T{t) be one- valued continuous functions of * in the 
interval 21 = (a < /?). As t ranges over SI the point rr, y will describe a con- 
tinuous curve C^f,. If such a curve has no double points, it will be called a 
Jordan curve. A continuous closed curve without double points will then be 
a closed Jordan curve. It has been proved that the necessary and sufl5cient 
condition for C to be rectifiable, i. e., to have length, is that X{t) and Y{t) 
have limited variation.! 

Let P' and P" correspond to t = t' and t = r on the curve C. If r < t\ 
then we say P' precedes P" and write P' < P". 

♦ M. B. Porter, "Concerning Green's Theorem," Annals of Math., Ser. 2, Vol. VII (1906), p. 1. 
A. Pringsheim, "Zur Theorie des Doppel-Integrals des Green'schen Integralnatzes," Sitzunga- 

heriohte der k, &. Akademie d, Wiaaenachaften zu Munchen, Vol. XXIX (1899), p. 49. 
Heffter, "Zvlt Theorie der reellen Curvenintegrale," Oottinger yachrichten (1902), p. 115. 
J. Thomae, " Einleitung in die Theorie der be&timmten Integrale." 
W. F. Osgood, " Lehrbuch der Funktionentheorie." 
C. Jordan, "Cours d'Analyse," Vol. I. 
t Pierpont, "The Theory of Functions of Real Variables," Vol. II, p. 583. Hereafter this will be 
referred to as Lectures, Vol. II. 

18 
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As t ranges from a to /3, C is described in the positive direction. 
If P' on C corresponds to t = t', and at V either X{t) or Y {t) has a proper 
extreme, * then the curve C will be said to have a peak at P'. 
Let Cfl^ be a rectifiable Jordan curve defined by 

X = Z(<), y = T{t), t ranging over 21 = (a < /3). 
A function /(rr, y) is defined for each point of C^^ and limited over C^^. 

Let A be a division of 31 of norm S into subintervals Sj, Sgj • •• •> §». 
Then to A corresponds a division D of C^^ of norm d into arcs l^jl^j . . . . , i|» . 
As C is continuous, d^Q with S. 

Let a = {af^j t/^), (a;\ y^)^ . . . ., (a;'^, «/•*) = 6 be the end points of arcs 
fj , jl^. Let Vj be any point on l^ . Then 

icJ {ooy y) dx = lim :E f (v,) {x" — X'-'), 

Jc.J(a?,2/)rfy = lim2/K)(y'-.v'-^), 

when these limits exist. 

Functions for which both limits exist will be called integrable functions 
over the curve C^^. A sufl5cient condition for a limited function /(rr, y) to be 

integrable is that lim 2 w, Z, = 0, where o, = osc / over arc l^ of C^^ . 

a=o 

A set of parallels to the axes will be called a pantactic set, if any interval 
of either the x- or the y-axis is cut by at least one of these parallels. 

The field of integration considered in this section will satisfy the following 
conditions : 

1*^. The boundary C is a closed rectifiable Jordan curve defined by 
x = X{t), y = Y{t), <inSI = (a</3). 

2°. X{t) and Y (t) are functions such that, if ^ is a discrete set in 91, 
the image of A given hj X{t) or by Y{t) is also discrete. 

3*^. The points in 21 corresponding to peaks on C form a discrete set. 

4"^. C has only a finite number of segments parallel to the axes. 

5"". C is cut by each one of a pantactic set of parallels in only a finite 
number of points. 
We call such a field a Green field and denote it by ®. 

We will denote by 5P, a pantactic set of parallels to the a;-axis each of which 
cuts C only a finite number of times, and does not pass through peaks of C. 
5Py will denote a similar set parallel to the jz-axis. We set 5p = 5p^+ ^p^ . That 
such a pantactic set exists, follows from 2*^, 3° and 5°, since by 2° and 3° the 
projections on the axes of the peaks on C are discrete. 

♦ Lectures, Vol. II, p. 621. 
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It will be convenient at times to let ^^^ ^y denote only the points of ® on 
these parallels ; in so doing no ambiguity will arise. 

A normal division D of norm d of a Green field ® is a division of & made 
by a finite number of parallels of 5P, and of 5Py . Since 5p is pantactic, d may be 
made to approach zero. 

Theobbm I. Let C be the boundary of a Green field &. Let x = ay a parallel 

of 5P,, cut C in the points whose ordinates are a^<a^< < ^2«- // ^ < a 

for points on C immediately preceding P, = (a, aj, then x>a for points on C 
immediately preceding Pt+i= (a, ^i+i), ^^^ conversely. 

We take P'={x% y') on C preceding P,, so that:» 

1°. Between P' and P,, C does not cut x = a. 

2\ Dist(P'P,)<6. (1) 

The theorem will be proved for the case where x' <a. A similar proof 
holds where x' > a. 

Now let P" = {x'\ y") be a point on C so that P,+i < P", and between 
P,^_i and P" there is no point of C on a? = a. Also let dist (P*+iP») < e. (2) 

Suppose that x<a for points immediately preceding P^+i . Then a?" > a 
for P\ 

Let C,,(+i denote the part of C from a, to a.^ij which does not contain 
the points P' and P". 

C»,i+u together with the interval (a,a,^_i), forms a closed Jordan curve T, 
and divides the plane into two precincts,* R and L. (3) 

It will be proved later that P' lies in one of these precincts and P" in the 
other. For the moment this will be assumed. P' and P" can be joined by an 
arc of Cj which does not include C,,*+i. Call this arc C". C must intersect F, 
as P' is in one precinct and P" in the other. C has no double points, so C can 
not intersect C^^t+i and must cut the interval (a,a,+i). Therefore a^+i is not 
the next point to a, . This is contrary to the hypothesis. Thus x> a for 
points immediately preceding P^+i. 

To prove P; and P" are in different precincts, we take Q' > P, and 
Q" <Pi+ij so that: 

l^ Dist {Q'P,) and dist (C" P.+O < b'. 

2"". C does not intersect x=a between P. and Q' or between Q" and P^+i. 
About Pj4.i and P^ circles ^^ and ^.^.a, of radius p, can be drawn, so small that 
they will contain no points of C^^^^l except such as lie between P^ and Q' or 

* Lectures, Vol. II, p. 612. 
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between Q" and P^+i. Within {a^a.j^^) take an interval ^=:(at + >7, a.^j — >7), 
>7 < p. Then 

^ = dist(XC,,,+i) is >0. (4) 

Starting with a^ + >? as the first center, draw a series of equal overlapping 
circles c^, Cg, . . . . with centers m^, mg, . . . . on X, with radius r <n. Finally, 
each point of X will lie in at least one circle. The number of circles required 
will be finite. Let it be m. 

aj + >7 is a frontier point of T; therefore c^ contains points of both R and L. 
Since c^ contains no point of C^^^j^i as r<^, any two points of c^ for which ic>a 
can be joined by a curve not cutting V. Thus all such points belong to one 
precinct. The same statement is true for points of c^ , where x<a. A point 
in Ci as M for which rr > a, and a point in c^ as N for which a; < a, can not 
belong to the same precinct, because then all points of c^ would belong to the 
same precinct. Of the two precincts L, R introduced above, let L denote that 
precinct to which the points in c^ belong for which x<a. (5) 

Similar reasoning can be applied to each circle, since the centers are 
frontier points of P. This reasoning proves that in any circle all the points 
for which x <a belong to one precinct, and all those where a? > a to the 
other, (6) 

Some points of c^ lie in ^^ , since >? < p. Let us take a set of points 
Po> Pu ' ' '9 Pm ^^r which x<ay and such that p^ is in ^^ and c^, p^ in c^ and c,, 
etc. Finally, p^ is in c^ and ^j+i. From (5), Pq and Pi belong to L. From 
(6), Pi and p^ belong to the same precinct. Thus Po> Pi> P2 ^^^ ^U ^^ ^* 

Continuing in this way, we can prove that all the p points belong to L. (7) 

Take a corresponding set g© > 9i j • • • • > 3m ^^^ which x>a. Reasoning on 
these points as we did on the others, we can prove that they belong io R. (8) 

In ^, there is no part of Cj^^+i for which x<a\ therefore all points in ^^ 
for which x<a belong to one precinct. From (7), p^ belongs to L; thus all 
points in ^^ for which x<a belong to L. 

From (1), P' is in ^, if 6<p, and x' <a by hypothesis. Therefore P' 
belongs to L. 

Similarly all points in ^j^_i for which x>a belong to one precinct. From 
(8), q^ belongs to R\ therefore all points in ^^+1 where x>a belong to R. 

From (2), P" is in ^,+1 if e<p, and we assumed that x" >a. Thus P" 
belongs to R. 

Therefore P' and P" are in different precincts. 

Remark. A similar theorem can be proved for y = ^y any parallel of 5Py. 

We can now assume that the positive direction on C is such that, if (a,ai) 
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is the first point of C on a; = a, a parallel of ^, , then x<a for points on C 
immediately preceding (a, aj). For if this were not the case, the variable t 
could be replaced by a new variable — L 

Theorem IL Let C be the boundary of a Green field ®. Let x=u and 
y = ^ be parallels of 5p. Let y = /3 cut C in d, Q^j . . . ., Q^^j reckoned from 
left to right. Then y>^ for points on C immediately preceding Q^ . 

Let /S be a square containing ®, and bounded hy x=Ay x=Bj y=Ej y=F' 
A<Bj E <F. On C, we take points F = (v^ , v^) < Q^ and W = {Wi,w^)> Q^^ > 
so that : 

1^ Dist {VQ,) and dist {WQ^J < e. (1) 

2°. C does not intersect y = fi between V and Q^ or between Q^^ and W. 
Suppose y <fi for points on C immediately preceding Q^ . Then Theorem I 
shows that y>^ for points immediately preceding Q^^. Then 

W2< fi and v^ < fi. (2) 

Let C, 2m be the part of C from Q^ to Qgm ^^^ including V or W. 

We now take a? = a so that x = a cuts y = ^ between the points Q^ and 
0,^, and also v^<a<Wi. (3) 

Let ^1 be the segment of y = ^ from Qj to a; = A. Let Xj^ be the segment 
of y = ^ from Qjm t^ x = B. Cj 2m + '^i + ^2m *^^d the boundary of 8 where 
y <^ make up the boundary of a precinct H. 

Let a^ be the point of C^ gm on x = a nearest y = E. Let the segment of 
x = a from a^ to y = £? be r. r divides H into two precincts. That precinct 
which includes \ in its frontier we will denote by L, and the other by R. Then 
F is in L and W in R. 

To prove this, let us take P^ and Pg^, two points on Ci,t^, so that Qi <Pi 
and Pj^ < O2W Moreover, between Q^ and Pj , Pg^^ and Q^^ there shall be no 
point of C'l 2m on y = /3. Let Ci jm denote the part of C^^^ between P^ and 
Pg^. Then 

d, = dist i\Cl,J, d, = dist {\Cl^J > 0. 

About Oi and Q^^ draw circles c^, c^ with radius ^i< ^i , ^2 < ^2i»- If ^ < ^> 
F lies in c^ and TF in Cg, from (1). 

Since c^ contains no points of C\^^^y all points of c^ where y</3 must 
belong to L. But v^<^y so F lies in L. Similarly we can prove that W 
lies in R. 

V and W can be joined by an arc of C not including C, j^. Call this arc 
^vw* ^viB miist intersect the boundary of L. C^„ can not cut the boundary 
of S^ or Ci 2m> or ;ii, or ;i2^; so it must intersect r at some point a,. C.„ may 
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cut x = a in other points below a, , but in order to return to F in L, C^„ will 
have to cut a; = a an odd number of times. Then Theorem I proves that x>a 
for points immediately preceding (a, a^). This is contrary to the definition of 
the positive direction on the curve C. Thus the theorem follows. 
It is now necessary to introduce the idea of limited fluctuation.* 
Let P be one of the parallels of 5p, . Let D be a division of P of norm d. 
Let CO, = osc / over the c-th interval on P. Suppose now 

max 2o, < F, for any P of 5P,. (1) 

Let a be a discrete set on P. Let 0^ = 20, over those intervals of D con- 
taining points of a. Let 

o^ < ilf ai for any line of 5p,, (2) 

where M is independent of P. 

When (1) and (2) are satisfied, fi^yP) has limited fluctuation with respect 
toy on5P^. 

A similar definition holds for limited fluctuation with respect to a? on $y . 

Let the curve C be the boundary of a Green field ®. We effect a division 
D of norm ei of C by taking points 

^1 > ^2 > • • • • v^) 

on it which satisfy the following conditions : 

If C has no segments parallel to the t/-axis, we will take the points (1) 

so that they lie on iP = tti, x = a^j , parallels of 5P^, and such that each arc 

C.C.+i has length < d. 

If C has segments parallel to the y-axis, we may suppose their lengths are 
all <d. For if the length of any such segment is >rf, we may subdivide it 
The end points of these parallel segments also form a part of the division Z>. 

Let the parallels x = a^ cut C in the points whose ordinates are 

^t,l < «i,2 < < ^i,2«- 

We now prove Theorem m. 

Theorem III, Let f (a?,y) he limited and integrable over the boundary C 
of a Green fields and have limited fluctuation on ^^ with respect to y. Then 

lim 2 [/ (a., a.^^^) — / (a., a,,,^^,) ]Ax, = —jcf {^7 v) dx, (1) 

where Aa;, = a^+i — a, . 

Using the notation in the beginning of this paper, 

2 / {V,) (a^ - x^'^) = Scf (^, y) dx. (2) 

* A Bimilar classification of functions is given in Lectures, Vol. II, p. 634. 
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For the sake of brevity let us set 8^ = a?* — a:*""^ Three classes of points are 
to be considered. 

(A) Where a^ ^ ^w^^4,i+i ^^^ consecutive points of D. Here 84 = 0, so 
^f{v^)B^ is not affected by such terms. However, in general, 

/(«*»«»,/) =^/(ai,«*.i+i). 
Let 2 = 2 [/(«•, o>i ti)—f (a»j «» 2i-i)] ^^i ^^^ terms belonging to points of 

class (A). Then 

|2|<P2Aa:„ (3) 

A A 

where P = max 2 osc / over any line of 5p^ . 

P is finite, as f {x^y) has limited fluctuation. Since the intervals 2 A a?, 

A 

contain the projection of the peaks of C, and this projection is a discrete set, 

2Air, <f/2P, d<d\ 

From (3), 

|2|<6/2, d<d'. (4) 

A 

(B) Points lying on vertical segments of C. Let m be the number of 
such segments. Li the sum in (2) there are at most 2 m terms affected by 
these points. Denote their sum by 2 / (v.) S^ . Then 

B 

|2/(f.)8.|<e/4, d<d". (5) 

B 

Let the sum of the corresponding terms in (1) be 2. This contains at most 

B 

2 m terms. Therefore 

|2|<e/4, d<d''\ (6) 

B 

(C) Where two consecutive division points of D lie on two consecutive 
parallels a? = a,, a? = a.+j. The positive direction on C is such that x<a for 
points on C immediately preceding (a^ja^^^). Theorem I proves the same is 
true for (a,, a,^,/-!)* ^^^ *^lso proves that x>a for points on C immediately 
preceding (a,,a, j^). Therefore, 

/(a.,a.^2^) Aa?, = — /(vjS,, 

Thus 

|-2/(t;.)S,-2[/(a„a,,,)-/(a„a,,,_,)]Aa;J<|2| + |2| + |2/K)oJ 

if ABB 

<|+| + |, from(4),(5),(6), 

^ ^ ^ ^ <'' ^<^-" <^> 

where S', S", S'" > S^ . 
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From (2), (7) comes (1). 

Remark. If x and y are interchanged in the preceding theorem, and if 
Theorem II is used, (1) becomes # 

lim2[/(6,^,„/3,.)-/(6y.2.-i,l3i)]Ay,= Jc/(^,y)d2/. 

In the Green field ®, we take a discrete set A. Some cells of a normal 
division D of norm d oi & will contain points of A. We will call this sum A^. 
A^ will in general consist of one or more columns of cells parallel to the j^-axis. 
The boundaries of these columns will be made up of lines parallel to the axes 
and parts of C. Let B^ denote the parts of these boundaries which belong to C 
or are parallel to the rr-axis. That is, B^ is the boundary of A^ exclusive of the 
parts parallel to the ^/-axis. 

For the parallel x = a,oi D which cuts 5^, denote the points of intersection 

by ^,^1 < ^, 2 < < ^4 2» • I^ the next theorem. Theorem IV, the ^'s will have 

the meaning defined above. 

Theorem IV. Let f {x, y) he limited and integrdble over the boundary C 
of a Green field @, and have limited fluctuation on 5P^ with respect to y. Then 

2 [/K,?..2/-i) -/(a.,?c.2i)] A^c = as d = 0. (1) 

Let SA'x^ be the sum of the projections on the rr-axis of columns of cells 

belonging to A^j where 2 1^^,^ — ?t,i+il > some positive number L. Then 

lim 2 A' rr^ = for any fixed L. (2) 

For suppose the contrary; i. 6., 

2 A' iTj > Af > for some L. 

Then area A^ > ML > 0. This is contrary to the hypothesis that A is discrete. 
Let @^ be the projection of ® on the a:-axis. Divide the columns of cells 
of A^ into two classes according as 

(a) 2l/(a.,^,,,_,)-/(a.,r...y)|<e/2®„ d<d'; (3) 

(b) 2|/(a.,f,,,_,)-/(a.,^,,,)|>e/2®„ d<d'. (4) 

Since f{x,y) has limited fluctuation, for columns of (b) I,\^,J—^^J^^\ > some 
number L. For such columns of cells, from (2), 

2A'x,<e/2P, d<d", ' (5) 

where P = max 2 osc / for any line of 5p^ . P is finite, as f{x^y) has limited 
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fluctuation. Then the sum in (1) breaks up into two sums X and S: 

a b 

l2[/(a.,^..,,)-/(a.,^.,j,_,)]Aa;.|<®,max2|/(a., ?..,,)-/ (tt.,?.,j,_,) I 

a / 

<e/2, d<d„ from (3), 
|2[/(a.,^,,,)-/(a.,^..,,_,)]Aa;.i<P2'Aa;.<e/2, d < d, from (4), 

b I 

where d% d" > do. Therefore 

|2[/(a.,^,,,)-/(a„^,,,,..,)]Aa;J<i2| + |2|<6, d<d,. 

ij a b 

Remark. In the preceding theorem x and y may obviously be inter- 
changed. 

Theobem V. Let 93 66 a pantactic* set in the Green field ®. Let A he 
a discrete set in ® — 93. Let D be a normal division of & of norm d. Let 
dij . . . .^ d^be cells of ® containing no points of A. Let f{Xj y) he limited and 
integrable over 93. Then 

limXfiv,)d, = i^fix,y)d^. (1) 

Let e^, , e^ denote the cells of © made by D. Let S^, . . . ., S^ denote 

the cells o^ & containing points of A. Then 

Xe, = Xd, + XK^ 
By definition of an integral, 

li«/(^,y)rfa3-2/K)6j <f/2, d<d\ (2) 

Also 

\Xfiv,)e,-Xf{v,)d,\ <FXK. (3) 

where | / 1 < F in 93. Since A is discrete, 

|2SJ<6/2F, d<d\ (4) 

From (2), (3), (4), 

|5»/(a;,y)rf93-2/(t;JdJ < 6, d < d,, 
where d^ < d'j and d^ < d". 

Theorem VI. Let 93 he pantactic on each parallel of 5P,, and ® on each 
parallel of 5Py, in a Green field &. Let 5 = 5p,— SB and C = 5Py— © be discrete 
in two-way space. 

Then A = 2) t; (S, 6) is pantactic in &. 

Let D be a rectangular division of ®. Let rf be a cell of D. As B + C is 
discrete, and as 93, 6 are pantactic, there exists in d a rectangle S which con- 
tains only points of 5p, belonging to S and points of 5Py belonging to 6. 

* Pantactic is used here in the sense defined in Lectures, Vol. II, p. 325. 

19 
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Let 8^ be the part of one of the parallels of 5p^ in 8. Every point of S^ 
belongs to S. The points on 8^ through which pass lines of ^^ are pantactic. 
Moreover, each point on ^^ in 8 belongs to 6. Therefore, points of A which 
lie on 8, are pantactic relative to 8^ . Thus 8 and also d contain points of A. 
Since d is any cell of ®, A is pantactic relative to &. 

Theor&m VIL Let f (x^y) be limited and integrable over the boundary C 
of a Green field ®, and have limited fluctuations on ^^ with respect to y. Let 

93 be the set on ^^ where f^=i —L exists. Let 93 be pantactic on each parallel 

dy 

of ^^ and let B=:^^ — 93 be a discrete set in &. Let f^ be limited and integrable 

over 93. Then 

Scf{x,y)dx^-Sj^d^. (1) 

py 

Let D be a normal division of ® of norm d. Let 21^ be the cells of D 
where ^ exists on ^^ , i. e., containing no points of B. Let d^ be a cell of 51^ 
one of whose sides lies on x = a^ and has end points (a,, v), {a^^fi). Since f^ 
exists for each point oi {v^ii) on x = a^hY hypothesis, the law of the mean may 
be applied, and we have 

/K,i^)-/(cCo^)=/2K,*i)(i^-^), v<k^<ii. (2) 

If we do this for one side of each cell of 21^ , taking always the sides parallel 
to the y-axis, and add all the equations thus obtained, some of the terms on the 
left will cancel in pairs. For example, if (a^, >?) is a point within 21^, but at the 
corner of a cell d^ , it will be both a v point and a ft point. Considering d^ 
we have 

/(a.,r)— /(a.,>7)=/2(a„*^,)(^ — >?), ri<'k^<r. 
Considering d^_^ we have 

When we add these two equations, f (a^yj) drops out. In the sum obtained by 
adding equations of type (2) , only terms involving points on the boundary of 21^ 
will remain on the left. We call these ^ points, and denote those on x = a, by 

f..l<^..2< ....<^.,2r. (3) 

These points are finite in number, as 2) is a normal division. Adding 
equations of type (2) and multiplying by Aa;^, we get 

2 [/ (a., ^.,,^) - / (a., ^,.2y-i) ] Ax, = If, (a„ fc,,^) Ax.Ay^. (4) 

Let x = at cut C in the points a^ ^ < a,, <....< a, 2n- (5) 

Let B^ be that part of the boundary of ® — 21^ which is not parallel to the 
2/-axis. 
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Let x = a, cut B^ in ?..i<f,.2< .... <^.,2«- (6) 

The I points are either ^ or a points ; i. e., either on C or on B^ . 

Suppose f, 4 = ^t,,. Then both A and 5 are odd or both even. Let k be 
even. Then, from (3), points near I, j. but < ^^ ^ on a; = a, belong to 21^; and 
those near ^^ j^ but > ^^^ on'a; = at do not. As f^t is on C, these latter points 
do not belong to ®, and the former dQ. Thus, from (5), s must be even. 
Similarly, s can be proved odd, when k is odd. 

Suppose now ^^^^ = fi,,» If * is even, 5 is odd and conversely. Let k be 
even. The statement above holds in regard to points belonging to Sl^ . Since 
^j jfe is not on C, points above ^,^j. on x = a, must belong to © — Slj. Then, 
from (6), 5 is odd. 

Thus the left side of (4) may be broken up into two sums, one containing 
terms involving ^ points and the other containing terms involving a points. 
We have, therefore, 

2 r/(a,,a.,,,)-/(a,,a..,,_J]Aa;. + 2[/(a,,^,.,,_0-/(a., ?,.,,)] Ao;.^ 

»i ii 12 

If there exists a point Q which is both an a point and a ^ point, it is not 
on the boundary of 21^; so the term /(a^, 6) does not appear in (4). 

Let d = aj , = ^4,,. Reasoning similar to that used for the case where 
fj 4 = 0^ , shows that s and r are both even or both odd. Therefore, in (7) the 
term involving /(a,, Q) enters twice, but with opposite signs; so (7) equals the 
left side of (4), no matter how many points like 6 there may be. Therefore, 

2 + 2=:2A(a„Aj.,,.)A(r,Ay^. (8) 

(7) contains now all the terms involving a points for lines a; = a, of D and all 
f points. By Theorem HI, 

l, = -Scf{oo,y)dx. (9) 



By Theorem IV, 
By Theorem V, 



2 = 0. (10) 



2 



2A(a.,fc..,)Aa;.Ay,= J»|^d5B. (11) 

The theorem follows from (8), (9), (10), (11). 

Remark. If in the preceding theorem and demonstration x and y are 
interchanged and Theorem II is used, then (1) becomes 

So9{<»,y)dy = S^^d^, (12) 

OX 
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We have, as a corollary of the foregoing, 

Theobbm VIII. Let A = St; (93, ©). Then, from (1) and (12) and 
Theorem VI, 

ic!/«y)rf> + ^(rr,y)rfyi = J,[||-|^JrfA. (13) 

The relation (13) is Green's theorem proved for a very general class of 
functions over a field which may be cut, by each one of a certain set of parallels, 
in an infinite number of points. This set may contain an infinite number of lines. 
The functions do not need to be continuous with respect to one variable on all 
lines in the field, but only on a certain set of lines 5P, or 5Py. The value of the 
function on lines not belonging to this set is of no consequence, provided the 
function is integrable over the boundary of the field. The derivative need not 
exist for every point on the lines 5P^ or 5|Jy , but must exist for a certain set, 
over which it is integrable. The derivative may exist for points in the field 
not on 5P^ or 5Py . When this is true, the derivative may not be integrable over 
the whole field for which it exists. 

§ 2. Nonrectifiahle Green Fields. 

Up to the present, line integrals have been defined only for rectifiable 
curves. If now we look at the relation (12) obtained in Theorem VIII, we see 
the right side has a meaning whether the boundary of & is rectifiable or not* 
Let us see, then, if it is not possible to extend our definition of a line integral 
so that the left side of this relation has a meaning when the curve C is not 
rectifiable. This can be done for a class of curves defined as follows : 

1°, C^j is a Jordan curve defined by 

x = X{t), y = Y{t), tm%={a<fi). 
2^. ^ is a discrete set in SI having I as its image on C^^. 
3°. C^ is rectifiable except in the vicinity of points of I. 

By 3° is meant the following: Let A be a division of 81 of norm 8. As A 
is discrete, if 8 < S^ there are intervals containing no points of A. Let their 
sum be 21^, and let C« be the part of C^^ corresponding to Sl^. Then Ci is 
rectifiable for each ^ <^q, but C^i, is not rectifiable. 

An example of such a curve is 

x — tj y = fsin-, 0<<<1, 
t 

= 0, < = 0. 

This curve is rectifiable except for the point t = Q. 

The set I will be called the singular points of the nonrectifiahle curve C^^ . 
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Let / (a;, y) be defined and limited over C^^. If / (a?, y) is integrable over 
(7« for each 8 < 8o> / (^> y) is said to be regular over C^j,. 

Let / (a?, y) be regular over the nonrectifiable curve G. If 

lim U/(^> y) dx and lim U/(a?, y) dy 

«=0 8=0 

exist, these limits are denoted by 

ic.J{^yy)dx and ic.J{ix>,y) dy. 

If both limits exist, /(a?, y) is said to be integrable over C^i,. 

A field ® whose boundary G satisfies the following conditions will be called 
a nonrectifiable Green field. 

1°. (7 is a closed Jordan curve defined by 

x = X{t), y = T{t), <in2l=(a<i3), 
and rectifiable except for a set I whose images on the axes are 
discrete. 
2°. For any C| the corresponding functions X^{t) and T^it) are such 
that, if J[ is a discrete set in Sl|, the image of A given by Z«(0 
or by ri(f) is discrete. 
3°. The points at which either x(t) or T (t) has a proper extreme form 

a discrete set in 21. 
4°. G has only a finite number of segments parallel to the axes. 
5°. (7 is cut by each one of a pantactic set of parallels in only a finite 

number of points. 
Let f{Xy y) be regular over the nonrectifiable boundary C of a Green field ®, 
and have limited fluctuation on 5p^ with respect to y. Then f{x,y) will be called 
a normal function of ® with respect to y. A similar definition holds for a 
normal function with respect to x. 

Thbobbm IX. Let f{x^y) he a normal function of the nonrectifiable Green 

field ® with respect to y. Let 95 be the set on 5p^ where /j = -i exists. Let 

dy 

B = 5P, — 93 be discrete. Let /j be limited and integrable over 93. Then 

Sof{^.y)dx = -s^y-^d^. (1) 

Let 7^ be the projection of the singular points of G on the o^axis. 7, is 
discrete by the definition of a nonrectifiable Green field. Let 7) be a normal 
division of ® of norm d. Let us look at the columns of cells parallel to the 
2/-axis, which contain no points of 7. In each of these columns, there is one or 
more partial fields of ®. These are finite in number, as 7) is a normal division. 



(4) 
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Let these fields be ®i , ®2 > > ®m > with boundaries \^\j , ^« . Let S. 

be the part of 93 in ®, . 

Each ®. satisfies the conditions of Theorem VII; therefore 

SJ{<^.y)dx = s^,y^d^,. (2) 

Let I, be the part of \ belonging to C. For the rest of X, , rf a; = 0, since 
it is parallel to the t/-axis. Thus 

K f{^jy)dx= J,^ / {x, y) dx. (3) 

Let 950 = 2 95., C« = iz.. From (2), (3), 

ay 
As »o = », 

J«.|^iiBo=u|^iS8.* (5) 

Therefore lim {cj{^iy)dx exists. Then, by definition, 

1=0 

\imScJ{x,y)dx = Scf{x,y)dx. (6) 

1=0 

Therefore Jc/ (a;,?/) t^a^ =— 5»|^ <i93, from (4), (5), (6). 

cy 

Remark. If a; and y are interchanged as has been done before, (1) becomes 

So9{'>^,y)dy = S^l^d(^. (7) 

OX 

As a corollary of the preceding, we have 
Theorem X. Lef A = ® t; (95, 6) . Then 

Sc\f{x,y)dx + g{x,y)dy\ = S.]^^-y-^dA. (8) 

(8) follows at once from (1) and (7). 

* Lectures, Vol. II, pp. 56, 60. 



On the Asymptotic Solutions of Linear Differential Equations. 

By Clyde E. Love. 



Asymptotic developments for the irregular integrals of a linear diffe^e^- 
tial equation have been obtained by Horn,* provided that the coefficients of the 
equation are themselves developable in asymptotic (or convergent) power series 
in the vicinity of the irregular point in question, and provided also that the 
roots of the so-called characteristic equation are distinct,t The important 
special case in which the point is a regular singular point | of the differential 
equation has been studied by B6cher§ for the equation of second order, and 
later by DunkelH for the equation of arbitrary order. But no discussion of 
the general problem including the various cases of repeated roots has as yet 
been attempted. 

By way of approach to the general solution it seems worth while to con- 
sider in some detail the cases of repeated roots for various equations of special 
orders. Such a study is undertaken in the following pages. We restrict 
ourselves, for simplicity, to equations of the second and of the third order, the 
method used being applicable at once to equations of any order. The irreg- 
ular point is taken at infinity, and only real values of the independent variable 
are considered. 

In point of method, we make use of two general theorems arising from 
Dini'sT[ researches in the theory of linear differential equations. The state- 
ment of these theorems, with an outline of their proof, is to be found in Sec. I. 

The equation of second order forms the subject of Sec. II. Although the 
researches of Horn,** Kneser,tt BocherJJ and others leave less to be done 

* Journal fUr Maihematik, Vol. CXXXVIII (1910), pp. 169-191. 

t Horn has published several papers on this case of distinct roots. Important contributions have 
also been made by Poincar^, Kneser, Birkhoff and others. 

% The term " regular singular point " has here the meaning which is assigned to it by~B6cher. Cf . 
Transactions of the American Mathematical Society, Vol. I (1901) , pp. 40-62. 

§Bdcher, loc. cit. 

\\ Proceedings of the American Academy of Arts and Sciences, Vol. XXXVIII (1903), pp. 839*370. 

^Annali di Matematica, Ser. 3, Vol. II (1898), pp. 297-324; ibid., Vol. Ill (1899), pp. 126-183. The 
possibility of applying Dini's methods to the problem in hand was suggested to me by Prof. W. B. Ford. 

**Aota Mathematica, Vol. XXIII (1900), pp. 171-202. 

^Journal fUr Mathematik, Vol. CXVI (1896), pp. 178-212; ibid.. Vol. CXVII (1896), pp. 72-103; 
ibid.. Vol. CXX (1899), pp. 267-276. 

It Bdcher, loc. cit. 
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upon this equation than upon those of the third and higher orders, it is believed 
that the discussion, from the standpoint of the Dini theory, is of sufficient inter- 
est to warrant its insertion in condensed form. We begin with a brief treat- 
ment of the case of distinct roots. While the results for this case are not 
new, it seems best to exemplify the method by applying it first to this simple 
problem, so that in the subsequent discussion of more complicated cases many 
details may be omitted. For the equation under consideration, the only case 
of repeated roots that offers any difficulty is that in which the point at infinity is 
a "regular" singular point, and this, as noted above, has been studied by Bocher. 
However, on account of his more general hypotheses he does not obtain an 
asymptotic solution in Poincare's * sense, but only the dominant term of such 
a solution, so that the present results are a step in advance. 

Questions of more interest arise in connection with the equation of third 
order, which is discussed at length in Sec. III. This discussion, when compared 
with that for the equation of second order, is of distinctly greater moment, not 
only because the results possess greater novelty, but because the methods used 
are much more suggestive in pointing the way toward a solution of the general 
problem. This is especially true of the case in which the characteristic equation 
has a simple and a double root. 

L Two Genbbal Theorems on Lineab Diffebential Equations.! 

Suppose that, in the differential equation 

y<«)+ai(a;)y<»-i>+ .... +a,{x)y=0, (1) 

the coefficients ai(a?), , a^{x) and their first n derivatives are continuous 

for all positive values of x sufficiently large. Let us choose n auxiliary func- 
tions 2fj , «2 , J z^oi Xj which, with their first n derivatives, are continuous 

for large positive a?, and such that for the same values of x the determinant 



Q{oo) = 



2l Z[ 5!j»-»> 

Z^ Z^ .... Z2 



gU-1) 



(2) 



never vanishes. Let -4, (a?) denote the minor of Q{x) with respect to the ele- 
ment aj»~'\ Also define 

ZA<^) =z/i-{z/i,-,r+ . . . . H- (-l)»-'(«A)^-"+ (-1)"^^^ (3) 

r=l, ,n, 

*Aota Mathematica, Vol. VIII (1886), p. 206. fCf. Dini, loo. oit. 
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and f onn the determinant 

: z,{x) z[ix) .... «(»-*> (0?) Z,{x, 

s,ix) z^{x) .... z^-'>ix) Z,(x,) 
Qix,x^)= . (4) 

zjx) eUa;) .... zi'-^>{x) ZJx,) 

Let C, denote an arbitrary constant, and place 



K{x, ajj) = -i ' ^^^^ — ^ 






(5) 



r=l, ,n, 



«*,,x(a;)=in?. . ..Sl'^-^SV^--'K(x, x,)K(x,, x^) . . . . 

K{x^^t, x^_i)K{x„_i, Xy)g,(x^)dxJX),_i dx^dT^,H^) 

f,.*(a?) =5:;:. . . .5r,_j;_,^(a5, x,)Kix„ X,).... 

K(x^_i, x^-i)K{X),_i , x^)g^{x^)dXf,dx^_i dx^dx^. 

Then we have 

Thbobbm A: If a constant a can be found such that for all values of x>a 
the series 

A = 

satisfies the following conditions: 

(a) the series converges; 

(b) the series defines a function yr{^) such that the series for y^{Xj) when 

multiplied by q{Xy x^) may he integrated term hy term with 
respect to x^ from a to x; 
then for such values of x the function yr{x) is an integral of (1). 

Theokem B : If for values of x greater than some constant j the series 



y,{x)= 2v,,x(^) 



A=0 



(7) 



satisfies the following conditions: 

(a) the series converges; 

(b) the series for y^{x^) when multiplied hy q{XjX^) may he integrated 

term hy term with respect to x^ from x to co ; 

(c) the series defines a function yr{x) such that each of the integrals 

S^yM)Z,{x)dx, 5=1, , n, 

has a meaning; 
then for such values of x the function yr{x) is an integral of (1). 
20 
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To prove Theorem B, place 





P..«-x=2.a»-i— K»-J» s=i, 2, . . . ., «; 
<P,ix)=r.yrZM 5=1, 2, . . . ., r-1, r+1, 

Pl.O Pl.l Pl.n-t ^l(^) 

P2.O P&l •••• P2,»-8 <I>2(«) 



(8) 



n, 



A,(x) = 



A{x) = 



Pn.O Pn.l 

P1.O Pl.1 
Pt.O Pa. I 



Pn.n-2 <I>»(a') 



Pl.n-l 
Pl.n-1 



= (-1) « Qix). 



P».0 Pn.l Pn.»-I 

Now by condition (c) the series (7) may be written 

y,(«) =9ri'^) +isyri^l)K{X, X,)dx,. (9) 

By substituting the values of gr{x) and K{x, Xj) in (9), we find 

« (00) = ^(^) 

so that it suffices for our proof to show that this function is an integral of (1). 
To do this, consider the system of n functions »7o, »7i, . . . ., »?,_,, each 
defined for all values of x sufficiently large by means of the following system 
of n linear equations : 

P..o»7.-i+P..i»7,-j+ • • • • +P..— i»7o=<t.(a'), s=l, 2, w. (10) 

We have at once 



''«=A^=^" 



(11) 



Upon differentiating equations (10) with respect to a?, and making use of (8) 
and (11), we find 

zfi+P'.Ji-\-P'..A+ • • • • +K-2»n-i=0, 5=1, 2, . . . ., n, (12) 

where 

B =i7»-i+fli(^)>7!i-2+ • • • • +«»-i(a?)>7i+oJa?))7o, (13) 



> 



(14) 
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The system (12) consists of n homogeneous linear equations in the n 
quantities 6^6^ . . . ., d^-j. By virtue of the relation 

Pt.i=^fi.+i—Pt,s+if *=1, 2, , n; 5=0, 1, , n— 2, 

the discriminant of the system reduces at once to ( — l)*~^Q(rr), and hence by 
our hypotheses does not vanish for any value of x under consideration, whence 

or, by (11) and (14), 

>!,=yi'\ 5=1, 2, ....,n. 
Substituting in (13), We find 

y.^"^+ai(a;)y<»-^>+. . . . +a,(a;)y, = 0, 

which was to be proved. 

The proof of Theorem A follows similar lines, and may be omitted. 

II. The Equation of Second Obdeb. 
In the differential equation 

y"+a{x)y'+b{x)y=0, (15) 

suppose that for sufficiently large positive real values of x we may write 

a{x)^x^ |ao+^ + J, 

6(rr)-rr**[6o+^ + ....], 

k being or a positive integer, and suppose also that a' (x) has an asymptotic 
development. 

1. Distinct Roots. 

Consider first the case in which the roots m^, m^ of the characteristic 
equation 

m«+aoW+6o=0 
are distinct. 

Let us choose two auxiliary functions Zi{x)jZ2{x) (cf. Sec. I) of the form 
2^^g-M.)+*.(*)^-.,.o^ r=l, 2, (16) 



where 



and 
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The undetermined coefficients a^^_jt> • • • •> ar,,-i and the arbitrary integer s 
will be selected presently. 

Upon forming Z^{x) as given by (3), we find * 

Z,{x)=z,c^''[^ + ^-^^ + .... + ^-^^ + ^-^*^PU<^)'], r=l,2, 

in which ?r.i> Cr.2> > ?r.»+* ^^^ certain easily determined functions of a^, -.|., 

. . . . , a,, ,_i . 

Now let us place 

and determine the coefficients t «,/-», • • • •> ot^,,-i ^7 means of this system of 
equations. Under our present hypotheses the equations can always be solved, 
and the functions z^ , Zz thus determined will be unique. Let our notation be 
such that } 

when X is sufficiently large. 
Put 

ai,o+a2,o=ao. ar,o— *=Pr, /i(^) +/2(a?) =/(^). 
Then we may write, by (4), (2), (6) and (5), respectively. 



Q {X) = (m,-m,) e-/(')rr— +*Pi (x) , 



^(a?, x,)= 2 e''<*V'P3,,(a?)e-^'<^>a?r^'-'Pi,,(rrJ. 

An arbitrarily large integer p having been fixed, let us choose s so large 
that 

5>p + 2 + 2|a,.o|+2|a2,ol; 
also take C^={—l)^{mj^ — m^) and form the function Vi,a(^) occurring in 
Theorem B. Then the function y^ of that theorem takes the form 

* Throughout the present work the symbol P(x) (generaUy written with subscripts) denotes a func- 
tion expressible in the form 

P(a,)=l+ii+....+ 4id:!^, lime,(ar)=0, 

p being an arbitrary integer. 

t As soon as ai,o, 0,^0 are determined, 8 is selected to fulfil a condition pointed out later. 
i Throughout the work, R [x] denotes the real part of x. 
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A=l 

Upon recalling the way in which s was chosen, together with the fact that 

fi[/x(^)-/2(^)]<0, 
it appears that the function \K{x^ x^)gi{Xi)\ is a monotonically decreasing 
function of 0?^ , whence 

CJ^(%-i, ^x)gi{^x) \dx^< |^(a^x-i, %-i)^i(^x-i) I <4|e/^(^x^i>a^-(^+«>|. 
Further, 

Cx-2^"x-i I ^(^x-«^ ^x-i) \K{x^^,,x^)g,{x^) \dx^dx^,,<^'\ef^^^x-^^x^zi'^^'^\. 
Proceeding in this way, we find that 

and therefore that 

8 1 



2 [Vi,a(^)] 



_ UA(*)^ , (17) 



when X is sufficiently large. This inequality being established, it follows very 
readily that all the conditions of Theorem B are satisfied, and hence the func- 
tion i/i is an actual solution of (15). 

As a consequence of (17), we may write 

y,=ef^'''x^P,^,{x), (18) 

and therefore 

y.r^ef^^'^x^ ["1+ :^ + . . . l- (19) 

It is not difficult to show that y[ and yl also possess asymptotic developments, 
which may of course be found by differentiating (19), 

Now if Rlf^ix) ] =-B[/i(a?) ], we may write at once by the same argument 

y^=ef^^'^x^P,^^{x). (20) 

If, however, fl[/i(a/)] <fl[/2(a;)], the argument fails, since some of the 
improper integrals in V2,x(^) cease to have a meaning. To obtain a solution 
in this case, it will be convenient to revise our system of auxiliary functions, 
and then apply Theorem A. 

In the adjoint equation 

z" — {azy+bz=0, (21) 

corresponding to (15), the coefficients satisfy all the hypotheses of this section. 
Thus (21) has a solution z^ of the form (18), which is found by direct compu- 
tation to be 
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In the system (16) let us replace z^ by this function z^y thus making Z2{x)^0. 
With this change we find that 

while ffiix) is in essentials unchanged. 

Now form the function Wg^x (^) of Theorem A. Then by that theorem we 
find 

y^=ef^^'^x^P,^,{x)+ 2 1^2, x(^). 

Now upon recalling that 
we see that, if a be chosen suflBciently large, 



2 K.(a;)] 



X = l 



^ 4 1 

^p+1 c^' 



g/.(«)^. 



whence both the conditions of Theorem A are satisfied, and y^ is a solution of 
(15). It may evidently be expressed in the form (20). 

2. Equal Roots. 

To consider the case m^=m^ it will be convenient to reduce the differen- i 

tial equation to the form 

y-+6(a;)y=0. (22) I 

Now if m^=m^j we must have either 1 

h{x)^a?'^ + ^ + . . . . J, ft^z^O, (23) I 

or I 

M^)'-^+^ + ' (24) ! 

i 

When 6(0?) has the form (23), we may reduce the problem to the case of ' 

distinct roots by merely introducing* f =rr* as a new independent variable. | 

It remains only to study the case in which (24) holds. Here the point at 

infinity is a regular singular point f of the differential equation, so that the ' 

problem is closely related to that solved by Bocher.f Hence only the briefest I 
of discussions is necessary. 

*Gf. Kneser, loo, oit. (third paper), p. 275. fCf. Bdcher, loo. oit. 
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Let us choose two auxiliary functions 

;2,=a;^«[l+^ + . . . . + |i=|J+52, logo:, 

and determine the constants by the use of Z^ix) and Z^{x)j as in the case of 
distinct roots. We find 5:^0 whenever p2=Pi j ^^d, in general, also when f^—fi 
is a positive integer, but otherwise 5=0, By use of Theorem B we may 
obtain the asymptotic forms of two independent solutions 2/1,2/2^^ (22). The 
developments are of course formally identical with those obtained when the 
point at infinity is a regular point in the sense of the Fuchs theory. 

The results for the equation of second order may be summarized in 

Theorem I : In the differential equation 

t/"+6(a;)yr=0, (22) 

suppose that h{x) is a real or complex function developable asymptotically^ 
for large real positive values of a?, in the form 



6(a;)-a;«*[6o+'^ + ....], 



where k is or a positive integer. Then^ for the same values of a?, equation 
(22) possesses two linearly independent solutions y^ , y^ such that 

(a) if 60^0, i. e., if the roots m^ m^ of the characteristic equation 

m^+&^=0 are distinct ^ we may write 

y,^e'^('>a:''[l+ ^^ + ...], r=l, 2, 
where 

(b) if 60=0, 6i=if:0, we may write 

y,^e/'C.v{n-^ + .... + ^(5„„+%+. ...)], r=l,2, 
where 

(c) t/ A; =60 =61=0, we may write, in general, 

y,^a;"[n-^ + ....], r=l,2; 
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(d) but if p2=Pi orj in general^ if p2— Pi is a positive integer j we have 

2/2^^2/1 log x+af^ [^2,0+ -^' + • • • • J • 

III. The Equation of Thibd Obdbb. 

Take for consideration a differential equation of the third order, which 
we shall suppose reduced to the form 

y''' + h{x)y'+c{x)y=Q. (25) 

Let h{x) and c{x) be developable, when x is large, in the form 



Ka;)-a;«*[co+^ + ....], 



and suppose that h' {x) also has an asymptotic development. 
If the roots m^jm^^ m^ of the characteristic equation 

are distinct, the asymptotic solutions are well-known.* We therefore pass at 
once to the cases of multiple roots. 

1. A Simple and a Double Root. 

Suppose first that two of the roots are equal — say m^^m^=m^. 
Let us select three auxiliary functions 

Z =e-/r(*)+*r(x)^-«r.o^ ^-J^^ 2, 3, 

in which 

^'^ ' ia;* ^ X ^ ' ^ {s—l)af-' 
Upon forming Z^{x)j we find that 

Z,(a5)=^^«»[^ + i^ +.... + it^^-t + %?^P,.,(a;»)], r=l,2,3, 

?r.i> • • • M^f,2«42* ^^^^S certain easily formed functions of the undetermined 
constants in ff{x) and ^,.(ip)- 

*Cf. Horn> Journal fUr Mathematik, Vol. GXXXVIII (1910), pp. 159-191. The results are easily 
obtainable by the present theory. 
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Let us try to determine these constants by placing 

the constants d^ being for the present unspecified. Inspection of the equations 
thus formed shows that the function z^ corresponding to the simple root m^ 
is always determinate, and that the same is true of one of the other auxiliary 
functions, say ^g. In determining z^ by (27), difficulty may arise. Suppose 
that the first h coefficients of z^^sls given by (27), coincide with the correspond- 
ing ones ia z^y h being or some positive integer. If h^2kf z^ may be deter- 
mined by (27). If h=:2k+ly there is no difficulty unless the difference 
a, 0—02.0 is an integer, in which case the equations in general become illusory. 
Finally, if h>2k+l,i. e., a, 0=062 o, ^2 coincides with z^ throughout. 

We consider first the ordinary case in which equations (27) serve to 
determine three definite, distinct functions of the form (26). 

Place f,{x) +f,{x) +f,{x) =f{x), 

"l = Otj -2J:-l+A ^2,-2k-l + h9 
Jj = — 0, = Wi 1»2 , 

o =0^0203, 

er=j-, r=l,2,3, 

Then we get 

Q (x) =«e-«*)a;— +«-H^ P, (a?*) , 

g,ix) =C,-^e^'f'V'P,.,(ir*), r=l, 2, 3, 

f=l 

Consider first the case in which the functions f^{x) have distinct real 
parts. Suppose for definiteness that 

R[h{x)]<R[U{x)]<R[U{x}]. (29) 

Take 0^=6^, and form Vi^^{x). Then by Theorem B we have 

00 

y,=e/*^*>a;^P2.,(rr*) + 2 v,^^{x). (30) 

III ^i,a(^)> we have 

a?x*^a?A— 1= . . . . ^a^i^iP. 
21 
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Further, by (29), 



R[hix)-fA<^)]<0, r=2,3. 



Whence, if we choose 



5>P+2+fc + l+2 \R[pr]\, 



> 

r—1 



p being, as usual, an arbitrary integer, it appears by argument like that used 
in Sec. II that 



\^^A^)\< (p + ya;-cp4-i) l^^'^^^^N- 



Thus 



2 [Vi,x{(X^)] 



\ A = l 



4-3 J._ 



eft^^yaf^ 



This inequality once established, it is easy to show that y^ -satisfies the 
conditions of Theorem B, and is thus a solution of (25). Further, we may 
evidently write 

y, = ef^^^^x^P,^,{x^). (31) 

To obtain a second solution, let us employ a device similar to that used 
in Sec. II. The adjoint equation 

z'"+{bzy—cz=0 (32) 

may be shown by (31) to have a solution z^ expressible in the form 

We shall replace the function z^ by this ig, thus making Z^{x)^Oj so that in 
K{Xj a?i) r takes only the values 1, 2. 
Form t^8,A(^). Then by Theorem A 

y3=e^-<'>a;^P5,s(a;*) + 2 u,^,{x). 

A = l 

Now we have in the present instance 



and 
so that 

and 



i?[/8(^)-/r(^)J>0, r=l,2. 



2 Ka(^)] 

A=l 



2-4 1 



p+1 a^-^^ 



g/.(«)/pPi 
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whence y^ is a solution of (25). It may be put in the form 

y,=e^*^'^afP,^,{x^). 
We see now that (32) has a solution 

Take this as an auxiliary function instead of z^ so that Zi(ir)=0, and 
K{Xy x^) reduces to the form 

K{x, X,) =6'«<*>a;^Pe.2(^*)«~^'^'^^^'~'*"'A,2(^i)*- 
Upon writing out y^ by Theorem B, we find by argument now familiar that 

y,=ef^^'^x^P^^^{x^). 

This evidently disposes of the case in which the functions fr{oo) have dis- 
tinct real parts. Only very slight changes in the argument are needed if two 
real parts are equal, while if all three are equal the three solutions may be 
written down by Theorem B at once. 

By direct substitution in (25) , it appears that all the terms in y^ involv- 
ing fractional powers of x disappear. 

We return now to the exceptional cases noted above, in which equations 
(27) do not serve to determine three functions of the form (26). 

Suppose equations (27) become illusory, in which case ae,o— ^2.0 niust be 
an integer. Take 

2j=e-'-<'>+*»^*>a?— '•-l-iffgjjloga?, j3:^0f 



— ^-/i(*)+*i(«)/r-«t.« 



2, = 6 



X 



in which 



(33) 



fri^) = ^ + ^^ + . . . . +ar.-^x, r=l, 2, 



The constants can now be determined without trouble in the usual way. 
Placing 

Jj = ^8 = W, Wj , 

pi=ai.o— 2*7 Pr=ar,o— *^+l> ^=2, 3, 



we find 



S, 



gr{(c)-=C,fefr^^^x^^P,^A^), r=l, 2, 
gs{a>)=C,^ef'^'^x^Ps,^{x) +^g^{x) log rr, 



(34) 
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Z^{x) =e-^'<*>a;— ••+"-P,' ,(a!) +^z, log x, 
Z,(a;) =e-^'<'>a;-— +"-'P,.,(a;), 

K{x,x,)=igAx)ZAx,). 



r—1 



0, r=l,2,1 



(35) 



By familiar reasoning it may be shown that (25) has three solutions of 
the fOrm 

yz=y^ log rr+5e'« 
where £ is a constant. 

There remains only the case in which the functions z^ and z^ , as given by 
(27), are identical. 

Take the auxiliary functions as in (33). We find that now a, 0=04.0 f 
^8. 1=^04^ 1 . If we place 

=0^0208, 

the functions gr{oo) have the same form as in (34), and the three integrals y^ 
take the form (35), except that now p8=P2- 

2. A Triple Root. 
If m^=m^=m^j we have either 



(a) 



•]■ 

where ftj , Cj , Cj are not all ; or else 



Lx X. 



(b) 



*(^)'-^ + ^ + 
^(^)^^+^+- 



In (a), if Ci=^0 or if 6j=Cj=0, c^^^O, we need only introduce the new inde- 
pendent variable ^=a;* in order to reduce the problem to the case of distinct 
roots. 

If Ci=0, 61=^0, a similar reduction results if the new variable t=x^ be 
introduced. One of the solutions is found to proceed in powers of a?, the other 
two in powers of a;*. 
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• There remains only (b). This case may be disposed of by Theorem B. 
On account of the closely related discussion by Dunkel, mentioned above,* 
together with the formal analogy between this problem and that in which the 
point at infinity is a regular point in the ordinary sense, we content ourselves 
with a mere statement of results, in the theorem below. 

In summary, our results for the equation of the third order are as follows :t 

Theorem II : In the differential equation 

y'''+b{x)y' + c{x)y=0, (25) 

suppose that b{x) and c{x) are real or complex functions developable asymp- 
toticallyj when x is large^ real and positive^ in the form 



c(a;)^a;»*| Co+ -^ + J, 



where k isQ or a positive integer^ and suppose that h'{x) also has an asymp- 
totic development. Then for the same values of x equation (25) has three 
linearly independent solutions y^ y^^ y^ possessing asymptotic developments as 
follows: 

(a) If the roots m^^m^^ m^ of the characteristic equation 

are distinct, we may write 

y,^e^'<*>a;^'[l+^ + . . . .], r=l, 2, 3, 
where 

(b) If m^4^m^=m^, we may write in general 

y,-e/'('V'[l+^+ .... +^(b,,,+:^H ....)], r=2, 3, 
where /i(^) has the same form as in (a) and 

* Cf . Dunkel, loo, oit. 

fThe results for the case of distinct roots are Included merely for completeness. 
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(c) but if p8=p2 7 ^^ *^ general if p, — p^ is a positive integer^ we have 

y,^efr(^^afr]^l+ ^ + . . . . J, r=l, 2, 

ys^y^ log x+e^'<^^x^^A,^, + ^ + . . . . J, 

where f^{x) and f^ix) have the same form as in (a). 

(d) If m^=m^=m^ and either c^^O or 6,=Ci=0, Cg^^O, we may write 

y^e'.<-V.[l+%i + .... + |.(B,.,% + ....) 

where 

^'^''^- k+1 + *+§ + Jfc+i +....+ ^ , 

(e) t/ Cj=0, 61=^0, y^^y^j y^ have expansions of the same form as in (b) ; 

(f) if h:=ih^=c^=c^=Q^we may write 

y^r^Ay^ log a?+a;^ 1^^8,0 + ^ + • • • •]» 
yt^By, log« a?+a:^ log a;[B3.o + ^^ + . . . .] 

This evidently covers all cases that may arise in connection with the 
equation of the third order. 

Uniyebsitt of Michigan, Aprils 1013. 



Restricted Systems of Equations.' 

By Arthur B. Coble. 



Throughout the following account geometric ideas and language are em- 
ployed exclusively, though the material is algebraic. A homogeneous equation 
of degree I in n+1 variables is called a spread of order I in 8^. A manifold 
of dimension r is indicated by M^. According to Kroneckerf it can always be 
defined as the totality of points on at most n+1 spreads. The simplest problem 
in the theory of restricted systems of equations is the following: Given n 

spreads in 8^ of orders /Lj, , \, all of which contain J/^, in how many 

points of 8^ outside of M^ do they meet f A very wide range of problems in 
enumerative geometry and algebra can be expressed in terms of restricted 
systems of equations. With this in mind, SalmonJ began to develop a theory 
of such equations. His method was inductive, but the general case was not 
touched. Furthermore, the results which he obtained were proved only for the 
case where the manifold M^ is the complete intersection of n — r spreads in 
8^y a manifold of a typ5 referred to hereafter as "regular.'' The examples 
given at the end of § 2 show that such results may or may not be true for the 
general case. That no systematic development of the subject of restricted sys- 
tems has been]attempted is due, no doubt, to the success of Schubert § and others 
in the field of enumerative geometry with the aid of the principle of the con- 
servation of number and a certain symbolic calculus. 

The object of this paper — the first of a series under the same title — is to 
give a general account of the theory of restricted systems of equations. The 
simple problem formulated above is considered in § 1. A solution is obtained 
in terms of the orders Jl, and of r + 1 so-called "index numbers of M^ in 8^" 
which depend only on the M^ in 8^ . Certain theorems relating to the determi- 
nation of these index numbers are derived, and applications to specific prob- 
lems are made. 

* Written under the auspices of the Carnegie Institution of Washington, D. G. 

t Crelle, 92. 

:|: "Lessons on Modern Higher Algebra." Cf. E. Lasker, "Zwc Theorie. der Moduln und Ideale/' 
Maiematiaohe Annalen, Vol. LX (1905), in particular p. 44 and p. 112. 

§ "KalktLl der abzfthlenden Geometrie/' Leipzig (1879); cf. Pascal-Schepp, Repertorium, Vol. II, 
Chap. XV (1902). 
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In <^ 2 there is treated the more general problem in which S^ is replaced 
by a manifold ilf „ in a linear space of any dimension greater than n. For this 
case the r+1 "relative index numbers of M^ as to MJ' are introduced. It is 
shown that they have properties entirely analogous to those of the ordinary 
index numbers. Some relations connecting the two kinds of index numbers 
are also given. 

Further problems are readily suggested, and these will be discussed in later 
papers. Possibly the most important is that of the "incomplete restricted 

system," namely: Given n—r+k spreads of orders \, j^^^+k ^^ ^r ^^ '^n 

which meet in a residual M^_j which has an M^__i^^^ in common with M^; what 
are the index numbers of M^-j and of M^_fc_i in S^y and what dre the relative 
index numbers of M^-k-i as to M^ and as to M^^^f For fc = r we havQ again 
the problem of §1. An obvious generalization is the problem of the *' incom- 
plete relative restricted system.'' It appears that if r>2 + ky the ordinary 
index numbers of M^ are not sufficient for the solution and further index 
numbers must be introduced. Closely related to the above inquiry is that as 
to the index numbers of a composite manifold in terms of those of its con- 
stituent manifolds. 

Beginning with the fact that k manifolds in S^ of orders X^ . . . .y\ and 

k 

dimensions r,, , r^b, where 2 r< = w(A:— 1), ordinarily meet in 11 X^ points, 

we may ask what is the reduction in this number due to the fact that the mani- 
folds all contain M^j r Kr^. This question can be extended in the same direc- 
tions as the one originally put, and doubtless leads to the most general one in 
the subject. 

Some attention will be devoted to the determination of the index numbers 
of certain spreads, such as those defined by matrices and those which occur in 
mapping. 

§ 1. The Index Numbers of a Spread in a Linear Space. 

1. Let Mf be a manifold of dimension r in a space S^ whose section by an 
arbitrary S^^f^^j^^j 0<A:<r, is Mj^. In S^^^^^j^^ let Mj^ be on n — (r—k) spreads 

of dimension n—{r—k)—l and of orders /l^,^, , \_(^_;fe) which meet 

further in a finite number, 0^ , of points not on Mj,. If <r,. be the sum of the 
products of the Jl's, j at a time, then the {k+l)-th index number of M^ in S^ 
is defined by the formula 

(1) • ajb = or„_(^_jfc) — ae<tjfc — ajOr^.i — agOr^^g— —^k-i^i — O^j 

in terms of the orders JL, the number 0^, and the earlier index numbers ag, oti, 
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. . • ., aj^-if which are similarly defined by means of sections of M^ in /S'„_,., 
iS^-r+i, . . . ., iS^^-(r_jfc4.i). In particular, a^ is the order of M^. The last index 
number, a^ , is defined by n spreads of orders X^ in S^ and this particular form 
of (1) : 

(2) a, = or„ — tto or, — ai(T,_i — a2(T,_2— — a,_i(Ti — 0,; 

and it is convenient to say that 

(3) The r+1 index numbers of M^ in 8^ are the last index numbers of M^ 
and its successive linear sections. 

For a given set of index numbers, ao , a^ , . . . . , and a given set of orders, 
JL, , , \ , we shall often use a symbol A^ defined by 

(4) ^y = ao(Ty + ai(T^_i + a2^/-2+ +ay_i(y,+ay. 

Then, if a' and A' refer only to the orders \j . . . . , >l^ , we have 

(5) (^i = <y'i + \(^'i^iy A^ = A]-\-\A]^^. 

2. The index numbers defined above are independent of the orders of the 
spreads employed in the definition. This is -certainly true of the first index 
number ao, the order of 3f,, and according to (3) needs to be proved only for 
the last index number a,. Beginning with (2), which we write 0^ = a^ — A^^ 
let the order X^ of the spread /, be increased by unity by adding to f^ an arbi- 
trary linear- spread L which cuts M^ in M^_-^^ . Then 0" =0^ —A", where the 
superscript refers to the new order >li+l and the possible new index number 
a^'. The points Or outside of M^ are made up of the points 0, and the points 
0^_i outside of M^-i in L. But 0^_i = (Ti_i — A^-u where the superscript 

refers to the orders ^, , \ and the index numbers a©, , a,_i. Thus 

0;' = 0,+ 0;^, = or„-^,+orLi-^;_i = <-^ -^;_,. Hence A'; = Ar+A'r^,, 
and we see from (5) that a" = a,. By induction the index numbers are inde- 
pendent of any increase in any of the orders due to the addition of linear 
spreads. According to Schubert's principle of the conservation of number, 
they are independent of any possible increase. Since the original orders might 
have been the lowest possible ones, the index numbers are entirely independent 
of the orders. The application of Schubert's principle here is eminently proper. 
We may regard the spread M^ as defined by /^ ,...., /„ and the exclusion of 

the Or outside points. Then /^ L, , /„, with the exclusion of 0^', define M^ in 

precisely the same way for our present purpose. To be sure, f^L has M^_^ as 
a locus of double points at least while f^ itself may have only simple points on 
M,_i. But this does not aflfect the number of outside intersections. For in 

both cases /g, , /» meet in M^ and a residual curve which cuts M^iny points. 

22 
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To obtain the legitimate number of outside intersections, we have only to choose 
L so that it contains none of these y points. 

(6) The index numbers of M^ in S^ do not depend upon the orders of the 
spreads used to define them. They depend only on M^ itself and the dimension 
in which M^ lies. 

The dependence upon the dimension is given below in (14). 
3. From (6) and (2) we have at once that 

(7) The order of a restricted system of equations in S^ with the common 
solution M^ is given by the formula 

0, = (T„ — ao(T, — aiOr,_i— a2(T,_2— — a^.^Cj — a, = (T„ — .4,, 

in which ao, , a^ are the index numbers of M^ in 8^ and the a's refer to the 

orders of the given equations. * 

Thus if the order of one restricted system for M^ itself and for each of its 
successive sections is known and thereby the a's are determined, then the order 
of any restricted system involving M or any of its linear sections can be ob- 
tained. The first problem in the theory of restricted systems is the deter- 
mination of the index numbers of given spreads. Some theorems relating to 
this will now be derived. 

Let us call M^ in S^ a complete manifold of excess k if it is the complete 
intersection of n—r + k (0<A;<r) spreads in S^. If, in particular, k = Oy M^ 
will be called a regular manifold ', an ordinary manifold^ if it lies in an S'^+, 
in 5.. 

4. Let then M^ be a complete manifold of excess k defined in S^ by spreads 

of orders ^u \f , \-.r+k9 of which X^ is the maximum. In (1), 0^ = 0, 

and ttjb is determined in terms of the given orders and the earlier index numbers 
by the formula = a^^^^j, — Aj^. In S^^^^j^^^ an additional spread is required 
to determine a^.^^. This can always be taken equal to \ in such a way that 
Ojfc+i = 0, and for sections of greater dimension further spreads of order X^ can 
be used. By repeated application of (4) we can write the equations defining 
the index numbers beyond a^_i as follows, the g'q referring of course to the 
n—r+k given orders: 

0= or„_,+fc— [^], 






Coble: Restricted Systems of Equations. 171 

Multiplying these equations in order, beginning with the last, by the terms in the 
development of (1— X^)^ and using the formula 

we get Aj^^f = 0, if ;*>0. Hence the index numbers, beginning with a^b, are 
determined by the equations 

(9) ^ = <T,_,+;fc, ^+y = 0, ; = 1,2, ....,r — A. 

In the case of a regular manifold, k = and u4o = ao = (T^-,. is the order d of 
the manifold. Then equations (9) read thus: 

= tto (Ti + tti , 

= tto OTj + ai (Ti + a2 , 



= tto <T^ + ttj (Ty^i + ^2 ^i-2 + + oty_i Cj + ay- 
Multiplying these in order, beginning with the last, by 1, —Pi, Pj, — Psj , 

( — 1)^P/, where the P's are the complete symmetric polynomials formed from 
the given orders, and recalling that 

(10) a,-P,a,^, + P,a,^,-P,<y,_, + .... + {-iyP, = Q, 
we find that ay = ( — 1)^ d Py. 

(11) The index numbers a^b, . . . ., a^ o/ the complete manifold M^ in S^ 
of excess k are determined in terms of the given orders and the earlier index 
numbers by the equations (9) ; those of a regular manifold are a^ = ( — l)^rfPy, 
;' = 0, . . . . , r, where d is the product^ P,- the complete symmetric polynomial 
of order jy formed from the orders of the n—r spreads in S^ which cut out M^; 
those of an ordinary manifold M^^y^ in 8^ of order d are a^ = ( — l)M^+\ 
y = 0, . . . . , w — 1, 

In particular, if M^ is a linear manifold S in iS^„, it is regular, being cut out 
by w — r ordinary linear spreads, and Py reduces to the number of terms in the 
complete symmetric polynomial of order j in n — r variables, which is known 

to be (^"''t^'-^), whence 

(12) The index numbers of an 8^ in 8^ are 

a,= (--ir(«-^+^-l), ; = 0,l,....,r. 
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5. I£ M^ m S^ has index numbers a, then M^ in an S^^^ containing S^ 
has index numbers a', where 

(13) aj = a^ — ay«i + ay_2 — a/-8 + + {—^)^<h' 

This is true of aj, the order of 3f^; let us assume it for aj, , a^_i and 

prove it for a^. If in *?„ a^ is determined from 0^ = <T^ — ^^, in S^^^ a^ is 
determined by an additional linear spread, the 8^ itself, 0^ being the same as 
before. Hence 0^ = 1-0^ — A'rj where in .4^ aj. = (Tj + (y^_^ . Thus 

or 

A^ = ai<T^+ (aJ+a;)or^_i+ («I+ai)<^r-2+ + {ar^z+ar-^)a^+ (a;_i+a;). 

Assuming (13) up to j = r, this determines aj^, which is of the same form since 
ai + ai_i = ttj.. By repeated use of (13) we find that 

(14) // the index numbers of M^ in S^ are ao, . . . . , a^, the index numbers 
of the same M^ in 8^j^^ are 

ar = a,-(Qa,..+(''+l)a,_,-(''f)a,_.+ .... +i-l),(P+i-y,, 

J — ^ vF, J., • • • • , # • 

This, applied to an S'^ in /S^, yields through (12) the relation 

6. Let M^{a) in S^ be cut by the spread F of order q in M^-i (a'). Then 
ao=qaQ; let us assume 



(16) 






a^_2=gar_2— 2*ar-8+2*cx^-.4— + (— l)'"'V~^ao; and prove that 

a;_i=ga,_i— g«a,_2+g^a,_8— . . . . + (— l)'"Vao. 

Let spreads of orders Jli, 9K-1 on M^ meet outside M^ in a curve C whose 

order (from a linear section) is 0^_i = o'„_i— -4^_, , the a's being formed from 

Xj, , X„_i . These n—1 spreads together with F make up n spreads on M^^^ 

which meet again in O^^i points outside M^-i, the points where P meets C. 
Hence 0^_i = gO^__i = a^ — ^^-i, ^r~i being formed from the a"s and a"s 
which in turn are formed from X^, . . . ., \_i,g. Hence Ar-i = g^r-i and a^_i 
is determined by 
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aj (<T, + qa,^,) + a[ (<T,_, + qa,_^) + + a;_2 (<^i + a) + ol't-i 

or 

OLo(rr+ (aI + gaJ)or^_i+ + (ar-i + gar-2) = 3(ao<^r+ +ar~i)- 

Assuming (16) true throughout, this equation is satisfied since then aj + gaj-i 
= gay , ; = 0, 1, , ^^ — 1. Hence 

(17) If M^{a) in S^ is cut by a spread of order q in an Af^-iJ ^^^ index 
numbers a' of M^_^ in 8^ are given by (16) in terms of q and the a's. 

For g = l we have again the formula (13). If ilf ^ is a regular manifold, 
so also is Af^_i , and (16) merely expresses that Pi = g* + g*"~^ P^ +.... + Pj^ , 
where PJ is formed from \j , /L„_i , q and P< from JLi , , yl„_i only. 

7. The theorem (17) can be generalized as follows: 

(18) // M^{a) and M^{P) in 8^ meet in an M^^^^^{y), then y^ = Sa^i^^^.^. 

Let us prove this provisionally for the case where one of the manifolds, 

say M^{^)y is regular, being determined by n — s spreads of orders p, g, 

Then M^+,_^ is the meet of M^{a) and these spreads in order, and the index 
numbers of the successive sections according to (17) are 

PoLoj pgaoj 7 

pa^ — p^aoj Pa(X'i — pq{p + q)a^, , 

poj — p«ai + p«ao, pqa^ — pq{p + q)a^ + pq{p^ + q^ + pq)aoj , 

> > 

Substituting the index numbers of M,(^) as given by (11), we have the desired 
formula. A more general statement is : 

(19) // in 8^ b spreads ilf^(a<^>), ilf,,(a<2>), , i»f,,(a<*>) meet in an 

Mj^n-nCb-i) ^^^^ index numbers jS, then Pj^ = ^a\^^a^^ .... af^y where ^1 + 12 + 

.... ~f" %f^ ^— A/. 

In (17), (18), (19) we have generalizations of (11) relating to regular 
manifolds. If in (19) the dimensions r^, . . . ., r^ are all equal to n — 1, M{^) 
is a regular M^^^. 

8. Given M^{a) in 8^ ; let a' be the index numbers of M^ doubled, i. e. [M^y. 
A section of M^ by an 8^_^ is ao points, which are doubled if M^ is doubled, and 
account for 2"-'' Oq intersections, whence aj = 2""'' ao . Let us assume that 
ai = 2""''"*"*ajb for Aj = 0, 1, . . . ., r — 1 and prove that a^ = 2*a^. Let M^ be 
determined to within certain outside points by /^ ,....,/„, of orders ylj , . . . . , X^ , 

and also by ^f^, j 9nj^^ orders jUi, , /m„. Then [M^Y is determined by 

fi'9\j ' ' \'9 fn' ffn *o within Or outside points, or 
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The points 0^ arise from any k spreads / and n — k complementary spreads ^, 
whence 

where 2 refers to the 2* choices of JLi, , ^j^, (it+iy • • • •> f^n* Collecting 

the terms in OJ^ , we find that 

Substituting this value in a^ and using the assumed values of ai , , a^_i , 

we find a'r = 2" a^ , whence 

(20) // the index numbers of M^ in S^ are a, the index numbers of [M^Y 
are a] = 2"'"*'+^ay, ; = 0, 1, , r. 

Using an additional set of spreads \^ ^\<mM^ of orders v^^ , r,, 

and a similar argument, we find the index numbers of [M^Yy etc. The result 
is as follows : 

(21) The index numbers of an Ufold M^ in 8^ in terms of those of the 
simple M^ are aj = Z"""'"*"^ay. 

9. Let M^{a) in 8^ be contained simply on spreads of orders X^, y\. 

We ask for the number 0^ of points outside of M^ common to n spreads /i, , 

/^ of orders i^, . . . ., f„, which contain M^ k^j , Aj„ times respectively. Con- 
sider the n degenerate spreads, 

where u^^^ is a spread of order \ containing M^ simply, and p('«-*«^o is a 
spread of order l^ — k^^^ in general position with regard to M^. These degen- 
erate spreads satisfy the conditions of the problem, and from them 0^ can be 
calculated. We find that 

0, = n ih-kM + 2 n ik-kM k,K + 2 ii {h-K\) \_, x, «;,_,/:„ 

1 1 1 

r 
~r • • • • + 2 n (f< ^t'^t) ('^r+i\+2 • • • • ^n ^o) ^r+1 '^r+E • • • • ^« 

r-1 

-f 2 n {l-i—kM (^r^r+1 '^n— ao^^l " ai)*r*r+l K 

r-t 

4- 2 n (i<— *j<A,j {\^^\ — K—(^ii(^^—oLi(^x—(H)K-'iK — K 

1 

+ .... + ('^ >^2 •••• \ — «0 ^r — ^l^r-l • • • • ^r) ^^i ^2 • • • • *»• 

To divide this by fc^ • fcg •....• A:„ amounts to replacing Z< by 7^ and dropping 
the other fc's. Then 0^ takes the form 0^, which is obtained from n spreads 
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i;(0 . p ^i — X^\ t;^*^ being of order \ , i. e., the number 0^ obtained from n spreads 

of orders ^ containing M^ simply. Hence 

(22) The number of points not on M^{a) in S^ and common to spreads 
/i, ....,/, o/ orders ^i, . . . ., ^n? ^hich contain M^k^j . . . .^k^ times respectively^ 
is given by the formula 

0^= [(T„— ttoor^— a^ (7,^1—02 (T ^2— — aj \k^ k^, 

where the a's refer <a ^^ ,...., p . 

If the k^B are all equal, this furnishes •the same result as (21). 

10. In S^ let Mr and M" be two non-incident manifolds with index numbers 
a' and a" respectively, where s<r and r + s < n. Let the index numbers of 
the two manifolds considered as a whole be a. From their sections we see that 
ay = a} for j = 0, 1, . . . . , r — 5 — 1. In determining a^_, , we find that 0^_, 
is 0^_, diminished by a©, the order of M[\ whence a^_, = a^_, + ao. Let us 
assume, then, that a^ = a} + a/^^r-t) for ; = 0, 1, . . . . , r — 1, and prove that the for- 
mula holds when j = r also. If to within certain outside points M^ is determined 

by spreads /j, ....,/„ of orders X^, , X„, and M'J by spreads g^ , ^„ 

of orders /m^ , , /m„ , then Mr • M" is determined by spreads A • ^i , ....,/„• ^f^ 

of orders /Li + i"!, , ^, + /ti« to within 0^ outside points. These points arise 

from the intersection of the meet of /j, , ^ (residual to Mr if Aj>w — r) 

and the meet of ^|.+i, . , . ., g^ (residual to M^ if n — A;>n — 5). The orders 
of these residual intersections are determined by a proper section, and we find 
that 

• \l^k+if^k+2 fi^ — ao a,^j, — a" a,^^_j,— .... —a^f,\, 

the 2 referring to all possible complementary choices of n X's and (i% and the 
o'q in a brace referring to the quantities appearing in the first product of the 
brace. From this value of 0^ we can find a^. If we suppose that a^ = a^ + ai', 
we have only to verify that Or above and 

= <y„ {7ii + (li) — aoOr (X, + fii) — — a;_,_iOr,4.i (A,< + f^i) 

— (a;_, + tto ) c^{\ + iii) — — (a;^i + a;_i) (Ti {\ + (li) — (a; + ol';) 

are the same. In the first value the terms free of a' and a" are <t„ (X^ + /u,), 
as also in the second. There are no terms in the first expression containing 
both an a' and an a", since r + s <n. In each expression an a' or a" is multi- 
plied by all possible terms of a definite simultaneous degree in X and ^, whence 
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their coefficients must be the same. This identifies the two expressions, and 
the assumed formula for a^ is generally true. 

(23) // two non-incident spreads M'r and M'J in /S^ (5<r, r + s<n) have 
index numbers a' and a" respectively^ the two together constitute a manifold 
which has the index numbers a^ = a) + ay__(^_,), ; = 0, 1, . . . ., r. 

The generalization of (23) to the case of any number of manifolds, no two 
of which have common points, is obvious. The argument used does not apply 
(nor is the result true) in the case where M^. and M, have common points, say 
a common Af'/', unless M'i' be doubled. This is due to the nature of the spreads 
used above to determine 0^ . 

11. Given a curve M^ (a) in S^, n — 1 spreads of orders X^ ,...., \ on it meet 
in a residual curve M^{^) which cuts M^{a) in Afo(^) points. From a section 
a<> + j3o = (T„_i . A further spread of order I on M^ (a) cuts M^ {(i) in ^^ ^ — ^o 
points outside M^{a). This number is given by 0^ = I <r„_i — ao (a^ + 1) — a^\ 
Equating the two numbers, we find from the coefficients of I that oiQ + ^o = o^_^ 
and ^o = ao(Ti + ai. The two curves are mutually related, since they constitute 
a regular curve, whence also ^q = i^o <^i + i^i • The index numbers of the two 
according to (11) are <r^_i and — (Ti<t„_i or a^+I^Q and — (ao+i3o)<^i=«i+A— 2^o. 
That these are the index numbers of any two curves M^{a) and M^{^) with ^^ 
common points can be proved directly. Let n — 1 spreads on the two meet again 
in i!fi(y), which cuts M^{a) in >7o points and M^{^) in f^ points. If the index 
numbers of the pair Mi(a), M^{p) are ao + i^o ^i + ^i + ^apy ai^d similarly for 
the other pairs, then we have from the above, regarding each curve ,in turn as 
residual, the following relations : 

(tto + ^o) ^^1 + «! + ^1 + ^ap'= yio + ^c = yo<^i + yi> 

if^o + n) <^i+^i + yi + ^py = fo + ^o = ao^^i + «!, 

(yo + Oto) OTi + yi + «! + iPa7 = ^0 + >7o = /^O^l + A • 

From the first and the sum of the last two we find that Xap= —2^^. Hence 

(24) If n — 1 spreads of orders X^ , X^ on M^ia) in S^ meet in a 

residual M^{^) which has Mq{^) points in common with M-^{a)y then the index 
numbers /So? i^;> ^o ^^^ determined from the equations 

tto + /^o = <^n^ij ao(Ti + a, = ^0 = P(i^i + /^i- 
The index numbers of an M^{a) and M^{^) with common Mq{^) are olq + ^^^ 

a, + /3,-2^o. 

Given a curve M^{a) in S^ of order r, genus n, and rank y (class of the 
projection) with d apparent double points, let the cones on M^{a) with vertices 
at Pi and Pg s^ch that PiPg is skew to M^{a) meet in a residual curve M^{^) 
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of order v^—v which meets Mi (a) in ^^ points. These ^o points arise (a) from 
the points where a double generator on P^ or Pj meets Mj(tt), i. e., 4td points, 
and (b) from the y points on M^{a) of contact of planes on PiPj. Thus 
^Q = 4rf + y, where y = 2{v — l + n) hnd d = i {v — 1) {v — 2) —n. But 
^0 = aQO^ + Ui^ v\2v) + a^j whence a^ = —2v — 2 {v — 1 +n). If also 
Ml (a) has 5 actual double points, M^{^) has the same double points, each of 
which counts for two points in ^o> whence ^^, = 4 (rf + 5) + y — 2 5, and 
a^ = — 2v — 2 {v — 1 + n + 8) . Hence 

(25) The index numbers of a curve in S^ of order i', genus n, and rank y, 
with h actual double points^ are 

a^ = v, ai = — 2v — 2(i; — l + n + 5)=— 2v— y — 2 5; 

i. e., they are the same as those of v lines with v — 1 +n + h intersections. 

Using these index numbers and (22), we find that 

(26) Three surfaces of orders n^,n^j n^ which contain A:,, k^j k^ times 
respectively a space curve of order v and rank y, with h actual double points^ 
meet again in 

^^2^8 — >'(^i*2*s + ^22*3*^1 + ^8*;, Ag) + KW{2v + y + 2h) 
points.* 

The index numbers of a curve with a higher singularity do not depend on 
the order of the singularity alone. For example, if the tangents at a triple 
point lie in a plane, the curve behaves at that point like three lines in a plane 
with three intersections, otherwise like two lines meeting a third with two 
intersections. 

(27) The index numbers in S^ of a curve of order v and genus 7t, with 
5 actual double points^ are r, — v {n — 1) — 2 {v — 1 + n + 8). 

This is certainly true according to (24), if the curve in /S^, as in S^y can 
be replaced by v lines with {v — l + 7t + 5) intersections. It merely requires 
that the second index number shall increase by r, if the curve is projected into 
the space of next lower dimension. This requirement is satisfied on projection 
from S^ to iSj, since the index numbers in S^ are r, — v^ [see (11)]. It is 
satisfied also on projection from an Sj.^^ to an /Sjfc+,_i, when the curve itself 
lies in an Sjt [see (13)]. We shall assume provisionally that the requirement 
is satisfied for intermediate projections. 

12. It is clear that the formula (7) for the order of a restricted system 
will in most applications be a rather complicated expression. In order to 

♦ Cf. Pascal-Schepp, Repertorium, Vol. II (1902), p. 212. 

23 
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Bimplify it, certain numerical relations among the binomial coefficients are 
given here. Most and possibly all of these are known ; but for lack of definite 
references proofs of the more complicated relations are indicated. 

'°- a)C7')=G;.)cr)=c)C70- 

This is proved by repeated use of 3°. 

^'- cr) = c © + (0 (r 1) <'V) (rD + • ■ ■ ■ 

This is proved by repeated use of 4° [see (15)]. 

«°- (r)=G)G)+a)G-i)+a)G-2)+- 

+C)G-.)- 

This is proved by repeated use of 3°. 

'-■ G)=Cr)-Gil)+Gi2)— ■■+<-i''Cr)- 

This follows immediately from 3°. 

«°- G)=CoO(r)-G)Gii)+Cl')Gi2)— •■ 

+ (-i)'C+r')cr)- 

This is proved by using T" repeatedly. 

""• G)G)^-'-G)(''"r')»-'-'+(2)(V)»-'-"--- 

+<-i)-'G-OG)''=G)<'-')-'- 

The factor f?j can be removed from each term by using 2"^. 

'»"• G) cr) - G) rr') + (drr) — • • 

+(-i)-^-'G+"-6)G)=»''"«'- 
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Reduce the upper numbers in C^Tj} \ h~ 7' ' * * ' ^^ means of 6° and 
apply 9° for 5 = f = 1. 

+r 2+') aio <»-')'- "+■■■■+ G) cr) " 
=(V)G)»'+a)a-i)'-<-') 
+(''r)ati)»'-'<'-"'+ •• ■• +rr')(V)(»-')'- 

In the first expression raise the upper number of the first factor of each 
term by c— 6+1, according to 8°. Each term of the result can then be modified 

by 2^ Collecting the coefficients of (^■^*), (^~i"^^)^ C~2^^)' ""' 

and using the expansion of (5— f )^ the second expression is obtained. If in 

this a + c be reduced by a or more, according to 5°, and the coefficients of 1 

(ujj vfc— 1)* 15—27* ^^ collected, the third expression is obtained, 

13. If point conies in a plane be mapped on the points of an S^j the 00 * j 

repeated lines of the plane are mapped on the points of the Veronese surface, 
Fg. The point conies apolar to a given line conic are mapped on an 6\ in S^j 
those apolar to two given line conies on an S^ia S^. The latter system con- 
tains the squares of the common lines of the two line conies, whence a^ of F2 
is 4. A section of FJ by an S^ is a quartic curve necessarily rational, since it 
lies in S^ or since it is the map of the lines of a line conic. Using (27) for 
V = n = 4:j n = 8 = 0j we find that a^ = — 18. The point conies which, in line 
form, are apolar to a given point conic map on a quadric which contains Fg. 
Since there is only one proper conic apolar to five given point conies, five such 
qnadrics on F| meet in one outside point, whence to determine Oj we have the 

equation 1 = 2^ — "0(2}^* — ^1(1)2— aj or Oj = 51. 

(28) The index numbers of the Veronese surface Fi in 8^ are 4, — 18, 51. 

If {axy = {a'xy = . . . . be a variable point conic, and {bxy = {b'xy = 
.... be a fixed point conic, then in the discriminant equation of the pencil. 
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(aa'a")« + 3;i(aa'&)2 + 3;i2(a6 6')« + ;i«(&&'&")' = 0, 

(aa'a")* = is a cubic spread in S^ containing F^ doubly, (aa'6)* = is a 
quadric spread containing Fi simply, {ahb'y = is an 6'^, while (6 6' 6")* 
is a constant. Hence the discriminant of this cubic equation — the tact-invariant 
of the two conies — is in 8^ a sextic spread containing Fi doubly. According 
to (20) the index numbers of FI doubled, are 23-4, — 2*-18, 2^-51, and five 
such sextic spreads will meet outside F^ in 

02 = 6« — (2)62-2«-4 + (J)6-2*-18 — 25-51 = 2^-102 = 3264 

points, whence we have the well-known theorem : * 

(29) There are 3264 proper conies which touch five given proper comes. 

14. Let us ask how many proper conies touch a general rational plane 
quintic five times. Conies cut the quintic in sets of ten points detennined by 
binary ten-ics apolar to five binary ten-ics. We want, then, the number of 
squared quintics apolar to the five ten-ics exclusive of the oo * quintics deter- 
mined by line sections whose squares obviously satisfy the apolarity conditions. 
Map binary quintics upon the points of an S^ , and the line sections will map 
on points of an S^ . The apolarity condition of the squared quintic and one of 
the five ten-ics represents in S^ a quadric which contains the S^ . The index 
numbers of the 8^ in 8^ are 1, — 3, 6, whence five quadrics on 8^ meet outside 

of S, in Og = 2*^ — (2)2'-l + (J) 2 -3 —6 = 16 points, or 

(30) There are 16 proper conies which touch a general rational plane 
quintic curve five times.-f 

15. A plane curve of order r, /*", is determined by ir(r + 3) constants. 
If it degenerates into an /' and an /''""', 5 < r, the two contain only X + fi con- 
stants, where A, = ^ 5 (5 + 3 ) and ii = i{r — s){r — s + 3)j whence to degenerate 
thus is s{r — s) conditions. Given then a linear system of ao*^'"""*> /'"'s, how 
many members of the system degenerate into an /' and an /*""*. The system 
is apolar to 2, + (i linearly independent curves of class r ; i. e., the coefficients of 
its members satisfy ^i + fi apolarity conditions. Map the curves /' upon the 
points of an 8xy the curves f~* upon the points of an 8,, which lies skew to Sx 
in an fi'x+^+i. Then a product /*•/'""' can be mapped by any point of the line 
joining the maps of /* and of /'""'. Taking a section by an /^x+^t, such a line 
or such a product is represented by a point. Conversely, a point in 8^+^ 

♦ Pascal-Schepp, Repertorium, Vol. II (1902), p. 433. 

fCf. F. Morlcy, <*The Contact Conies of the Plane Quintic Curve/' Johns UopkinB University 
Circular (1912), No. 2. 
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represents such a product unless it lies in the section Sx-i or the section S^^u 
in which case /*""' or /• respectively vanishes identically. The apolarity rela- 
tions furnish X+(i quadrics in S^x+a ^^ ^x-i ^^^ ^m-i- The index numbers of 

^x-x in S,+, are 1, -(^t^), ('*+^), ...., (-l)'-'Cl^T^); those of 

S,., are 1, -(^t^), (^tO' • ' ' '' ^-^^'^'CJ-T^)- ^^^«« *^« ^^-^ 
and 8^_^ have no common points, according to (23) their index numbers are 
additive and the 2. + fi quadrics meet outside of Sx-i and /9^_i in 

O = 2--[(J+5;)2--gl5)2-.(''+>) + gl02-.(''+2) 

-.... + (-i).e+'')2..(^+^7i)]. 

Apply 11° to the brackets and they become respectively 

[eio+aio+ ■• •• <'v)] -^ [ei?)+ci?)+ ■ ■ •• +e joj- 

The sum of the two is (1 + 1)^+^ -(^+'*), whence = (^J'')- 

(31) In a linear system of oo*^'"~*> plane curves of order r there are 
( T^j which break up into a curve of order s and a curve of order r — 5, 

;i = i5(5 + 3), ^ = i(r-5)(r-5 + 3). 

The same result is obtained at once by the methods of Schubert, if the 
X+(i curves of class r be taken as r-fold points. 

16. Given a rational curve of order v in Sj^j how many /S'^^/s meet it 
X times in (i coincident points, X((i — l) = k1 The /Sj^/s determine on Sj^ 
k+1 linearly independent binary forms /" which are apolar to v—k forms ^^. 
We want the number of forms in the system /" of the type [g^]^ *h''~^~^. 
The forms g^ map on an S^j the forms fe"""*"^ on an /S^-i-x skew to Sx in an 
Sp-k+i' Taking a section by an /S^+t, g^ and fe""*"^ are represented by 
points outside the exceptional sections /S^x-i ^^^ fi'r-t-x-i- Then the v — k 
apolarity conditions give rise in S,_t. to v — k spreads of order (i+l which 
contain S^^j^^x-i l^ times and Sx-i once. In S^^-k <^be index numbers of 8x-i 
are 



and 
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those of the fi-fold /S'^_t_x-i are 

Since the two manifolds have no point in common, we have 

o=(,+i)'->-[(j;z*)(,+i)--(jI*)(,+i)-(-*7^+i) 

+ .... + (-i)-C-*)(,+ir(7*7i)] 

-[C_rLi)<'*+i)'— '-"'*' 

-c_r*-2)(''+i)'-'-'-v"cr)+.... 

Applying 11° to these brackets, they become respectively 

[Gii)''"-+G=2)''^-'+-+(V)'''] 

Hence the sum of the two is (fi+1)''-* — fi" CX^) ^^^ ^ = i^^ C^O ' 

(32) The number of Sj,_^'s which meet a rational curve of order v in Sj, 
X times in (i coincident points^ where X{(i — 1) = &, is (i^ f^~ j . 

The formula furnishes for a rational curve in 8^ the number of flexes and 
double tangents, for a rational curve in S^ the number of hyperosculating and 
triple tangent planes, for a rational curve in 8^ the number of hyperosculating, 
doubly osculating, and quadruply tangent 8^% etc. 

The examples given above are drawn from a rather restricted field, since 
we have thus far developed explicitly the index numbers of regular manifolds 
only, or of combinations of them which have no common points. The extension 
of (32) to the case where the points of a section come together in any pre- 
scribed fashion can not yet be derived,* since, if more than two sets appear, 
the corresponding linear spreads have common points. 

§ 2. Relative Index Numbers. 

17. Given in 8^ a manifold M^ (a) and a manifold M^_t (y) upon it, 
< A < r, then r spreads /,,...., /^ of orders ^^ . . . . , X^ will meet M^ (a) in 
general in a^a points. But if the spreads /^ all contain M^_^ (y), we define 

* I am indebted to Professor Morley for the formula which applies to this general case. 
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the relative index number ^ (ay)^^^, of M^-* (y) as to M^(a) in terms of the 
orders X^ and the earlier relative index numbers [which are similarly defined 
for successive sections of M^{a) and M^_i,{y)] by the equation 

(33) O,_i = ao(r,— (ay)o(r,_fc— (ay)i(T,_;t_i — (ay)j5(r,_^_2— . . . . — (ay),.^, 
where O^^j, is the number of points of M^{a) outside of M^_i^{y) cut out by 
the spreads /^ and the o'h refer to the orders X. In particular, (ay)o is the 
order y^ of M^_i, (y). We shall now prove that 

(34) The relative index numbers of Mr-*(y) ^^ ^^ ^A^) ^^^ independent 
of the spreads used to define them, and also of the dimension in which the base 
spread M^{a) lies. The order of a relative restricted system of equations is given 
by (33) in terms of the orders of the equations and the relative index numbers. 

For if Xi increase to ^, + 1 by using the spread /^ • L, where L is a general 
/S^-i , then, from a section by L, O^^j, is increased by 

Or^i^^i = ao(r;_i — (ay)oa;_j_i — (ay)i(r;_^^j5— — (ay)r-t-i» 

where the (r"s refer to Xg, . . . .y\. But this is precisely the increase on the 
right of (33) due to the change in X^; i. e., (ay)^_;t is unaltered and is inde- 
pendent of the orders. The same is true of the earlier index numbers. Again, 
if ^^(a) is supposed to lie in an 8^^^ containing 6\, then, in S^^i , spreads of 
the same orders X determine the same number 0^_,. of points of M^(a) outside 

Evidently the index numbers a of M^{a) in S^y as defined in § 1, are 
merely the relative index numbers of M^{a) as to S^. We might define the 
absolute index numbers of M^ to be the relative index numbers of M^ as to the 
linear space of lowest dimension in which M^ lies, a linear space S^ being 
supposed to lie in an S^.^^. Thus the absolute index numbers of an S^ are 
1,-1, ...., (-l)^ ...., A;=0, ....,r, 

18. The theorems of § 1 can be generalized to apply to relative index 
numbers. The extension of (11) is: 

(35) If M^_j^{y) is the regular meet of M^{a) with spreads of orders 
Zj, . . . ., Zjb, the relative index numbers of M^^j^{y) as to M^{a) are 

(ay)^=(-l)^aoT,T^, i = 0, ...., r-k, 

where r and T are the symmetric and complete symmetric polynomials in 
?i , . . . . , Zj . 

For further spreads of orders \y . . . ., X^_t on M^_i^ (y), the numbers 

Oi , , 0^_fc are all zero. First (ay)o = y© = oco r^ ; also O^ = = aoT^ X^ 

— (ay)o (t^i + ^i) — (ay)i, whence (ay), = —a^Tj^T^. Assume (ay)^ = 
( — 1)^ a^ Tj^ T^ for ; = 0, 1, . . . . , r—k—lj and let the a's refer to Z^ , . . . . , l^_^ . 
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Then 

Or~k = 0= ttoncr,.*— (ay)o [(r,_* + (Tr-k-l'^l +....+ (Tr-tk'^k] 

This equation determines {ay)^_i,. It is satisfied when also (ay)^_t = 
(—1)^-* Tj, r,^^; for then we find that 

which according to (10) is true. 

The following theorem is the analogue of (17) and is similarly proved: 

(36) If (ay)^ are the relative index numbers of M^_,j^{y) as to ilf^(a), 
the relative index numbers (ay)J, of M^.,.-!? *^^ complete meet of M^_j^{y) 
and a spread of order g, as to M^(a), are 

(ay); = g(ay)^-gMay)^_, + 3^(ay)^_,-.... + (-l)^(ay)o, 

i=0,l, jr—k—l. 

Let us state without proof that 

(37) The theorems (18), (19), (20), (21), (22), (23), when generalized 
as abovcj remain true for the relative index numbers of spreads on an M^. 

19. The following three theorems are of different type from the foregoing : 

(38) The relative index numbers of M^-.i(y) as to the regular meet M^{a) 
of n — r spreads of orders X^, . . . ., \^^ in S^j in terms of X and the index 
numbers y of ilfr-t(y) ^^ ^'«> ^^^ 

(ay)y = yi + yi-i<^i + yi-2<^2+ — +yo<^/, i = o,i, — , r — ft, 

where the a's refer to the X's. 

Let M^_j,{y) and its sections be on as many spreads of orders ^i, ^2? • • • •> 
in addition to those of order A,, as are necessary to determine them, and let 
the t's refer to symmetric combinations of the Va. First (ay)o = yo; then 
0, = (Tn-r^+i —n K + '^i) — yi = <yn-rn+i — (ay)o^i— (ay)n whence (ay)i = 
Yi + yo^i • Assuming the theorem true for j = 0, 1, . . . . , r — k — 1, we have 

0,_4 = a^«,T, — yo (ffr-k + <^r-k-i r,+ .... + r,^ J 

— yi ((r,_i^i + a,_fc_2T, + + T,_t_i) — -yr-* 

— (y,_t + y,_t>i cr, + ....+ yo (t,^^) 

= <yn-r'^r— (ay)o^r-fc— (ay)l^r-*-l— — (ay),_^. 

Hence (ay),.^^ y,_i + y,_fc_i(Ti + .... +(r,_^. 
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The generalization of this to the case where the y's are relative index 
numbers is: 

(39) If {ay)f are the relative index numbers of M^_j^{'y) as to ilf^(a), 
the relative index numbers (a^y)/ of M^^j,{y) as to 3/^_<(t<fc), the regular 
meet of M^{a) and i spreads of orders >l, , • . . ., X,., all on M^-^Cy), are 

(aiy)i = (ay)i+(ay),-i<yi + (ay)i-2<^2 + + (ay)i-<<^», i = 0,l, ...., r— ft, 

where the a's refer to X^j . . . . , X^ . 

The following theorem generalizes the notion of a linear section : 

(40) // (ay)< are the relative index numbers of M^_j,{y) as to ^^(a), 
and if M^{a) and M^^^{y) be cut by a spread of order q in M^_i and il^^j^^^ 
respectively^ then the relative index numbers of M^_j^_i as to M^^^ are 

(ay); = g(ay)p i = 0,l, , r — ft — l. 

This is proved by finding from (36) the relative index numbers of M^_ib_i 
as to ^^(a) and then using (39) to get the required relative index numbers. 

The theorem (14) of § 1 can be generalized as follows: 

(41) Given an M^{a) which contains an M^_^{p) which contains an 
^r-» (y), ^> j; then 

i3o(ay),= (a|£f)o(^y),+ (a^),(/?y),_,+ .... + (a/?)ai3y)o, t=0,l,....,r- 

provided either M^^^{^) is a regular meet of M^(a), or M^^j^{y) is a regular 
meet of M^^^{P). 

For in the first case we can solve the formulae given in (39) for (ay)^ in 
terms of (a<y)^= {^y)p and substitute the known relative indent numbers 
(a^)^. In the second case (36) can be repeatedly applied, and the known 
relative index numbers {^y)p can be substituted. 

That the provisos in (41) are essential is shown by the following example: 

On MJa) = S, let us define the M,.=MJ3) by the matrix 123 =hi^«^«| = 0, 

where the variables represent general linear forms in S^. On M^_^{^) let us 
define M,_^{y) = M^(y) by or^ = t/^ = 23 = 0. Neither M^{^) nor M^{y) is 
regular in the sense of (41), and the formute of (41) do not hold. In fact the 
index numbers (a/3)^ are the index numbers ^^m S^. For ^^ we have in S^ 
two conies, 12 = 0, 13 = 0, on the outside point x^ = y^ = 0, whence j^^ = 3 . In /Sg, 
8^ and S^y M^{fi) is a complete spread determined by quadrics, whence fi^ = —10, 
1^2 = 24, /3j = —48. Evidently yo = 2. In 8^^ Xi = y^=0 are two 8^'s on M^^ (y ) 
which meet M^ i^) only where 23 = 0, i. e., in no points outside M, (y), whence 
= 3-l-l — (1 + 1)2 — (/?y),, or (/?y)^ = — 1. In 5„ M,{y) is a conic, so that 
24 
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its index numbers are (ay)o=2, (ay)i= — 8. Thus we have y^=(ay)o = 2, 
(ay), = -8, /?o = (ai3)o = 3, (a^)i = -10, (^y), = -l. The equation 
1^0 (ay)o= (ai^)o (^y)o of course is true, but ^^ (ay)i = (a/?)o (i3y)i + 
(a/3)i(^y)o is not true. 

On the other hand, theorem (18), which has thus far been proved only for 
the case where at least one manifold is regular, holds in the following example, 






where neither is regular. In 8^ let M^{a) be defined by 123 

Iz z z \ 
1 2 » =0, the variables representing S'/s in general 

position. They meet in a curve M^ijy) whose index numbers, according to (18), 
are y^ = ao /3o = 9 ^^^ Y\ = ^(iPi + ^\Po = — 60. To verify this, note that the 
two quadrics 12 = and 13 = meet in M^{a) and the /Sj, ^i^i = J/i = ; also 
that 12"' = and 13^ = meet in M^i^) and the /S,, z^ = t^ = Q. The four 
quadrics meet in a composite curve whose index numbers are 16, — 16 • 8. 
This composite curve has the four parts : 

(a) 123 = 0, 123' = 0, with index numbers y^ =9, y, ; 

(b) 123 =0, z^ = t^ = 0, with index numbers 3, —16 ; 

(c) pjj = j/i = 0, 123' = 0, with index numbers 3, —16 ; 

(d) x^ = y^ = 0, z^ = t^ = 0, with index numbers 1, — 4. 

But the pairs (a), (b) and (a), (c) each have six common points; the pairs 
(b), (d) and (c), (d) each have two common points; while the pairs (a), (d) 
and (b), (c) have no common points. Hence the index numbers of the four, 
according to (24), are 16, (y, — 16 — 16 — 4 — 2 • 16). Comparing these with 
16, —16-8, we find that y, = — 60, which verifies the theorem. 

These examples emphasize the fact that considerable caution must be used 
in accepting as general theorems which have been proved only for the cases 
where some or all of the manifolds concerned are regular. 

Baltimore, October 1, 1913. 



The Canonical Types of Nets of Modular Conies. 

By Albert Habbis Wilson. 



InTBODUCTION. 



1. In this paper is treated the following problem. Given three ternary 
quadratic forms, 

C.=a,<f+2feM+MI+2^,fA+2/M+^.<I, («=1, 2, 3), (1) 

belonging to the GF(p*) ; it is proposed to reduce the net of forms 

R=xC,+yC^+zC, (2) 

{Xy y, z likewise in the GF(p*) ), to canonical types by means of linear transfor- 
mations operated simultaneously on the t^j on the one hand, and on the x^ y^ Zy 
on the other. The t^ will be referred to as the variables, and the re, y, z as the 
parameters; and a transformation of these latter (which replaces any C7 by a 
linear combination of the 6\), as a parameter change. By canonical types is 
to be understood what is usually implied by that term in algebra ; namely, types 
equivalent in the aggregate, under the transformations mentioned, to the nets 
(2), and which contain the minimum number of arbitrary constants, such con- 
stants as do appear being invariants of the net. 

The analogous problem for the ordinary complex-number field has been 
completely solved by Jordan.* In this field the vanishing points of the 6'< are 
curves of the second order, and the discriminant of the net is a cubic curve, the 
locus of the points (a?, y, z) for which the quadratic i?(fi, /jj h) =0 is degen- 
erate. The treatment is based upon the invariant theory and the geometric 
properties of the cubic, and the canonical forms are derived in an elegant man- 
ner. They are sixteen in number, classified by the mutual relations of the three 
curves C<=0 and the form of the discriminant. 

In the finite field the analogy of geometry may still be useful. The van- 
ishing points of the quadratics are conies in the Veblen-Bussey finite geometry ,t 

* G. Jordan, " Reduction d'un r^seau de formes quadratiques ou bilinearet/' Journal de Mathdma- 
tiquea (1906), 7. 

fVeblen-Buasey, ** Finite Projective Geometries/' Tranaaoiiona of the American Mathematioal 
Society, Vol. VII, 1906. 
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and those of the discriminant of the net a cubic curve. Unquestionably the 
most advantageous method of attacking the problem would be the usual one of 
a classification based upon the discriminant ; but the theory of the cubic curve 
and its invariants in finite geometry is at present in so undeveloped a state 
that little progress could be made with it. Under the circumstances it has 
seemed best to make use of the following purely algebraical method, though 
aid is at times derived from geometrical intuition, and frequently geometrical 
nomenclature is employed. 

2. Analysis of the Problem. The net ( 2 ) , fi = xC^ + yC^ + zC^ , regarded as 
a quadratic in t^^t^j t^jR=a^^t\'\'2a^^t^t^'\-a^t\'\'2a^^t^t^'\-2a^t^t^-\-a^t\^ has for 
its discriminant 

B = 

a ternary cubic form in a;, y and z. The discussion of the net may be sepa- 
rated into parts according to the rank of the determinant D. 

In the first place, the case of the identical vanishing of D (for all values 
of a?, y and z) may be excluded, as this would mean that the ternary quadratic 
^(^i> hj h) ^^s reducible to a binary form. Also the case where the quad- 
ratics C^ are not linearly independent may be set aside, for then the net degen- 
erates into a family of two forms, or into a single form. The determinant 
may then be of rank 1, 2 or 3, meaning by this of minimum rank 1, 2 or 3 for 
any values of cc, t/, z not all zero ; and it is on this basis of division that the 
problem is discussed in what follows. 

D is of rank 1. Values of rr, y, z exist (always excluding a;=t/=2;=0) for 
which the first minors of D vanish simultaneously. In this case the net con- 
tains a unary form ; and conversely, values of a;, t/, z which make R a unary 
form will cause all the first minors to vanish. 

D is of rank 2. Values of rr, y, z exist which will make D vanish, but no 
values exist which will cause all the first minors to vanish. In this case the 
net contains a binary form, but no unary form ; the converse of this statement 
is likewise true. 

B is of rank 3. No values of a;, t/, z exist for which B vanishes. The net 
in this case contains neither a binary nor a unary form. The existence of this 
net is in itself remarkable and occurs only when the coeflScients of R are sub- 
jected to narrow conditions.* 

*The discriminant cubic is the locus of the points {x, y, z) for which the corresponding conic degen- 
erates into two lines or into a double line. The above classification of the discriminant is then a classifi- 
cation of the nets into those which contain (i), degenerate conies which are double lines; (ii), degenerate 
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Part I. The Discriminant of the Net is of Bank 1. 

3. Separation of the Cases. There is by hypothesis a unary form in the 
net, and we may set C\=t\ . Then by a parameter change, subtracting C^ from 
C2 and Cj , 

C2=atl+bt2t,+ctl+dt,t^+et,t,, C,=a'tl+h't,t,+&tl+d%t2+e't,t,.* 

One of the following three cases must exist : 

(a) No one of the terms f|, t^t^j tl appears either in C^ or Cj. 

(b) One or more of the terms tly t^t^y tl appears in one form of the net, 
but not in the others. 

(c) The terms tl , t^t^ , tl appear in both forms, Cg and Cj , in such a way 
that this case is not reducible to (b). 

4. In the first of the hypotheses^ (a), writing the forms Cj, C^, Cj, in 
order, to indicate the net, we have f?, at^t^+ht^t^y o^'t^t^+h't^t^^ which is 
obviously readily reduced in all cases to 

Lt t\, 2t,t,, 2^8. (4) 

5. In the second of the hypotheses^ (b), of % 3, the net is 

t\, at,t,+bt,t,, f+d't,t,+e't,t,, (5) 

where / represents the binary quadratic a'tl+b't^t^+c'tl. f may be trans- 
formed, without affecting the forms of C^ or Cg , into one of the following : 
tlftly tl+tlj or tl+vtly where v represents a particular not-square, t The last 
two forms are usually treated together and written tl+mtly where m=l or v. 

conies not double lines; and (iii), no degenerate conies. Imaginary points are not considered in this paper. 
The number of nets of conies can be gotten as follows : Let Pk^^ z — be the number of points 

in a linear space, Sjt' The linear system of conies are in one-to-one correspondence with the points of an 

8^, The number of nets of conies is the number of planes (StS) in S^. A plane is determined by a 

p tp p \ (p p \ 

proper triangle. Such a triangle can be chosen in * i » 2 » 3' ^'^J^ in S^ $ the first point in P, ways, 

the second point (any point except the first) in P^ — Po ways, and the third point (any point except 
those on the join of the first two) in P^ — Pi ways. But the same plane is determined by any triangle in it. 

In a plane there are PAPr-PoHPr-Px) ^^^^^^ triangles. Hence there are ^'^^^''^'1^^'''^^ planes in 8, 
L * £ ' o ff^i f — I'o) {rg — i'j) 

or nets of conies in 8t . 

*In the processes of reduction the letters representing the coefficients are usually repeated, even 
though they are in the course of the transformation replaced by combinations of the coefficients; for only 
the types are sought. Only when special values (such as 0) may arise, which affect the yalidity of the 
results, is it necessary to attend to the actual values of the coefficients. 

t With these same numerals the nets are listed in a final summary. 

t Dickson, " Linear Groups," §§ 168, 169. The process of transformation of aV+^^i^+oV by which 
the term «,*, is eliminated [t. e., by it=tt — ft*»7(2a), tv=ti, it=tt] we may call, for brevity, completing 
the square on the terms att*+hittt. 
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Let /=<! in (5). Completing the square in Cj and making an easy param- 
eter change, we have if, at^t^+bt^t^j tl+b't^t^. If here fe'=0, there results by 
ij=a«2+fe<8 (as 6=i^0) the single net 

IV. ff, tl 2^3. (6) 

If b'^0 and 6=0, by t^=b%, t, = b%, 

11. f?, 2^2, tl+2t,t,. (7) 

If 6'q^O and fe q^O, we have, on multiplying the variables t^^ and t^ by 6', ff , aijfg 
+ ^i*s, ^I+MbJ ^^d by the transformation t^^t'u *2=*2+^^i/2, <8='»"-^'2— 
a*fI/2, followed by parameter changes, this net becomes ff , <|, 2<i/8> which is IV. 
Let /= ^2*8 in (5 ) . If 6 =0, the second form C^ becomes t^t^ ; if 6 :^ 0, then, 
by the transformation ij = fj, /2=fJ, 6^8=^2 — ^*8> C'j becomes t^t^. In any case 
tjt^ may be canceled from Cj , and we have t\ , /^fg y *2*8+^'*i*8 • I^ c'=0, directly, 
or, if c'^Oy by <2=*2+^'^i> this becomes 

V. <?, 2^2, 2^8. (8) 

Let /=f|4-mf8 in (5). Completing the square on tl+e't^t^ and mtl+d't^t^ 
in C,, and making parameter changes, there results if, atj^^+^hh^ ^1+^*1 • 
We may here assume that a^O; for if a=:0, then by interchanging t^ and t^ the 
term t^^t^ is restored in C^. Set, then, a =1. By the transformation t^=t[y 
i,=fj— 6*8 > V= ^8+ ^^J/^j provided the deteiminant l+^Vw does not vanish , 
the net becomes 

VIL tl, 2^2, tl+mtl. (9) 

If, on the other hand, the determinant l+b^m of the transformation just used 
does vanish, multiply t^ by —b : ff , t^t^+mt^t^jtl—mHlj which by t^= (<i+*J)/2^ 
t^= (*J— <J)/2w becomes ff , 2*1*2 > 2*2^8 > ^ ^®t already enumerated as V. 
6. In the third of the hypotheses^ (c), of § 3, the net is written 

«!, atl+bt^t,+ctl+dt,t,+et,t,, a'tl+b't^t^+c'tl+d't,t^+e't,t,. 

Obviously one square term must be present in Cg or Cj , and this may, without 
essential restriction, be taken to be tl in C2 . If the square be completed on the 
terms a*! +6^2*8 ^^ ^2> ^nd tl be canceled from Cj, there results 

tly tl+ctl+dt,t,+et,t,, b't^t.+c'tl+d't.t.+e^t,. (10) 

If 6'=0, (10) becomes 

*f, tl+dt,t,+et,t,, tl+d't.t^+e't.t, (11) 
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(as tl must be present in C, by hypothesis). If b'^iO in (10), then, by 
b'tt+c%=tt afterwards canceling the resulting t^t, from Cj, the net is 

n, tl+ctl+dt,t,+et,t„ t^t,+d't,t^-^e'tit,. (12) 

If c=0 in (12), by t^=t[, tt=ti—dt[/2, t,=t',—d%, the net reduces 
readily to 

<?, tl+et,t,, t^t,+e%t,. (13) 

Ifin(13)e=0, 

n, tl, t,t,+e%t,. (14) 

If in (13) .e:^0=2 (say), 

t\, tl+2t,t,, t^t,+e't,t^. (15) 

If in (14) e'=0, the net is t\,tl, t^t^, which is seen to be equivalent to IV by 
interchanging t^ and t^. If in (14) e':#0=l (say), there results 

VI. t\, t\, 2(M,+M«). (16) 

The net (15) for e':#:0=l (say) is equivalent to the same net for c'=0, i. c, 
t\, <|+2M,,2(y,+<i<,) to rf,f'|+2<;<i,2<;<;, by the transformation «,=— 9<;, 
t^=Z(t\-\-ti), tf=2i\+ti — t't, with non-vanishing determinant, 

IX. t\, 2Ms, <I+2M8. (17) 

In this reduction it is assumed that p^Z. 

If in (12) c= a square (not 0), then, on multiplying <, by the square root 
of c, the form Cj becomes tl+tl+dt^tt+et^t^. By C;=C,+2C,, followed by 
t^=t'i+t'i, ti=tt — t'i, and a parameter change, the net (11) is again obtained. 

If finally, in (12), c is a not-square, set it equal to a particular not-square 
v; there remain for further reduction the nets (11) and 

t\y t\+vt\+dt,tt+et^t^, t,t,-^-d't,tt+e't^t,. (18) 

In (11) complete the square on tl+dtit^ in Cj and on ^s+e'Mi ^ C,,&nd get 

t\, tt+et,t,, tl+d't,tt. (19) 

If in (19) e=d'=0, we have 

in. t\, tl, tl (20) 

If in (19) c=0, d'^0, or e^O, d'=0, by obvious changes we have 

<?, tl, tl+2t,t,. (21) 

If in (19) eisO, d'^0, multiply t^ by 2/e and get 

t\, tl+2t,t„ tl+3pt,t„ (22) 
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where p is a parameter, arbitrary, except not 0. 

In (18) the squares may be completed to eliminate the terms t^tz and t^t^ 
in Cj , giving 

<!, tl+vtl, t,t,+d't,t,+&t,t,. (23) 
If in (23) rf' = e'=0, there results 

VIII. tl, 2tjt^, tl^vtl. (24) 
If in (23) d'=0, e'q^O, or d'l^O, e'=0, 

X. t\, 2{t,t,+t,t,), tl+vtl. (25) 
If in (23) d'=^0, e'q^O, then, multiplying t^ by d' and t^ by e', we have finally 

XL t\, 2(M2+M8+Ms), tl+oLtl, (26) 

where a is an arbitrary parameter not equal to zero, 

7. Two of the nets just obtained and not listed by the Roman numerals, 
namely, (21) and (22), may now be included under the net XI (26). 

In the first place, for a=l in (26), by C2=Ci+C2+C^j the net may be 
written <f, {t.+t^+t^Vy tl+tl; and this, by t,=zt[, f^=_f;+f;_f;, ts=t',, 
reduces to ff , f^ <!+ *2+ 2^1— 2^2+2^1*8— 2^8- Cancel ff,f|,and eliminate 
t^t^ and ^gfj ^y completing the square, and there results fj, tlj <8+2fi<2> which 
is (21). 

Again, the net (22) may be included under XI (26) for a = a square = 

1 + & 
k^j tfzl. In fact, if fe is chosen so that h^=zp--L^ (which for every p is possible 

unless jp*=3), the substitution 

will transform ff, 2(fi<2+<i<8+M8)> •^'i^d fl+^^'l ii^to members of the net 
xtl+y{tl+2t,t,) +z(tl+2pt,t,). 

8. Independence of the Nets. It remains to determine whether the nets 
just found are independent of each other ; that is, incapable of being trans- 
formed, one into the other, by linear transformations of the variables or the 
parameters. Many of the questions of equivalence are answered by an exam- 
ination of the invariants of the nets. The rank of the determinant shows the 
independence, as classes, of the three classes of nets which are separately 
examined in this paper ; no net which contains a unary form can be equivalent 
to a net which contains no unary form. The numerical invariants, the nmnber 
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of the unary forms and the number of the binary forms, will in many cases serve 
to distinguish the nets. Further, the form of the discriminant Z)( re, y, e), which 
is multiplied in the transformation on the f,. by the square of the determinant 
of transformation, will aid in answering the question. 

9. As an illustration of the method of reckoning these invariants, con- 
sider the case of the net XI, rcfi + 21/(^1*2+^^3 + Ms) +^{i2+oitl)- 



X 


y y 


y 


z y 


y 


y az 



D= y z y =2y^—{a + l)y^z—xy^+axz^. 
y y az 

For Z)=0, (y* — az^)x=2y^ — (a+l) y^z. In the case a=l, the discriminant is 
factorable, and this case should be treated separately; however, here, by § 7, 
the net is equivalent to the simpler one t\j tly 11+21^1^^ of which it is readily 
determined that the number of binary forms, 5, = 2(p" — 1)*, and the number of 
unary forms, f7, = 2(p" — 1). Excluding the case a = l, distinguish further the 
cases a = a square = k^ (not 0), and a = a not-square, 

a=k\ If y=s=0, the determinant vanishes for x arbitrary, only not 0; 
i. e.y for p"— 1 values. If y and z are arbitrary, only not y=z=0, there are 
pin — I gets of values; but from these must be deducted the number of sets for 
which the multiplier of x also vanishes (except ^=^=0) ; for these will not 
cause Z> to vanish unless a = l. These latter sets given hj y=±kz are 2 (p*— 1) 
in number. The total number of vanishing sets is then p" — 1-fp*" — 1 — 
2(p" — l)=P''(p* — 1). To find how many of these are unary forms, consider 
the first minors of the discriminant: xz^y^j y{x — y), y{y — z)y axz — y% 
y{az—y)j az^—y^. As a^l, these vanish together only for y=z=0; i. e., for 
pn — 1 sets of values of a?, y, and z. Hence, finally, jB=p"(p*— 1) — (p~— 1) 
= (p*-l)*, Z7=p»— 1. 

a = a not-square. The multiplier of x can not be made to vanish except 
for y=:z=Oy for which, for x arbitrary (not 0), the discriminant vanishes. 
Further, as in the case of a=k\ The number of vanishing sets for D is then 
p5n^pn_2^ ^Y 5==(p«+l)(jp«_l)^ jj=p^—l. 

10. By an examination of the character of the discriminant and the nu- 
merical invariants, all questions of equivalence are answered except the follow- 
ing: IV may be equivalent to VI, and X may be equivalent to XI for a=v. 
(See pp- 208, 209 for table of nets.) 

If IV is equivalent to VI, then each of the forms f J , <| , t^t^ must go into 
one of the type oi^l+2y{tjt^+t^t^) -{-ztl by a transformation ti=at[j ^2=6*2 
t^=c^t'i+c^t2+cj;sy or else ^i=a«i, t2=bt'iy <8= ^1*1 +^2*2 +^8*8- By these t{t^ 
25 
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becomes a (c^ff+Cgf 1*2+^8*1^3) ^^ ^(^i^i'g+^s^l+^sMs) ; ^^^ neither of these is of 
the required type. 

11. Equivalence of the Nets X and XI for a = a not-square v. If p" = 
4fc— 1, t. e., if —1 is a not-square, set 1; = — 1. Then the transformation 

*1= ^tij r2^^*^*l I *2 I *8> *8^^*2 *8 

will take each form of X into XI; i. e., ff , fif8+*2*8> ^^d ^l+'s "^to 

If p~=4A;+l (—1 a square), the equivalence of the two nets is conditional. 
As an example of discussions of this kind, this case is treated in detail. 

The net xC^+yC^+zC^ is equivalent to XC'^+YC^+ZCn if C^, C^, and C^ 
are severally capable of being transformed into forms of the type XC[ + TC2 
+ZCz- The form ff must go into the form a^'f , as there is but one (essential) 
unary form in each of the nets. Hence the reduction is effected, if at all, by a 
transformation of the form 

t,=at[, «2=M1+M2+M8, t,=c,t[^c^t'^'\-c,t'^, (27) 

of determinant a{h^c^ — 68^2)- ^7 t^^is ^^^ three forms of XI must be trans- 
formed into forms of the type X. Substituting in the last two forms of XI, 
and equating coefficients with those of X, we have the two sets of equations : 

2(a6i+aCi-f6iC,)=X, 6J+v<i=X', 

262^2=^, bl+vci=Z% 

2b^c^=vZy bl+vcl=vZ% 

«(&2+^2)+&iC2+V!=0, 6162+^^1^2=0, 

(^ih+Cs) +61^8+68^1=7, 6i68+t;CiC8=r', 

62C8+ 65^,= r, 6263+ vCjjCj = r. 

From the second and third of each set Z may be eliminated, and from the fifth 
and sixth T, giving, 

(Ai) 68C8-t;62C2=0, (BJ vbl-bt+v'ci-vcl=0, 

(A2) a(62+C2) +61^2+62^1=0, (B2) 6i62+i;CiC2=0, 

(Aj) a(68+C8)+68(Ci-C2)+C8(6i— 62)=0, {B,) b^{b,-b^) + vc,{c—c^)=0. 

It is readily seen that none of the letters can be 0. Setting from (Ai) : 
6,=i68, vc^=c^ly (i=^0), there results from (BJ Z68=C8, or /68=— Cg. Sup- 
posing first Z68=C8, we have ^68=^8=62=^^^2; and substituting successively in 
the remaining equations, (Ag), (Ag), (Bg), (B8), we find all the coefficients ex- 
pressed in terms of a, as follows : 
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2lb,=-{l + vl)a, \=lh,, b,{l-Pv)=2lb,, I 
c,=lb,, vc,=b,, c,{l-Pv)=-2l\,] ^^^^ 

which will effect the transformation in question, provided 

l^v^+3l^v+3lv+l==0. (29) 

As p*=4ft+l, v::^— 1, 1+l^v^Oj 1—l^v^Oj the last expression is, to within 
a non-vanishing factor, the discriminant of the transformation. 

Similarly, from the second hypothesis, lb^=—c^, there are derived: 



(30) 



2lb,= (l-vl)a, b,=lb,, {1-Pv)b,=2lb,/ 

Cs=-lb,y vc,=-b,, {1-Pv)c,=2l\, 

provided 

/8^2_3/2^ + 3^^_1^0, (31) 



If either of the equations (29), (31) is reducible, the other is also. Now the 
conditions for the irreducibility of equations in Galois fields has been fully 
discussed by Professor Dickson,* and, in particular, the following result ob- 
tained: The necessary and suflScient conditions that the cubic a^+bx+c=0 be 
irreducible, are 

(1) — 4fe8— 270^= a square :^0, say 81m\ (32) 

(2) I (_c+mV— 3) = a not-cube for field [GF(p»), V=^]. (33) 

Multiply the roots of (29) by t; and write I — 1 for ?, and it takes the following 
form: P+3{v—l)l—2{v—l)=0. The conditions for irreducibility are now 



(1) —108 (t;— 1)«— 108 {v—iy=81mS 

(2) I [2(t;— l)+mVIl3]= a not-cube in [GF{p^), vCZS]. 



(34) 



The first condition requires that 3 be a not-square (as p*=:4A;+l); hence 
p»=12A;+5. Take i; = — 3, then m=8, and the second condition requires that 

4 ( — 1 + V^ ) , or equally, that g ( — 1 + ^—^ ) » shall be a not-cube. This latter 

number is o, a cube root of 1. If now 6)=r^, then o*=i'®=l, where r^^ly 
r in GFip^""). Hence 9 is a factor of p«"— 1 ; but as p*— 1=1 (mod. 3), it fol- 
lows that p"-f 1=0 (mod. 9). From p"=12fc+5 follows then A;=l (mod. 3). 

* Bulletin of the American Mathematical Society, October, 1906. 
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Hence the equation Pv^+3l'^v+Slv-\-l=0 is reducible, and the net X equiva- 
lent to XI, except for p"=36*;+17; and it results from equations (AJ, . • . ., 
(B3) that in this latter case the nets are not equivalent. 

Pabt II. The Discriminant of the Net is of Bank 2. 

12. Separation of the Cases. There is by hypothesis a binary fonn in the 
net, but no unary form ; hence we may set 

C^ = t\+mtlj {m = l or v, a particular not-square), 
C^=at\+bt,t^+ct^t^+dt^ts+etlj ^ (35) 

C,=a't\+b't,t,+c\t,+d%t^+e'tl, 

canceling tl from C^ and C^ . Under any circumstances we may take 6=0. 
If also e'=S)j cancel t^t^ from Cg and write the net: 

t\+mtl, atl+bt,t^+ct^t^y a't\+b't,t^+c%t^+d%t^. (36) 

If e'^^O in (35) the square may be completed to eliminate from Cj^the terms 
f i<8 and t^t^ , and the net be written : 

t\+mtly atl+bt,t^+ct,t^+dt^t^, a'tl+b't^t^+ff. (37) 

13. In the net (36) distinguish the cases c=0, c^O. If c=0, then 6 =^0 ; 
otherwise a unary is present. Setting 6=1, and canceling t^t^ from C^: 

tl+mtlj ai^-fi^, a't\+c%t^+d't^f^. (38) 

If c'^Oy then, by ts=at^ + bt2+ct^y and canceling t^t^ from C^: 

t\+mtly t.t^y a't\+b't^t^+d't^t^. (39) 

The net (38), by t2^ati+t^ and parameter change, becomes 

tl+mtl , t.t^ , a'tl+c't^t^+d't^tj^ . (40) 

Since c' and d' are not both in (40), say c':^ 0=1, set t's^a't^+t^y and the net 
becomes tl+mtl j t^t^^ t^t^+d't^t^; or, if d'=^0, t^+ftlt '1^2 j hh+hh^ ^^ multi- 
plying fj by d\ Write /=r* or f=r^v according as / is a square or a not- 
square; the net is brought, by the substitution fj = f Jr-f fj, *»=— 7*1— ^i > h=^tj 
into the form 

XIL t\+vtl, 2t,t2y 2Ma. (41) 

The transformation is inadmissible if /=1 ; but in this case, by adding 2C^ to (7, , 
a unary results. If d'=0 in (40), net XII is reached directly. 

In the net (39) d'=0 readily reduces to (41) ; set d' = l. For a'=b'=Q 
there results 

XIIL t\+mtlj 2^8 > 2<j/j, (42) 
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If b'^0, multiplying t^ hjh': 

XIV. t\+mtly 2*1*3, /3*f+2M2+2M3, (^arbitrary). (43) 

If a':^0, 6'=0, the net is tl+mtl , i^fg , at\+t^t^ . By Cg— a(7i=(7J , followed by 
t^=—amti: tl+mtlj t^t^, hih+t^). By *3=<2+^8- tl+mtl, Ms+Msf Ms- 
Interchanging <i and t^ and multiplying Ci , there results : tl+mtl y t^t^ , <it2+'2't > 
which is XIV for /?=0. 

14. If in net (37) c=rf=0, then feq^O, and setting t2=at^+bt^j we have, 
on canceling t^t^ from the resulting Cg and Cg, <!+/<!> ^^2 7 ^'^i+'l- As above, 
/ may be reduced to v, and multiplying t^ by Vo' if a' is a square, and by b if 
a'=vb\ the net becomes 

XV. tl+vtl, t,t^, tl+mtl. (44) 

If c and d are not both in the net (37), we may take c^O and set c=l. 
Then, by the transformation 

t[=t,+dt,, t', = -^t, + t,, <J = «3, (45) 

d^ 

if the determinant hi =#=0, the net takes the form 

m 

tl+mtl, atl+bt,t^+t^t^y a'tl+b't^t^+tl. 

By fi=afi+f8, followed by a parameter change, we have 

tl+mtl, bt,t,+t,t,, a'tl+b't,t^+tl. (46) 

To reduce this, certain values of the coefficients must be excepted. For 
6 = 6'=0, the net is easily seen to reduce to XV. For 6=0, 6'=^0, we may 
write t^=b"tsj where 6'=m'6"*, {m'=l or v), and we obtain 

tl+mtl, t,t^, a't\+2m\t,+tl;^ 

and finally, setting m't^=t[, the net becomes 

XVI. tl+Ul, 2Ms, y«f+2M2+«t» ' (47) 

(/l=l, V, t?*, or t;*; y arbitrary). 

In (46), for fc:^0 set t^=bt'^ and cancel t^t^ from C^i t\+mtl, t^t^+t^t^, 
a'tl+b't^t^+t\. In this complete the square to eliminate t^t^ from C,, and 
obtain 

XVII. tl+mtl, htl+2t^t^+2t,t^, ^l+tl, (48) 

(5, e arbitrary, except 6^0). 



198 Wilson: The Canonical Types of Nets of Modular Conies. 

15, There remains to be considered, from the net (37), the case where 
the determinant of the transformation (46), —+1, vanishes. For this case 

^1=2 ('i+*2), *2=25^'^~'*^' ^^^ ^^®^ parameter changes, give t^t^j atl+btl 

+<i*8 7 <^'ti + ^'tl+tl ; aiid this, by t'i=at^+t^j becomes 

t^y btl+t,t,, a'tl+b'tl+tl. (49) 

If in (49) fen^O, we obtain, on multiplying t^ and t^ by suitably chosen 
constants, 

M2. tl+t,t,, at\+Ml+tl, (X=0, 1, orv). 

If X=0, permute fg and fj, and multiply these letters to reduce the net to 

t\+mtU t,t^, tl+m%t^, 

which is XVI for y=0. If a.:^0, by C'^=Cg—?iC^j and then completing the 

square on tl—Xt^t^ in CJ, we have tl+at\j t^t^y o^i + Ms+'l- Permute here 

t^ and f 2 J multiply these letters by suitably chosen constants, and get 

tl+mth ht^y p<f+2wV2+'8, 
which is XVI. 

If in (49) 6=0, by obvious changes the net becomes 

txt^y titzj Xtl+2.'tl+tl, (X, X'=0, 1, or v). (50) 

;i=;i'=0 is excluded; otherwise Cj is a unary form, ^.=0 gives XEEI. X'=0 
gives XII. a.=X' = l or v, gives, hyCs=2C^+C^y t,t^, t,t^, {t, + t^y+mtl; this, 
by <i=ii + f2, permuting t^ and t^ in the result, and eliminating fgij, becomes 

t\+mtly t,t,+t,t^, mtl+tl, 

which is included in XVII. X=l, X'=v is equivalent to t\+tl+vtlf t^t^^ t^t^. 
By (7I=2(72+Ci, tf=ti+t^j and an interchange of ti and t^ in the result: 

t\+vtl t,t,, fl+Ms, 
which is XVI for y=0. X=v, V = l, gives 

vt\+t\+t\, t,t,, t,t,; 
this net is equivalent to XVH for 5=0, e=w=lby the transformation 

*i=&8'i — Msj t2=t[+b^t2+b^ts9 *8=*i— M2— Vsi 
where vibl+bl) =1, applied to XVIT. 

16. Independence of the Nets of Part II. To use the discriminant to its 
full value in separating the nets, we examine for what cases the discriminants 
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of XIV, XVI, and XVII are factorable. To illustrate the method, the details 
are given for the case of XIV. 

D = 2yz^+mxy^—z^{x+Pz). Set y=rx+sz in this and simplify. D be- 
comes 

mr^a?+2mrsx^z+ {2r—l+ms^)xz^+ {2s— ^)^. 

In order that this vanish identically, r=0, 5^= — ,j3=25; then m=l, 5= ±1, 

/3= ±2; and for this value of j3, y±z is a factor of D= iy±z) {2z^+xy^xz). 
There is evidently no factor free of y. 

Examining similarly the discriminant of XVI, we find that it is never 
factorable. 

The discriminant of XVII, D = mx^z—mxy^+mexz^+m8xyz—y% is found 

by the above method to have a factor in case 5 = 0, c = — ; in fact, for these values 

m 

D= (xz—y^) (mx+z). The number of binary forms in this case is 2p"(p"— 1) 
or 2(p''4-l) (p" — 1), according as — m is a square or a not-square. This num- 
ber is the same as that for XV, but the two nets may be shown to be distinct 
by the method of § 11, 

The number of binary forms is calculated as in § 9. For nets XVI and 
XVII this number appears to be so diflScult to calculate, that it seems best to 
take up the question of their independence from another point of view. There 
are, of course, no unary forms in these nets. 

It is seen at once that XII, XIII, XIV, and XV are independent of each 
other even for the factorable case of the discriminant of XIV. Moreover, XII, 
XIII, and XIV are independent of XVI and XVII. This leaves for examina- 
tion the relations between the nets XIV, XVI, and XVII. 

17. Relations between XIV and XVI. To examine this we proceed to 
attempt the transformation of the discriminant of one into that of the other 
multiplied by a square. To this end a device is used which depends on the 
following lemma : * 

Lemma. // a ternary cubic form /(a?, y, z) becomes F(X, T, Z) under the 
linear transformation 

x=AX+BY+CZ, y=A,X+BJ+C,Z, z=A^X+B^r+C^Z, (51) 

and u denotes /(J, A^ A^)^ then 

1 d^F du , du , du ,c^. 

* This Lemma and its application are due to Professor Dickson. 
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Proof: If we set 

we have 

+ {A,X+B,Y+C,Z)^ + {A,X+B,Y+C,Z) ^ , 
since by Euler's theorem of homogeneous functions 

Replace, in the discriminant of XVI, y by 2a/X ; it then becomes 

f=—^ + 2axz^+Xx^z—Xxy\ (X^O). (53) 

Suppose that under the transformation (51) / becomes 

F=dH2¥Z''+mXY^—XZ^—^Z^), (54) 

which differs from the discriminant of XIV only by a square factor. Sinoe F 

is linear in X, (52) must vanish, so that^ = ^^ = -^ =0; we have then 

29Al+22.AA^—kAl=0y AA,=0, —3Al+^aAAl+yiA^ = 0. Let the modulus 
p" exceed 3. In view of the determinant of (51) , -4, A^ , and A^ can not all be ; 
hence, taking 4^=0, -ig =#=0? ^ = — o^^"'^2 j whence a.= — a\ ^i=0, A =a'^^A^^Q. 
In view of the last relation, z^=z—ax is free of X, Hence we set 

^=^1, y=yij «=Si+<ya?i. (55) 

T hen / = — 0? — ax^s^^ + o^x^y{ , and 

x^=AX+BY+CZ, . y^ = bY+cZ, z,=rY+sZ. (56) 

^^^"Ix"^^ |^ + ..=^(<T«2/?— <r;5j),U=(i«(mr«-Z^), Since these binary 

forms must be equivalent, the ratio of their discriminants must be a square. 
Thus a/m must be a square ; but as in XIV m may be multiplied by any square, 
we may set m=cf. By the theory of binary forms the only transformations 
replacing <r4 (<Ti/i—ef) hy d^{aY^ — Z^) are 

y^=bY+cZ, z,= ±acY±bZ, (57) 

where a A {¥ — ac^) =d^. 

Set in (56) r=±aCj s=±bj and noting the relation (57), transform / 
and equate to F. On reducing the conditions we find that the transformation 
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will replace fhjF if, and only if, 

(PB=±A(j^c', cPC=di^3Aabc', d«/3= ±fe«±3<T6cS ^2= ir lac(3fe«+<Tc2). (58) 

The simplest values of fe and c which make the final expression a square, are 
6=0, c=— 2, with the upper signs holding. For this choice (57) and (58) 
give d«=4<T«, A = —l, B=2, C=0, p=0. Hence by (55) and (56) 

a?=— X+2r, y=—2Z, z=—aX. (59) 

Now the net XIV, with m=<r, /3=0, is X{t\—at\) '\-2Yt^t^-\-2Z{t^t^+t^t^),^R\i\\Q 
the net XVI, with X=— <t* and y replaced by 2a fk (as above), is 

x{t'\—aH'\)+2yt%+z{—2a'-H'\+2t%+t'\). 
If these are equivalent under the correspondence (59), the coefficients of X, 
2r, and 2Z must be equivalent : 

t\—at\=V\—2at[t2+oHl—aV\ , t^t^=V\—aH'\ , t^t^+t^t^= —2t[ts . 

Hence, apart from constant factors, ti=t[—ot2y <2=— ^s, tj^=t[+at2. Thus a 
net of XVI is equivalent to some net of XIV if, and only if, ;iy2--_4 jj^ XVI, 

18. Relation between XIV and XVII. By examining these nets in exactly 
the same way as XIV and XVI were examined in § 17, we arrive at the result : 
A net of XVII is equivalent to some net of XIV if, and only if, in XVII 
m=— 1, and 4^+ («±2)^=0.* 

19. Relation between XVI and XVII. The invariants, 8 and T, of a 
cubic form furnish the absolute invariant, S^/T^. For brevity write 0=%^^ in 
XVI and C=3«— 4i— 4« in XVII. The value of this invariant for the two 
discriminants is as follows : 

n . ^^- (3+(T)^ 
^xvi. 2*2- 16(9 + 2<T)2' 

„ . 8^ {Q^-mBY 

(first multiplying t^ and ^3 in XVII by ^). A necessary condition for the 
equivalence of the nets is the equivalence of these two invariants. If we put 
a=<T+4, 6=(?*— 64^6, c=— 16^6, and then a'=6/c, this condition becomes 

{a'—iy _ (g— 1)' 

(a'_4) (a' + l/2) (a-4) (a+1/2) ' 

* The cases of equivalence between the nets XIV, XVI, and XVII just found receive a new interpre- 
tation when the discriminants of the nets are regarded as cubic curves in finite geometry. The discrimi- 
nant of XIV put equal to is a cubic with a double point; that of XVI has a double point if xy + 4=0, 
and that of XVII if m= — 1, 4c + (a ±2)^=0. The conditions derived hj use of the lemma, namely, 

Qu Qu Qi* 

are obviously equivalent to the conditions for a double point of the cubic. 

26 
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where a=0, a'=0 are, respectively, the conditions for a double point of the 
cubic curves /)xvi=0, ^xvii=0. 

If we attack the problem of direct transformation of the net XVI into 
XVII, it is possible to express the conditions to which the parameters are sub- 
jected for equivalence, but these conditions are in an exceedingly long and 
awkward form. 

Pabt III. The Discriminant of thb Net is of Bank 3. 

20. That nets exist which contain neither a unary nor a binary form may 
be proved from the results of a paper by Professor Dickson.* Setting out 
from the theorem that any field which contains an irreducible cubic /(r) =0 has 
for the norm of the function x+ry+r^z a ternary cubic form which vanishes 
in the field only for x=y=z=Oy the conditions are determined that the general 
cubic shall have this property. We shall apply these conditions ad they are 
derived from a simplified form of the cubic, when, namely, by an obvious trans- 
formation, the terms in x^y^ x% and xyz have been made to disappear. Then, 
for the cubic 

a'af'+d'xy^+e'xz'^+gy+h'y^z+k'yz^+r^y (60) 

the necessary and sufficient conditions that this vanish in the field only for 
X=y=z=0 are: 

(A) a'^+d'q+g'=0 shall be reducible in the GF{p''), 

(B) a'd'ifi'i^O, 

(C) d'A;'+3ey=0, j- (61) 

(D) e'h'+3d'V=0y 

(E) 4d'V+3a'/i'2— 9ayfc'=0. 

21. Reduction of the Net. The family of two ternary quadratics which con- 
tains no binarj' form may be readily reduced to C^ = t\ — fg^s > C'2=2*i*2+'i+^*8> 
where a has a fixed value not 0. Adjoin now a third form which by hypothesis 
can not be reduced to a binary form ; by parameter change it may be written 
C^=2btit^+ct\+tl+dtlj the coefficient of tl being put equal to 1, since it can not 
vanish, as Cg is not a binary. 

22. The discriminant of the net 

x{tl-2t,t,) +y{2t,t^+tl+atl) +z{2b\t,+ct\+tl+dtl) (62) 

is 

x+cz y bz 
D— y \i-\-z — X =a^ + c7^z—axy^—dxz^—{a+d—2b)xyz-[-ay^ 

+ {d'-ac)y^z~{ac+cd-^b^)yz^+ {¥~cd)^. (63) 



y y+z —X 
bz — X ay+dz 



In order to apply the conditions (61) cited above on this cubic, it must be so 

* " Triple Algebras and Cubic Forms,'* Bulletin of the American Mathematical "Society, January, 1908. 



(64) 
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transformed that the terms in a^z and xyz shall disappear without introducing 
the term x^y. Write in D x=x'—cz'/8, y=y', z=z', and the term a^z will dis- 
appear. The terms in ar'y'* and x'y'z' will become ^ax'y^ — {a+d — 2h) of y'z'\ 
then by x'=x\ y'=y" — (a+d—2b)z"/2a, z'=z", the term in x'y'z' will disap- 
pear. The result of the two transformations is the cubic (60), where now 

a'=l, 

d'=—a, 

e' = i3a^—12ab—4ac*—6ad+12h^—12bd+3d^)/12a, 

g'=a, 

h'= (— 9a— 4ac-f 186— 3rf)/6, 

k'= {3a*—12ab+^ab^—8abc+2ad-\-12¥—^bd—d^)/4a, 

I' = (— 27a»+36a«c+162a»6+108a«6*+16oV 

+72a«6c— 27o*d— 72a«c<i— 324a6«-f216o6»— 288a6«c 
+72abcd+108abd—108abH+36acd^+27ad^ 
+216&«— 1086»d— 546<P+27d»)/216a». 

For these values of a', ... ., I', the conditions (61) become 

(A) g* — aq+a=0 shall be irreducible, 

(B) a(9a+4ac— 186+3d):#:0, 

(C) a¥—2abc+ad^-\-2ad+2bd—(P=0, 

(D) 4o«c-f9a*6*+2a»6c— 3a«c«— 8a*cd— 6a*rf 

+ lSa¥—20ab'c—9a¥d + &ahc^ + 2abcd 

+6a6d— ac«d+4acrf*+3o(i*+126*<i— 126d*+3<i»=0, 

(E) o»— 4a*6+6o*c— 2a*(i— 5o6«+6a6c— 4a6<i+2acd+a<i*+3rf*=0. 

23. Reduction of the Conditions (65). With regard to condition (A), it 
is easily seen that an irreducible cubic exists for every field. In fact, when 
g»— ag+a=0 is reducible, then a (#=0) may be expressed as g*/(g— 1), and 
conversely. But there can not be more than p" — 2 such values (since g ^0, 1) ; 
that is, there is at least one value of a which will make the equation irreducible. 
(See § 25.) 

The key to the simplification of the conditions (65) (C), (D), and (E) 
lies in (C), which may be written: 

a{b—cy=d{d—2a—2b). (66) 

Suppose, first, <i=0. Then from (C), since a^O, 6=c, while (D) and (E) alike 
reduce to (a4-&)*=0. That is 

6=c=— o, (67) 

while (B) becomes 4o — 27:#0. Here, then, in the case d=0, there is a single 
net whose fundamental forms are 



(65) 



(69) 



—20az+a^+12a=0, 1 

-.—5a'—6U]d—aH^—az+a) =0.J ^^^^ 
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tl-2t^t,, 2t,t,+tl+atl, —2at,t,-atl+tl, (68) 

where a is so chosen that a^Oy 4a — 27=^0, and g* — aq+a=0 is irreducible. 

Suppose, next, that d^^O in (66). From (66) we may set b — c=dfj 
whence 

2b=d—adf^—2aj 

2c=d—adf^—2df—2a. 

For these values of h and c, (D) and (E) become, respectively, 

aV^+12a2/8+2a«/«^20a/+a+12=0, 1 

(2a«/»— 64a«/»— 20a«/«+112a/— 5a— 64)d— a«(a«/»— a/+l) =0 ;J ^^^^ 

or, putting 

af=z, (71) 

equations (70) take the form 

e*+12«»+2a22_r 

[(2a— 64)««— 20a«^+112a;2- 

24. Discussion of the Quartic (72). The quartic 

z^+12i^+2az^—20az+a^+12a=0 

has one, and but one, root in the field. In the paper to which reference has been 
made in § 11, the conditions for irreducibility of the cubic and quartic are 
explicitly set forth ; in particular, il is there proved that a quartic has one, 
and but one, root in the field if the resolvent cubic is irreducible. Now the 
resolvent cubic of the quartic in question is 

t/«— 2ay^+(— 4a2— 288a)y+8a«— 448a«— (12)«a=0. 

In order to apply the conditions for the irreducibility of the cubic, the term in 
y* is first eliminated. Set y=2Xj and divide by 8 to simplify: 

a?—ax'+ {-a^—72a)x+a^—56a^—216a=0. 
In this set x=X+a/3 : 

X»-(72a+4aV3)X+16aV27— 80a«— 216a=0. (73) 

The discriminant of this cubic is 

a^4«(64a«— 92 • 16a*— 6 • 27 • 54a— (27)»=4«a«(4a— 27)»- (74) 

Now the cubic a? — arr+a=0 is known to be irreducible, and the two conditions 
for this (see ^11, end) are 

4a— 27= a square =81e* (say), 
^(—a+aeV^)= a not-cube in [GF(p*), V=3]. 
Applying the conditions of irreducibility to (73) : 



(75) 
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li-b+S 



4V(4a— 27)»= a square =81(8 • 81 • ae^y, 
81 • ae» • V^ = a not-cube in [GF(p"), V=3], 



(76) 



where 6=16aV27— 80a2— 216a. Using the second of (75), the second of (76) 
is equivalent to the statement 

(— 6+8-81-ae«- V=3)/(— a+ae- V^)= a cube in [G^F(p"), V=3]. 

Multiplying numerator and denominator by — a — aeV — 3 and reducing, this 
fraction becomes 36a— 36 • 27 + V^ • e(4a— 28 • 27) ; but this is equal to 

9 • 81e*— (27)^+ V=3 • e[8l6«— (27)*] =3«(- 



-l—eV— 3/3)». 

It is thus seen that the cubic resolvent is irreducible, and hence the quartic 
(72) has one, and but one, root in the field. 

25. Determination of the Coefficients from the Remaining Conditions. 
Set the single root of the quartic (72) in the cubic (72), and the value of d is 
uniquely determined, provided the coefficient of rf in that equation does not 
vanish. By hypothesis the term free of dj (s* — az+a)a^f is different from 0. 
Having determined rf, (71) and (69) give /, 6, and c uniquely. Condition 
(B), (65), becomes, as a=^0, 0^(27— 4a)+d(7;s2— 4as+2a«— 6a):#:0, so that in 
this case also, 4a— 27=^0. 

Denote the coefficient of d in the cubic of (72) by (7, and the quartic of 
(72) by Qj and examine 

Q=z'+12sf^+2az^—20az+a^+12a=0, 
C=(2a— 64)«»— 20a2*+112ae— 5a2— 64a=0, 

to determine whether or not they have a common root. The first step in the 
highest-common-factor process leads to the identity 

2(a— 32)2g— [(a— 32)s+(22a— 384)]C=a% 
where 

T= (4a-f 72)2*— 35ae+2a(a+3). 

If Q and C have a common factor, then C and T will have this same factor, and 
conversely. We seek, then, the eliminant of C and T which will vanish for a 
common root. By Sylvester's method of elimination this invariant has the 
following determinant form : 



404-72 


-35a 


2a(a+3) 











4a +72 


—35a 


2a(a+3) 











4a+72 


35a 


2a(a+3) 


2o-64 


-20a 


112a 


— 5a«— 64a 








20-64 


—20a 


112a 


— 5a«— 64a 
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From the last two columns a may be removed as a factor. It is then easy to 
see that the highest power of a that can occur is the sixth. 

To complete the proof, we shall show that except for certain low values of 
p", a may be so chosen that the discriminant does not vanish. The choice of a 
was such as to make the cubic ^—aq+a=0 irreducible. 

26. For how many values of a is the cubic g* — aq+a=0 irreducible? 
If this equation be reducible, o=g*/(g— 1), g a mark of the GF(p'') not 
nor 1. Let r be also one of these marks and determine for what values of q in 
terms of r, other than g=r, the following equation is satisfied: 

g«/(g-l)=f«/(r-l). 

Removing the factor g— r, we have g*(r— l)+g(r2— r) = r*, or if r^lj 
(2g+r)«=r«(r+3)/(r— 1). Hence, if (r+3)/(r— 1) is a square, not 0, there 
are exactly three of the marks which give the same a ; namely, the value of r 
making (r+3)/ (r— 1) a square, and the two values of g from the quadratic just 
written. If (r+3)/(r — 1) is a not-square, each corresponding r gives a dis- 
tinct a. Finally, if (r+3)/(r— 1) =0, that ia r=— 3, g=3/2, and there is an 
a different from all the rest; that is to say, the two marks — 3, 3/2 always 
give an a, and it is different from every other a. Let now r run through the 
sequence of all the marks of the field except 0, 1, 3/2, and —3. Then (r+3)/ 
(r — 1) will take all these values except —3, 1, 9, and 0. If, first, — 3 is a 
square, there are (p*— 1)/2 not-squares among the values of (r+3)/(r — 1), 
and hence as many a's. There are (p*— 1)/2— 3 = (p*— 7)/2 squares, and 
therefore (p"— 7)/6 a% and in addition the a that results from the two values 
3/2, — 3, of r; in all, 2(p" — 1)/3 values of a which make the cubic reducible. 
If —3 is a not-square, there are (p* — 3)/2 not-squares (r+3)/(r — 1), and 
hence as many a's; (p*— -5)/2 squares, and hence (p"— 5)/6 a% and the addi- 
tional a; in all, 2(p" — 2)/3 values of a for which the cubic will be reducible. 

The cubic g*— ag + « = will be irreducible for (p" = 1 ) /3 or for (p* — 2 ) /3 -f 1 
values according as —3 is a square or a not-square in the field. This number 
will exceed 6, and hence the discriminant in <§ 24 be not zero if p"* is greater 
than 19. 

27. It thus appears that there are always two nets in which no binary 
forms occur: one for d=0, 

XVin. <!— 2^3, 2t^t^+tl+atl, —2at,t^—at\+tl ; (77) 

and one for which ^^^0, 

XIX. <!— 2^8) 2t,t^+tl+atl, 2bt^t^+ctl+tl+dtl, (78) 

where a is fixed, not nor 27/4, g*— ag+a=0 irreducible, and fe, c, and d 
determined uniquely by (69), , (72). 



(80) 
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28. The case of p*=3Aj+l deserves especial notice on account of the 
simple form which the conditions take. In fact, for this field the family of 
two forms may be reduced to a?(ff— 2«2*3) +y{2ut^t^—tl)j u being a particular 
not-cube.* The net of three forms may readily be put in the form: 

t\-2t,t,, 2ut,t^+tl, 2rt,t,+st\+tl+ttl. (79) 

The discriminant of this net is 

a?+S2^z—txz^+ {2ur — l)xyz+u^y^+uHy^z—syz^+ {r^—st)s^. 
The conditions that this cubic vanish only for x=y=z=Oy are best expressed 
directly as obtained on page 163 of the Bulletin of the American Mathematical 
Society^ January, 1908, by Professor Dickson: 

(A') 2utr+2t+s^=0y 

(B') 2s + u^sH—^ti^r^s—2urs+3uH^=0, 

(C) 3s^+8u^st^—5u^rH—^urt + t=^0y 

(D') 2lir— 1:^:0. 

By (C')-3(A'): 

t{Su^st—5u^r^—10ur—5) =0. (81) 

Hence, either t=0 or 8w«5«— 5wV*— lOwr— 5=0. If <=0, by (A') 5=0; this 
brings us to an alternative condition (page 164 of above citation), 

27wV= — (2wr— 1)»; 
or, setting ur=w: 

Stv'+lbw^+ew—l^iw+iyiSw—l) =0, (82) 

whence r= — 1/u or r=l/8w. Eliminating s^ from (B') and (A') : 

2s—^u^r^s—2urs+uH^—2uHh= (1— 2wr) {2s + 2urs+iiH^) =0. 
Therefore, 2s{l+ur) =~uH'^. Squaring this and eliminating 5* by (A'), 
—8{l + ur)H=uH^; and if «=^0, [—2{l + ur)/ut]^=u, which is impossible. 
Hence <=0, and we have the nets: 

«f-2M,, tl+2ut,t,, tl-{2/u)'t,t,,\ 
tl-2t,t,, tl+2ut,t,y <i+(l/4M)-M8.J ^^ 

In each case the condition (D') requires that the modulus be not 3. 

29. Summary. The net R=xCi+yC2+zCg of ternary forms 

Ci=a,tl+2h,t,t,+b,tl+2g,t,t,+2f,t^t,+c,tl, 
in the GP{p'')y has been reduced to nineteen canonical types: namely, I, . . . ., 
XI, which contain a unary form ; XII, . . . . , XVII, which contain a binary form 
but no unary; XVIII, XIX, which contain neither unary nor binary forms* All 
questions of inter-relations between these types have been considered and 
answered, except with respect to the two cases, nets XVI and XVII, and nets 
XVIII and XIX. 

* Dickson, Quarterly Journal, §8, No. 156, 1008. The examination of the net for pn=z3k + l was 
also made by Professor Dickson. 



208 



Wilson: The Canonical Types of Nets of Modular Conies. 



TABLE 





C^ 


c. 


c. 


I 




2t,t, 


2t,t, 


II 




2t,t, 


<H-2M. 


III 




t\ 


tl 


IV 




t\ 


2t,t, 


V 




2t,t, 


2t,t, 


VI 




tl 


2«,<,+M,) 


VII 




2tA 


tl+mtl 


VIII 




2t,t, 


tl+vtl 


IX 




2t,t, 


tl+2t,t. 


X 




2 («,<,+ M») 


tl+vtl 


XI 


t\ 


2{t,t,+t,t,+t,t,) 


tl+atl 


XII 


tl+vtl 


2tA 


2t,t, 


XIII 


tl—mtl 


2t,t, 


2M. 


XIV 


t\—mtl 


2tA 


Pt\+2t,ti+2tJ^, 


XV 


t\+vtl 


2tA 


t\+mtl 


XVI 


t\+Xtl 


2t,t, 


Yt\+2t,t^+tl 


XVII 


t\+mtl 


k\+2t,t,+2t,t. 


et\+tl 


XVIII 


tl-2t,t. 


2t,t^+tl-i-atl 


—2at^tt—at\+tl 


XIX 


<?— 2M» 


2t,tt+tl+atl 


2ht^t^+ct\+tl+dtl 
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OF NETS. 



D 


B 


U 




xyz 

y^ 

x^ 
z'{y-x) 

mz{xz—y^) 
x(vz'-y') 

x{vz^—y^)—y^z 


p-(p"+l)(p»-l) 
p-(p«-l) 
3(p--l)« 

(2p»-l)(p--l) 

2p-(p"-l) 
(2p»-l)(p"-l) 

2p»(p--l) 
(p- + l)(p._l) 

p-(p--l) 
(P"+1)(P"-1) 


P--1 

P--1 

3(p--l) 

2(p"-l) 

p"-l 
2(p»-l) 
p«-l 
P--1 
P--1 
P--1 


2y'-{a+i)y'z-xy'+axi? 


for a=l 
2(p--l)» 

for tt=o«^l 
(P--1)* 


2(p"-l) 
P--1 




for a — v 

(p"+l)(p»-l) 


p"-l 


vxz^ 


(2p" + l)(p"-l) 





x{mi^—^) 


for m=l 
3p»(p--l) 

for m=t; 

(p«+2)(p"-l) 







for »i=l, /3*=4 
2p-(p--l) 




2y^-\-mxi^—^{x+^z) 


form=l, /3*:^4 
p"(p--l) 

for m = v 

(p"+2) (P--1) 





mz {va? — vxy — y*) 

—;i?-^7^xz^-{-\a^z—\xy^ 

mexz^+zima^+mSxy — y^) — tnxy^ 


2(p- + l)(p--l) 
? 
T 
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Remarks. In the above table : 

m=l or v, a particular not-square. 

X=l, V, v^j or t;^ 

a, j8, y, 5, 6 are arbitrary parameters, except : 

(i) a, € are not 0; 

(ii) net XVI is equivalent to XIV if Xy^+^=0 ; 

(iii) net XVII is equivalent to XIV if m=— 1, ie+ (5±2)«=0. 
a, in nets XVIII and XIX, is fixed, not nor 27/4, and (f—aq + a=0 is 
irreducible. 

6, c, and d, in XIX, are determined uniquely by (69), . . . ., (72). 
For convenience in tabulating the number of binary forms, B, in XIII and 
XIV, we write in these nets —m for m. 



On Long Waves. 

By J. H. M. Weddbrburn. 



The present paper deals with the theory of long waves in a canal of vari- 
able section. As it is easily shown* that any case of variable section can be 
replaced by one in which the depth alone varies, it is assumed throughout that 
the breadth is constant. 

The main object of the paper is to obtain special cases in which the hydro- 
dynamical equations admit of simple solution for the case of progressive waves ; 
for most of the known soluble cases, apart from the case of constant depth, refer 
either to motions of an oscillatory character or to a reflected train of waves. 
It is also shown that the problem of waves in a basin which is symmetrical 
about a vertical axis reduces in a simple manner to the one-dimensional case. 

The ordinary approximate dynamical equations are assumed without any 
attempt to discuss their validity, although, so far as I know, this has never been 
done in a completely satisfactory manner. From the mathematical standpoint, 
then, our problem is merely the discussion of the solution of a certain partial 
differential equation. The treatment of the initial conditions which is given 
involves the discussion of a type of expansion in series which is in itself of 
considerable interest and seems capable of further extension. 

1. The Equations of Motion. Let the x-hxiq be taken along the canal 
and the y-axis vertically upwards, the origin being at the undisturbed level of 
the liquid. As usual the. displacements, parallel to the axes, of a point on the 
surface are denoted by ^ and »7, while h=h{x) represents the depth reckoned 
positive for points below the undisturbed level of the surface. 

For long waves the dynamical equation then isf 

and the equation of continuity is 

d{K)_ dw 
"- — ai~-~aF' ^^^ 

where 

w=h^. (3) 

* See for instance Lamb, " Hydrodynamics," 3d ed., p. 25T ; and Chrystal, " On the Hydrodynamical 
Theory of Seiches," Transactions of the Royal Society of Edinburgh, Vol. XLI, p. 614. 
tCf. Lamb, loo. oit., p. 240. 
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If >7 is eliminated between (1) and (2), we get 






and if ^ is eliminated, 



§=^i(*i)' <'» 



which, if we set 7i = ^dx/hj becomes 

which is of the same form as (4). 

Although equations (4) and (5) have both been frequently used, the paral- 
lelism between them seems generally to have escaped notice. It is, however, 
of importance; for if w; is a solution of (4) for a certain law of depth ^=;c(ic), 
then w^{^) = — dw/dx is, when expressed in terms of >l, a solution of 

where '^'C'^) =l/aj(^) ; so that w^{x)\b a solution when the law of depth is 
li=^(x). A repetition of this process evidently leads to the original solution, 
so that the relation between w and w^ is a reciprocal one. They will therefore 
be called reciprocal solutions. 

2. Wave Propagation in Two Dimensions. Let the oo- and 2;-axes be taken 
on the undisturbed surface, and the t/-axis vertically upwards as before. If a, 
6 and c are the initial coordinates of the point a?, y, Zy and $, >7, ^ the corre- 
sponding displacements, the Lagrangian equation, of continuity, 

d{x,y,z)/d{a,h,c)=l, 
becomes for long waves 

dh ~ \da ■*■ dcJ' 
Since ^ and ^ are supposed independent of the depth, we have, on integrating, 

which, if a=h^j y=^?> gives to a first approximation 

'=-<i!+i)-ia-l- 

To the same order of approximation the Lagrangian equations for a point 
on the surface are 
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or 

9*a ,3>7 9V 3>7 

Eliminating >; by means of (7), 

8F =^'^ C aHi + aJ-J ' a^ =na5a-c + a^) > ^^> 

or eliminating a and y. 

If the motion is symmetrical about the y-axis, we may set 

r ' r 

where B is a function of r=^a*+<^ alone. On making this substitution we find 

d'R , /d'R ,ldR 1 „N 



(11) 



which may also be put in the form 

which are of the same analytical form as the equations for one-dimensional 
waves. This latter form of the equations is derived directly if we consider 
the basin replaced by an indefinite number of canals each lying between two 
vertical planes which pass through the central axis, the angle between the 
planes being infinitesimal. 

Besides the reciprocal transformation suggested by (6), the equations (12) 
are susceptible of another transformation which leaves the form unchanged. 
Let 8=l/r\ then 

This suggests the more general homographic transformation discussed in the 
next paragraph. 

3. Generalizing the transformation indicated above by combining with it 
a change of scale and origin, let us set 

' ax+h , 1 

cx + d cx + d 
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then, if A=ad — be, 








d A a 


a* 

da? ~ 


A* a* 


2cA a 


dx {cx-\-dY da/ ' 


{cx+d)*dx^ 


(cx+d)' dx' ' 


and therefore 









a*w a* , , jx , o 9^' . / . j\ ^*«'' 

a^ = a^ (ca;+rf)«;'=2c-^ + (c^+i) -^ 

_ 2cA aw' 2cA au>' A' aw 

~ (c«+rf)* aa;' "(ca;+d)«aa;'"'" (ca;+<i)« aa^ 
= (a—cx'y- 



so that the equation becomes 

d'w' ,dhv' .-„. 

~dF=^'dl^' ^^^' 

where 

A'=(£^\, (14) 

h being expressed in terms of of. The transformed equation (13) being of the 

same form as the original equation, we can derive by this method the solution 

for a considerable range of forms of canal from one particular case. 

4, Certain Soluble Cases. Generalizing the solution for the case of ixm- 

stant depth, we shall now inquire under what conditions (4) has a solution of 

the form 

w=f{x)F[e{x)±at], 

F being an arbitrary function, but / and 6 definite functions of their arguments. 
Substituting this value of u; in (4) we get 

ghfF+gh{2r&+fr)F'+f{gh^^-a^)F"=Q, (15) 

whence, if F is arbitrary, 

/"=0, 2/'d'+/r=0, ^W«— <T«=0, (15') 

which on being integrated give 

/=aa;+fe, 6=l/a(ax+b), h=a^{ax+hy/g, (16) 

where a is supi)osed not zero and one unnecessary constant of integration is 
suppressed. 

When a=l and fe=0, the corresponding values of ^ and ri are 

,=F(|=t,()-ii"(l±.0- 
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The reciproeal eolntion is more mierestiag, as it gives a law of depth more 
nearly realized in practice. Here 

d(a})=l/a;= — i3o'yg)K 
Hence, with a slight change of notation, we have the solution 

when h^dd'a^/g. 

The form of (18) suggests assuming a solution of the form 

w=2f^i'\{e±at). (19) 

As before, this leads to the following equations : 

/o'=0, 



(20) 



f 

Here $ may obviously be chosen arbitrarily; but, if the series (19) is to ter- 
minate, we must have 9^^=a^/gh. 

We shall now investigate some interesting particular cases in which the 
series does terminate. 

The first equation of (20) gives f^^ax+h. There are two cases according 
as a is or is not zero ; and it is interesting to find that these two cases are 
reciprocal. 

Let ua first suppose that aq^O. Then, by a simultaneous change of origin 
and scale, we may set f^^x. It now we assume $:^afy it is easily found that 

*,. being calculated by means of the recursion formula 

r{rn+l)K=-[{2r-l)n+l]k,_,, k,=l. 
In order that /,+j may be zero, we must have 

0=2/;d'+/,r=JfeJ2(5n+l)w+w(n— l)]<cCH^>»-S 
which is satisfied if n=— 1/(25+1). This gives 

h=z—{2s+iyx^, (21) 
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where m=i{s + l)/{2s + l). The following table gives the values of n and m 
for 5=1, 2, ,5. 



s 


m 


— n 





4 




1 


f 




2 


¥ 




3 


¥ 




4 


¥ 




5 


n 


tV 



If 0=0, we may assume /o=l, whien we readily find that ff=k^; and the 
series terminates after s terms ifn=l/(2s+l). This gives 



h= — (2s+l)*aJ", 
9 



w= 



45 



2s + 1 



(22) 



5 


m 


n 










1 


♦ 




2 


f • 




3 


¥ 




4 


¥ 




5 


e 


T»r 



In the first case the series of values of m approach the limit 2 from above, and 
in the second case they approach the same value from below. For w=:2, it is 
easily seen that the two reciprocal solutions coincide. 

By the transformations given in §3, we can derive the solution from -these 
results when 

fe=(a^+fe)*(c2;+rf)V(«a:+/)^ (23) 

the coeflScients being arbitrary and m having the same values as above ; and also, 
as a particular case, the solutions in the first case can be derived from those of 
the second case and vice versa. 

5. The Normal Form of the Differential Equation. Though by no means 
necessary, it is convenient to bring equation (4) to its normal form. 
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het $=^dx/Vghy and j>ut 

r=6+ty s=e—t, fc(f+5)=— r/4r; 
then 



=<^+^)- <^) 



drds 

It is interesting to note that this equation is the same as that used by Biemann 
in the theory of waves in air of finite amplitude. 
To obtain a solution of this equation we assume 

w= 2 wJFc~>(r) +(?<»> (5)], (25) 

11=0 

where F{r) and G{s) are arbitrary functions of r and s respectively, and m is 
a function of f +5. Substituting this value of ic; in (24), we get 

mo—2kmo=0, 



whence, if we set m=2m„2% m satisfies the differential equation 

m" + {z—2k)7n'—kzm=0y (26) 

where the independent variable is r+5 and z is an arbitrary parameter. 

In discussing the initial conditions in § 9 below, we shall find that it is 
convenient to replace r+s by a variable q={r+s)/2. We therefore set* 
m{r+s)=v{q)y whereupon the differential equation becomes 

^+2(.-.)*-2.«=0, (27) 

where 

x{q)=2k{r+s). 

6. A Study of V as a Function of z. In discussing the solution of equa- 
tion (27) we shall assume that g is a real variable lying in a finite range 
Qo<Q<Qo+Q9 ^^^ th^t » is a real function of q alone which remains finite and 
in absolute value less than K in the range considered, while z is an arbitrary 
parameter which may be imaginary. Under these conditions it is always pos- 
sible to expand t; as a power-series in 2, and we shall now show that for certain 
determinations of the initial conditions this series represents an integral func- 
tion of ^J. 

Let t;=2v^;3**; then 

<-2xt;J=0, <_2x< = -2«_i-xt;_,) ; (28) 

* When it is desired to emphasize the fact that v depends on z, it will be denoted by v(q, z). 
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therefore 



By a particular choice of the constants of integration we have 

Vq = be^^'^^^^ba, v^= j^^q + a, 

where a=e^««* *, and 

v[=-2aJ^y^-^^{v^VR)dq + c, t\ = i^y,dq, (29) 

/'Id 
<-— 2aJ :^^(^n-i/^(^)dq, v,= ^^yjq, 

where the constants are so chosen that v»=0, (w>l), when q=qo» 
Let now a denote a mean among the values of a ; then 



VaVn Va \ a 



(30) 



'avo 
and sinailarly for w>l, 

t/ = -2^t;_,, (30') 

where of course the value of a depends on n. 

Let Nq and N^ be the smallest and largest values of |t;Ji, and set 

L=2^Nq/Nq ; and let N^ and ilf„ denote the maximum values of \v'^\ and |v^j 
respectively. It must be noted that L is independent of 6, so that 2\a/a<L. 
Using this notation, we readily derive from (29) and (30) that 

Mo<N,\q-q,\ + \aU 



whence 
where 

Therefore 
which gives 



lf.<L-'Jlf.(ff-go|-'<L-ilf|g^ffoC, 
Jlf=(Mo+Iaa»| + i^). 

3f,<L»Jtf|g-ao|V«, 
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whidi in turn leads to 

and finally 

N,<Lm\q-q,\-y(n-\)\, M,<L-\q-q,\Vn\. 
We therefore have 

\v\ <af2L~|a-go|*|«|VwI=Jfe^'«-'*"". (31) 

Hence Jlf6^'*"^«'' is a dominant function for v which therefore converges for all 
values of Zj and consequently represents an integral function of that variable. 
The choice of initial conditions made above gives t;=a, v'=b + cz when 
g=3^. The reason for this choice appears when we consider the equation 
when K ifl constant. The solution in this case is 

whete for the sake of simplicity ^0=®- The simplest way in which this value 
of V can be made imiform is by putting A=Bj which leads to the same kind of 
initial conditions as the above. There are, of course, other ways in which v may 
be made uniform. 

For reasons which will appear later we make c= — a, so that, when g=go> 

vj=fe, Vo=a, v[=—a, t;,=0, <=0=t;„, (w>l), 

v'=b—az, v—a. (32) 

7. The Asymptotic Expression for v. The asymptotic expression of the 
solution of a differental equation, regarded as a function of a parameter, has 
been the subject of several important memoirs;* but the form in which the 
results are obtained does not appear to enable one to identify the various possible 
asymptotic forms with solutions which are defined with reference to initial con- 
ditions of the type here employed. The method used below avoids this diflSculty, 
but it is not applicable to the most general form of equation. 

Let p=qz\ then equation (27) becomes 

d^^\ zJdp' 
For sufficiently large values of e, v can be expanded in the form 



cPv ^/^ x\dv 2xv 



«(P,«)=i%, (34) 

n=oZ 

<+2t;;=0, <H-2i;;=2«(v;_,+i;._,), <35) 

* a., for instance, Birkhoff, Tranaaotians of the American Mathematicat 8ooiety, Vol. IX (1008) , p. 210, 
where fuU references are given* 
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the dashes now indicating differentiation with regard to p. Solving these 
equations, we get 

a and fi being arbitrary constants ; and also 

We shall first consider the equation which results from putting for x the 
maximum value, £', of \x\. The solution of this equatiou is 

F(p, z) ==e(7-i)<p-'^>[^c(p-'^>'^^'f'^^*^+5c-<*»-'^>^^^^ (36) 

UA+B and {A—B)/\l+K*/z^ are uniform integral functions of 1/Zy then F 
is also uniform and integral, so that we may write V=XVJz*y and we can de- 
termine the limits of integration so that V is derived from 

t;;=— 2ae-*<p-p*>, v^^ae-^^'^^ + h^ 

v[=ce-^^P'P^^ + 2e''^p^^^e^Px{v'o+v,)dp, v,=i^v[dp, (37) 

<=2e-'''ip^e'Mv:-i+v,^,)dp, v,=i^v:dp 

by putting K for x. 

If the constants of integration are real, then V is real when p and z are 
real ; we shall assume that p„^ and p^ do not increase without limit as n in- 
creases, so that we can always choose a real value of p so large that V^ and 
Vn have the same sign as Fi..i+F„_i . For instance, we can put A and B equal 
to the same real constant a, which gives 



F(po,;^)=2a, F'(Po,^)=(f-l)2a; 



(38) 



while, if p„2=Po (w>l)» Pni=Po (w>l)> we get from (37) 



V'{p,,z)=-2a+l, 

which is identical with (38) if 6=a and c is chosen equal to 2aK. If we 
therefore give c this value, the function F, defined by (37) when x=K^ is 
identical. with the function given by (36). Now 

Fo=fe+ae-2<p-'^>, F;+Fo=6— ae-^^'^-^^; 

therefore, if a and h are positive and a < 6, p>Po and p>p^ry (*'= 1> 2) , for every 
w, then cVq and V^+Vf^ are positive, and hence F^ and F„ are positive for every 
value of w, except m=0, when F© is negative. 
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Returning to the general case, we shall suppose the limits of integration 
and the arbitrary constants identical with those just chosen for V. The range 
of values of p with which we are concerned is the range of g«, q being real and 
lying between fixed limits, while z is constant but so large as to make |p| 
greater than p^^ and p^ for all values of n. Let p=:qz=re^'j then 

Kl <2i:e-'^*^**i,^e'^~'*|<^i+t;„_i|rfr. 
Assume now that 

|t;U+t;,^J <i,_,[F;_,(r cos 0)+F_,(r cos d)], (n>l), 
/„_i being a positive constant, (Zo>l), and — - < ©< ^. It follows that 

Therefore |^.+„_| <i.^_ [;,.(, ^, e)+F.(r cos «)] 

if r cos B is so large as to make V'^ and F„ positive when w>0; we therefore 
set i„=i»_i/cos*0, which gives 



cos2« 6 
To determine Z^ we have 

if 6>a we may therefore put Zo= (^+&)/(^ — &)> and if a=fe a short calcu- 
lation shows that it is sufficient to put Zo=l+2|tan0|. This leads to 

\v\ <2|t;J/|2|»<io2FJr cos e)/\z cos^ e|"<ZoF(r cos 0, \z cos^ e\ ), (40) 

since the series for F converges for all values of 1/2 different from zero. 
Similarly, for v' we have 

I y'l <lo cos XV'^ir cos 0)/i-s cos^ e|"<io cos 6 V'{r cos d, \z cos^ e| ). 

Now, if z=pe^j 

V(r cos © I Z COS^ ^ I ) = ^^*^^ "*■* tf-i)P(ff-9o) COS tf r^gp(g-ffo) cos tfVi+ir«/p«cog*tf 

1 ^g — p(Qf — ffo) COB tf Vi + ir*/p« co«* e 1 
p COS* eV'{r cos (9, [2: cos^ ${) = 

g(jr/pco««i?-l)p(g-g«)co8i?|-(J2'_p ^^gj 0-|_Vp2 ^^g* + J5:2)^e»(«-9o) cos (?Vl+iC«/p«coii*(? 

+ (JT— p cos^ e— Vp2 COS* e+JS?)5e^^^«-^«>*^^^'+^/^~'^^]. 
These are respectively asymptotic to 

and therefore | v \ and j dv/dq \ ^ | zdv/dp \ remain finite as z approaches infinity 

ft 7t 

in the region S defined by — - < 6 < - . 
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When q=qQj F(r cos 0, \z cos* ^| ) is asymptotic to A+B; and if, in addi- 
tion, A=Bj then V'{r cos 0, |e cos* ©| ) is asymptotic to 2AK/p cos* 6 — 2 A. 

From (40), ^^^(rcos©, zcos^d) is a dominant function for t;(p, z) as 
regards z^ and ^o cos dV'{r cos 0, e cos* 6) is a dominant function for v'{pj z), so 



that 



dv 
Tz 
dH 
dpdz 

dz^ 



<lo\dV{r cos e.pcos^e) /dpi, 

<k cos 0|a*F(r cos e, p cos* e)/apap|, 

<lo\d^V{r cos e, p cos* «)/ap*| ; 



and from these three relations we find, after a short calculation, that zdv/dp, 
z^dh^/dpdz and z^d^v/dz^ remain finite as p approaches infinity. 

If we now assume that A=B=a = byWe have, when p=Po or q=qQj 

ap z 

But dv/dp = dv/zdq, and therefore 

dv 



dq 



=c—2az, (g=go)- 



These initial conditions are of the same form as in (32), b being replaced by 
c and a by 2a. It follows that v is an integral function of z when p is replaced 
by qz. 

Not7 V, regarded as a function of ^, remains finite in the region S defined 

by — 75 < 6 < - , and approaches a definite limit as z approaches infinity ; hence 

in the same region zdv/dz and z^dH/dz^ remain less than some finite quantity. 



But 



dH 



d^v 



w;i-=2'lw+29 



3*t; 8*v 



rfe* ^ ap* 

and in this equation zWv/dz^j qz^d^v/dpdz and z^d^v/dz^ have been shown to be 
less than some finite quantity in the region S ; hence the same is also true of 
2!*a*v/ap*, and therefore of d^v/dq^. Now 



+ 2.(p-^)=0, 



a*t; c^ dv ^ ^^ /dv 
and we may therefore set 

where U remains finite as z approaches infinity in S. Hence 



/d'v ^ dv\, U 



v=ae U.""' + ^-^ fe- U,""' Udq. 
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In this expression we know that U is finite in S even when g=go; hence v is 
asymptotic to c ^d^ 

in^ S. 

8. On an Expansion of an Arbitrary Function in Terms of v. We shall 
now regard v{qy z) as a function of q and z alone, choosing the arbitrary con- 
stant so that 

1 dv 

dq 
when q=qo9 so that in S 

v{q, z)^eUo''^\ 

Now it is readily shown that 

w=e""^^«~««>t;(g, —z) 
satisfies the same differential equation as v. Differentiating, we have 
u' = e-^^^-^^^v'{q, —z)—2zv{qy —z)]^ 

so that when q=qQ 

ti=l, u' = h-\-z — 20=6 — z. 
Hence ti^v, or 

v{q, — 2)=e«'<«-««>i;(g, z). (41) 

The rest of this paragraph follows closely the treatment of one of Cauchy's 
proofs of Fourier's development, which is given in Picard's Traite d'Analyse^ 
t., II, p. 180, to which we refer the reader for some of the details of the argu- 
ment. The method depends on the integral 



if: 



i[gf(re**)-5(-re*')]e**#, (42) 

2 

which is equal to the sum of the residues of the analytic function ^{z) inside 
the circle with center at ^=0 and radius r. A special form is chosen for %{z)y 
and then the limit of (42) is investigated as r approaches infinity over a 
sequence of values so chosen that no circle passes through a singularity of the 
integrand. When this limit exists, it is equal to the sum of the residues of ^{z) . 
Cauchy sets 

n(z) 

where 4'> ^ and / are integral functions of z^ f alone depending on the param- 
eter q. The main difference in the investigation given below is that 4 and n 
are also taken to depend on q ; otherwise the conditions are very much the same 
as in Cauchy's development, being varied only by the special form assumed for -i^. 

* That this is alpo true on the boundaries of 8 is shown by Birkhoff, Transctotions of the American 
Mathematical Society, Vol. IX, p. 210. 
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We shall first of all put 

/ being a real integrable function which satisfies Dirichlet's conditions. 
A sufficient condition for the convergence of the integral (42) is that 

shall approach a definite limit as z increases, so that its real part remains 

positive and its modulus takes on the increasing sequence of values r^ , fg , 

Departing slightly from Cauchy^s conditions, we suppose that '4'{z)/n{z) 
approaches a definite limit c, while e'^'iK — z)/n{—z)y {b=q—q^)y tends in 
general to zero. The second part of (43) can then be written 

n(—z) J^^ 

and therefore approaches zero under the given conditions.* The first part 
approaches! 

ic lim zf\-'^^''''^f{fi)dfi=icf{q). 

°'"'' ma) =2 ^) Sy-m,)dt.. (44) 

where \ is a root of n{z)y and the summation extends over all the roots. 
Similarly, if 6 = ^2 — 2 ^^^ 

and C is put for c, the same conditions lead to 

where of course i^ and n are not necessarily the same as before. 
Let us first set 

4,(2)=e*«'+«-«'')t;(g, s)=e*«'-«+*')v(g, —z), 
7t(0)=e*<9-««)(e"— 1), 



Then, in 8, 



provided 



c= Imi -^-T-f = lim ./„ .w J \/ =e3«. ', 
„=« niz) „=„ e'<»-««>(e«-l) 

lin» it=^ e^- lim "'^'"'•" — ^-Jg^ -0 
;=N(-^)' "is; e-'<«-«-)(e-«-l) -"' 



*Ci. Picard, loo. oit., p. 182-183. t^f. Picard, loo. eit., p. 183-184. 
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Hence, if \=2nin/ay (n=0, ±1, ±2, ), denote the roots n{z)y we have 

ieW-V(3) =^ 2 v{q, \) CW^-^^f{(i)d(i. (46) 

Using now the second form of /(e, g), we shall set 



Then 

as before, and 

provided 
Hence 



»=« «(— 2) -=« e-'<«-*>(l— e") 

2(3— go)+6<«- 
1 " /-''^ 



ieU'«'V(g) = i 2v(s,^,) re^<«-''>/(^). (47) 

Adding (46) and (47), we arrive at the final form 

eL^'^fiq) = ^ 2 v{q, K) Ce^'''-''f{li)dii, (48) 

"-00 •^gi 

provided 

2(g— 3o)+3— ai<«j 

2(3— So)+32— g<a. 

The form of these inequalities shows that we may put go=0 without loss 
of generality ; and having done so, we easily find that, if q is any number in the 
interval qi<q<q^y then the maximum value of q^ is (2a— gi)/3, while gi<a/2. 
We may, for instance, put gi=0, which gives g2=2a/3. 

It should be noticed that if q^ and q^ lie between and a, then the series 
given in (48) still converges if the factor t;(g, \) is omitted from each term, 
as is easily seen by comparing (48) with Fourier's expansion. 

9. Initial Conditions. The only type of initial conditions which we shall 
consider is the case where the profile of the wave and the horizontal velocity 
of particles on the surface are given as functions of x when t=Q. Expressed 
in terms of w, this means that dw/dx and dw/dt are given as functions of x 
when t=0. 

Now 

a^"^V"a7 + "a7> 'dt'~"di^~'dl' 

we may therefore set 
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dw dw _ d^{q) 
"ar "•" "37 ~ dq ' 

(r=s=g), (49) 

dr ds -'*'^^'' 

where 4' is a given function of q and ^ is determined to an additive constant. 
When r=q=Sf the form assumed for w in (25) becomes 

«'=lt'.(3)[i^<-Mg)+<?'">(3)] 
= 1 t;,(g)HC)(g), (50) 

n=0 

where E{q)=F{q)+G{q). Inserting this value of w in the first equation of 
(49), we get 

or ^ 

<^=2i;.(g)fl<->(g); (51) 

ii=rO 

and similarly, if K{q) =F'{q)—G'iq), 

^= I v,_,[F^'^Hq)-G<'Hq)-\= I vM)K<'Hq). (52) 

We shall now proceed to make use of the developments of the preceding para- 
graph in showing that we can in general determine H and K to satisfy the 
initial conditions. 

Assuming that H and K are expansible in a Fourier series 

H{q) = 2 a^e^\ K{q) = I ^3,6^% (53) 

— go — 00 

and that these series can be differentiated term by term, we have, from (51), 
^= 2 v,{q) 2 a,:i;6^-«= 2 a. 2 vAq)Ke^' 

r=0 n=— 00 n=:— 00 r — 

= ia,v(g,\)e^'. . (54) 

— 00 

This expansion is of the same form as (48), where, if 

^^=e-U,'"'^^, (55) 



we have 

^= la,t;.(g,\)e^«, 



(56) 



Giving a^ this value in (53), the series derived for E satisfies the required con- 
ditions if these same conditions are satisfied by the Fourier series of the given 
function ^. 
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Similarly, for K we obtain 

i3»=^/e-^^x(^)cZ^, (57) 

"^^^^^ 4i=e-5,.'«"^. (58) 

From this we easily deduce 

F{q)=i[Hiq)+fK{i,)dii], ^^^^ 

G{q)=UH{q)-f'Kifi)dfi]. 

The form of (56) suggests another form for w which makes it unnecessary to 
introduce functions having derivatives of every order. 

w=:ZvJi{r+s), \] [a„6^-^+i3,e^-'], (60) 

where the summation extends over any sequence of values \ for which the 
series converges together with its first and second derivatives. It is easily 
verified that this series satisfies the differential equation for Wy and the discus- 
sion of the initial conditions then proceeds as before. 

10. Some Special Methods. We have seen in the preceding sections how 
to find a solution for any case in the form of an infinite series, but in some 
particular cases there are more convenient methods. 

Let h=kx; the equation for ri then is 

d^yj , a / a>7\ 

a particular integral of which is* 

>7=Je7o(na?*) cos nat^ 
where n is arbitrary and a=i^gk. This solution may be written 



Yl=B r*cos {nx^ sin Q) cos natdQ 
Jo 

= -H- r* [cos n{x^ sin d+at) + cos n{x^ sin 6 — at)]dd. 



Hence we have as a solution 



n= n[F{x^ sin B+at)+F{x^ sin e—at)]de, (61) 

Jo 

F being any even function which can be expanded as series of cosines. 

This gives two wave systems travelling in opposite directions. Each part 
is not, however, by itself a solution. For if we put 



*Cf. Lamb, loo, dt., p. 259. 



we get 
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vi= r*F(a;* sin e+at)d6, 

Jo *• 

This shows, however, that if G^ is any odd function, 

^= J^[G(a;* sin e+at)—G{x^ sin e+at)]dd 

is a solution, and since any function can be expressed as the sum of an even 
and an odd function, we readily derive a solution in the form 

ri= C^[F{x^ sin d+Gt)+F{—x^ sin e+at)]dd. 
Jo 

In certain cases it is possible to determine F in (61) to satisfy given initial 
conditions. To show this let 4'=^ sin^ 6; then, if y/q is the value of >/ for f=0, 

r,o=2 f;Fia>^ sin 6)de=J^^^^^d^. 

A solution of this integral equation was obtained by Abel* in the form 

9>7o 



^ 



•^ ^^/o 

^<*'=^/ ^^^' 





when >7 satisfies the following very general conditions: namely, jy^ (i) is contin- 
uous, (ii) has a finite derivative in the region under consideration, and (iii) 
vanishes for x=0. 

This is a solution for which dvi/dt (and therefore also d^/dt) is zero when 
t=0. 

Instead of forming the reciprocal solution, we shall investigate independ- 
ently under what conditions there is a solution of the form 

w=f C^[F{^ sin e+at)+F{^ sin e—ct)]dey 
Jo 

where / and ^ are functions of x. Let 

T 

w,=fJ'F{^ sin e+at)de; 
substituting in (4), we get 

<T'/ C*P"de=gh[f" pFde+{2fy+f^"—f^Vl>) f *>" sin 6d6+f^'^ f *F"rfe] 

Jo Jo Jo Jo 

9 

♦ See, for example, B6cher, " Introduction of the Study of Integral Equations," 1909, p. 6. 
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whence 



2/y+/r-¥=o, <62) 

9 



r=o, 

and F' is an odd function. 

Integrating the first two equations, we have 

f=ax+h, ^=M'\ (a:^0), 

=h, (a=0). 

Taking first the case a =0, let /=1; then 4>=e**, the constant of integration 
being absorbed in cr, and 

^=^e«« p[i?'(e*» sin e+at)+Fie'" sin 6— <T<)]de, (63) 

W •/O 

ir 

>7=— Aje*' r« [F'(e** sin d+ot) +F'(e*' sin 6— aO] sin Odd. 
Jo 

This solution is the reciprocal of (61) except that k must be replaced by ^k. 

If a=^0, we may by a change of scale and origin set f=x, which gives 

<^=e-*/*, h=a^x^e^^^'^/gk\ 

We have already found that there is a solution w = f (x) F {6 ±:at)j 
F being arbitrary, only when h={ax+b)K If, however, F is not arbitrary, a 
solution of this type may be found for any form of canal. 

Since the coefficients in (15) are functions of x alone, while F is a function 
of d+oty this equation leads to 

ghfB'^-o'f _ 1 g 

ghf" ~a " ^ ' 

and 

a and /3 being constants. F must therefore satisfy the equation 

F"+^F'+aF=0. 
We shall first consider the case /8=0. In this case we have 

F=G COS fi{e±at), ff'=a; 
also 

2/'^+/r=o, 
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whence 

find, from (64), 

80 that when h is given / is determined. In practice this eqnation for / is 
intractable, but interesting cases arise on giving / particular forms. For 
instance, if /=a?", we get 

, gVa?*** 

"" 9[ii^—n(n—\)7^''-'^Y 

i-2n (67) 

and for n=i 

d= log X. 

The latter case is interesting as giving a particular solution of the self- 
reciprocal case previously referred to. 

Another soluble case is obtained by setting /= (aj^+6a;+c)*. 

If instead of putting /3=0 we assume gh9'^ — a*=0, or l/a=0, the equation 
to be satisfied by F becomes 






and 



or 

r-2y/'^— y/e^=0, 

the normal form of which is 

gh 
Hence 

which is equivalent to the ordinary harmonic solution of (4). The equation 
can also be normalized by changing the independent variable x to x^ = ^e^^dx^ 
which gives the solution 

w=v{Se^''^dx)e'''^^^''K 

Pbcvckton Uniyebsitt, June, 1912. 
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On a Certain Completely Integrable System of Linear 
Partial Differential Equations. 

By E. J. WlLCZYNSKI. 



Introduction. 



From the point of view of projective diflferential geometry, developables 
and ruled surfaces require a special discussion, on account of their many 
exceptional properties. These exceptional properties manifest themselves 
analytically by the fact that, for these surfaces, the differential invariants of 
lowest order are equal to zero. If a surface is neither a developable nor a 
ruled surface, its absolute invariants of lowest order are those which have 
been denoted by the author by / and J. In a certain sense, then, those surfaces 
for which / and J are identically equal to zero, are to be regarded as consti- 
tuting an especially simple and fundamental class. 

I have shown recently,* that these surfaces are the integral surfaces of 
the completely integrable system of partial differential equations 



iS) 






where Cq, c^ and c^ are constants, and I have studied in detail the case c^ = 0. 
The system (S) is then capable of integration by means of elementary functions, 
and the corresponding surfaces, for which, of course, I=J=zOy have the further 
property of being invariant under a continuous group of projective transfor- 
mations. If Cq ^ 0, no such group exists, which leaves the surface invariant, 
and the problem of integrating (S) can not be solved in such a simple manner. 
The directrix curvesf of any integral surface of (S) form a conjugate net, 
whether Cq vanishes or not. Upon this remark may be based a transformation 
theory of system (S) which we hope to discuss on some future occasion. The 

♦ " On a Certain Glass of Self-projective Surfaces," Transaciiona of the American Mathematical 
Society, October, 1913. 

t For the notion of directrix curves, cf. a paper of mine in the Transotctiona of the American 
Mathematical Society, Vol. IX (1908), pp. 114-120. 

29 
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present paper, however, is merely devoted to the integration of system (iS) in 
the case Cq^O. 

In order to accomplish this integration, we find it necessary to solve the 
following problem: To integrate a certain completely integrable system of 
non-homogeneons linear partial differential equations, when the solutions of 
the corresponding homogeneous system are known. Since I have been unable 
to find any discussion of this question in the literature, the first two sections 
of this paper are devoted to a solution of this problem in so far as it is needed 
for what follows. It then becomes possible to prove the existence of various 
kinds of solutions of system (S). The most interesting of these can be written 
as an exponential function, multiplied by a series of positive integral powers 
of Co, the coeflScients of this power- series being polynomials in u and v. 
A number of methods will be given for calculating these polynomials and for 
studying some of their properties, but I have been able to find a perfectly 
explicit formula for only some of them. 

The solutions of (S) are found to satisfy integral equations of a peculiar 
kind, involving integrals of exact differentials. A more detailed discussion of 
such integral equations will be given in a separate paper. 

§ 1. Integrability Conditions for a Non-Homogeneous System of Linear 
Partial Differential Equations of the Second Order. 



(L) [ 



Let us consider the nou-homogeneons system of partial differential equations. 
y.« + 2o y, + 2 6 y, + c y + rf = 0, 

y„ + 2 o'y. + 2 h'y, + c'y + d'= 0, 
where 

_dy _9y _9*y _9*y 
^"~^' ^'~dv' ^'"~du^' ^""av*' 

and where a,h, . . . ., d' are analytic functions of u and v. By differentiating 
these equations, we obtain, for the third-order derivatives of y, the following 
unique expressions : 

«/«»» = PiVuv + PiV* + PiVv +V*y + P6, 

«/.« = giy«. + 322/. + 2s «/. + 3*2/ + 36 , 

where 

gj=— 2a, gj = 4o'6 — 2a,, ^, = 466' — 26, — c, g^ = 26c' — c,, qi — 2hd' — d,, 

r,= — 26', rj = 4aa' — 2al— c', r8 = 4a'6 — 26;, r, = 2o'c— c^, r^ = 2a' d—d'^, 

and where the values of p^ and s^ are immaterial for our present purpose. 
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If we form the fourth-order derivatives of y, the expressions for y„^„„ and y^^„^ 

are unique, and the two expressions found for t/„„^^ , viz., -^m«?* and -^^^ , 

will be identical without imposing any further condition, since each of them 
is the result of differentiating the first equation of (L) once with respect to u 
and once with respect to v. Similarly, the equation 

dv du 

will be satisfied without imposing any conditions on the coeflScients of (L). 

The equality of the two expressions i^"***^ and -^^^^ however, gives rise to 

<jv ou 

such conditions. In fact we find 

In order that system (L) may have four linearly independent solutions, 
the corresponding coefficients of !/„„, y„, y,,, t/ and t/^ in these two expressions 
must be equal.* We obtain in this way the following five integrahility conditions: 

<« + c;-2a'a„-2aa; — (a,, + 2 6'a, — 2 6a; — 4a'6,) = 0, 
(7) Jfe;« + 2a6;-2a'6,-46a;-(6,, + c,-266;-26'6J = 0, 
C-4c<-2a'c, + 2ac;-(c,, — 4c'6,-26c; + 26'cJ = 0, 
rf;« + 2a<— 2a'rf. — 4a;d — c'rf — (rf,, + 2&'rf, — 26^; — 46^rf' — crf') = 0. 

Thus, the integrahility conditions for the non-homogeneous system (L) 
differ from those for the corresponding homogeneous system only by the 
presence of the last of these five conditions, t 

* otherwise y would also satisfy an equation of the form 

ytir + 2a"y« + 26"y„4-c"y + d" = 0. 
The system obtained by adding this equation to (L) has at most three linearly independent solutions. 

t E. J. Wilczynski, "Projective Differential Geometry of Curved Surfaces" (First Memoir), 
TransaoHona of the American Mathematical Society , Vol. VIII (1907), p. 245. 



(H) { 
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% 2. Integration by Quadratures of the Non-Homogeneous System in Terms 
of the Solutions of the Corresponding Homogeneous System. 

If the conditions (/) are satisfied, (L) is a completely integrable system, 
and the corresponding homogeneous system 

2/.. + 2a't/„ + 2 6't/, + c't/ = 

will also be completely integrable. Therefore, {H) will possess precisely four 
linearly independent solutions. Let t/^^\ t/^*>, y^®\ t/^*^ be four such linearly 
independent solutions of (JET), so that 

c^y^'^ + c^y'^^ + c^y^^^ + c,y^'^ 

will be its general solution if c^ , . . . . , c^ are arbitrary constants. Let y be 
the general, and Y any particular solution of (L). Then y — Y will be a solu- 
tion of {H) , so that 

y = Y + c, y ^^> + c, t/C2) + c^ yis) + c, t/<*>. . 

Consequently, if we assume the solutions of (JET) as known, it suffices to find 
any particular solution of (L) in order to integrate (L) completely. 

We use the method of variation of constants to find such a particular 
solution of (L). Let us write Y in the form 

Y = il<'^y^'^\ (1) 

where U^\ . . . ., Z^*> are functions, yet to be determined, of u and v. We shall 
have 

if we impose upon l^^\ . . . ., U*^ the conditions 

or 

2y(*)rfZ(*) = 0. (2) 

We then find 

so that Y will be a solution of (L), if, and only if, 

2 Z<*> t/i*> = - rf, 2 Zi*> yi*^ = - rf'. (3 ) 

We may write 

if we impose the further conditions 

2et/i*> = 0, 2Zi*>t/<*>=0. (4) 



(6) 
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But equations (3) and (4) are equivalent to the following: 

^yi^'^dl^'^ = —d'du, 2yi*>rf/<*) = — rf'-dv, (5) 

so that we have in (2) and (5) a system of three equations for the four 
differentials dl^^'K We add to these equations a fourth, viz., 

XyiV dU^^ = — {Adu + B dv), 
where we shall determine the (as yet unknown) functions A and B of u and v 
in such a way that the values of rf/^*> obtained from these four equations 
shall be exact differentials. 

Let us write these equations as follows : 

XyiV dU'^ = — {Adu + B dv), 
I.yi''^dl^'^ = —d'du, 

and denote the determinant of the left members by A, so that 

A= |y„,, y^y t/,, y\. 
Then A is not identically equal to zero. For, if it were, (H) would have at 
most three linearly independent solutions, and t/^*^ ...., t/^*^ could not be 
linearly independent. 
We may write 

A = 2 t/i*> ;i<*> = 2 y<*> f£<*) = 2 yi'' i;<*> = 2 y <*> p<*>, 
where X^*^ /t£<*\ etc., are the third-order minors of A, and may be written 
as follows : 

^^'^ = + \yuj Vvi y|, /^^'^ = — \yuv, y., 2/i, 
v^'^ = + \yuv^yu,y\^ p^'^ = — |y«.,y«,yj, 

etc., the notation adopted being self-explanatory. 
The solution of (6) for dl^^^ gives 

Ad/(*> = — a<*> {Adu + Bdv) —n^^>d'du — v^^'>d''dv. 
But we find 

K'^ = \yvuyyvyy\ + |y«,y«t;,y| + |y«,y.jy«l 

= i-2at/„-26y,-ct/,2/„,t/| + |t/,,t/„,,y|=-2a;i(^>-i;0), 

and similarly, 

ai*> = —2a;ic*> -!;(*>, X<*> = -2&'a<*> — a^*>, (7) 

whence 

^(*) = — Xi*> — 2 6' a<*>, r <'^> = — a<*> — 2 a ;i<*>. 

Consequently we may write 

Ad/<^> = L<*) rfii + M <*> rft;, {k = 1, 2, 3, 4), (8) 
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} 



(9) 



if we put 

L<*> = d ai*> + {2b'd — A) a<^-), 

In order that the expressions for dl^^^ may be exact differentials, we 
must have 



dv\ A J 



-J 



5wV A 
If we make use of the equations (7) and the equations 

^5— = — 4 a A, ^5— = — 4 &' A, 

we find that these integrability conditions give rise to a system of four equations 
of the form 

(5 — d; + 2a'd)Xi*>— M-d, + 26d');ii*> 

+ [—A^ + B^ + 2h'd^ — 2ad'^ — d{2a'^ + c' — Saa') 

+ d'{2b, + c — Shh')—4:h'A+^aB]l^'^^^0, (10) 

(fc = l,2,3,4). 



If we interpret y 



(1) 



y^*^ as the homogeneous coordinates of a point P^ 



in space, the point Py describes a surface as u and v pass through the values 
of their respective ranges. Moreover, this surface can not be a developable, 
for a system of equations of the form (£r).t But the quantities Jl^*> are the 
homogeneous coordinates of the plane, tangent to this surface at Py, and 
therefore can not satisfy a system of equations of the form (10) with non- 
vanishing coefficients. For, if they did, their ratios would be functions of a 
single variable; i. e., the surface would be a developable. Consequently, the 
coefficients of (10) must be equal to zero. If we equate to zero the first two, 

we find 

A = d^ — 2hd\ B = d'^ — 2a'd, 

and these values of A and B also cause the remaining coefficient to vanish, as 
a consequence of the last of the integrability conditions (/). 

We have obtained the following theorem : 

Let y^^\ . . . . , y^*^ he four linearly independent solutions of the homo- 
geneous system (iff), and let 



(11) 



A = 


yiV yiV y^i t/iV 
t/l^> y?> yf yl*> 
yi'' yf yf yi*' 

yW y(2) y(S) yW 




♦ hoc, cit., 


p. 258. 


t/6tU, §2. 



(12) 
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so that X<*> is the co-factor of f/<*> in this determinant, which, moreover, is not 
identically equal to zero. If we put 

L<») = dX<*>+(2fed' + 26'rf-dja<*>, 1 ^, ^ ^ _ .. 
ilf(*> = d'K'^ +{2ad' + 2a'd-d:) ^''\ J ^ ' ^''^'^^ 

the quantities 

dic*) = i(LC*>rfM + J|/<*>rft;) (13) 

will be exact differentials, and the function 

r = 2/<*>y<*) =2y<*) / \ {U^^^ du -\-M^^^ dv), (14) 

where the lower limits of the integrals are arbitrary constants, will be a solution 
of the non-homogeneous system (L). 

If we choose the four lower limits equal, so that 

a, = a, b, = b, (fc = l,2,3,4), 

we obtain that particular solution of (L) which corresponds to the initial 
conditions 

Y = Y^ = Y^ = y„^ = for u = a, v = b. 

The quantities ^<*> satisfy a system of partial differential equations of the 
same type as (JET) . If we put 

^'*'=^^ (A = l,2,3,4), 
Y^^\ , r<*> are solutions of the adjoined system of (iff), viz.: 

IH^ [ ^-« + 2ar«-2&r,+ (c + 26,-4fe6')r = 0, 
I Y,,-2a'Y, + 2b'Y,+ {&+2a',-^aa')Y = 0.* 
In terms of these quantities we find 

M<'^> = Va [rf'ri*> + {2a'd — d'^) r^*)], J ^^^'^ 

and these formulae are sometimes more convenient than (12). In all appli- 
cations of these formulas it is good to remember that, since 

^— = — 4 a A, ^- = — 4 6' A, 
cu ^ cv 

* Loo. cit., p. 250. It should be remarked that system (W) is not in general equivalent to the 
system obtained from {H} by taking the Riemannian adjoint of each of its equations. There are two 
distinct methods of generalizing the Liagrange adjoint of an ordinary linear differential equation. The 
above method, based on the principle of duality, may be called the geometric method, as distinguished 
from the analytic method of Riemann* 
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we shall have 

A = Ce-*'', C = const., (15) 

where p is determined by the conditions 

3p_„ ^P -h' 

which are consistent, according to the first of the integrability conditions (/). 
The constant C may, of course, be reduced to unity, by a proper choice of the 
fundamental system y^^\ . . . ., y^*^. 

^ 3. Integration of System (8) by Series Proceeding according to Positive 

Integral Powers of Cq . 

If the coefficients of an ordinary linear homogeneous differential equation 

dx-^^'dx--'^ .... -h^„y-u 

are integral rational functions of a parameter ju, and if, for an initial value of 
the independent variable x = x^ independent of /ti, initial values be prescribed 
for y, t/', . . . ., t/^""^^ which are either independent of /t£ or integral (rational 
or transcendental) functions of (ly the corresponding solution of the differential 
equation will itself be an integral (rational or transcendental) function of /w. 
This theorem, due to Poincare, Gunther and Horn,* may be applied to our 
system, in so far as we may by simple processes find from (S) an ordinary 
differential equation of the fourth order for y as a function of w, the coefficients 
of this equation being rational integral functions of Cq and v, as well as of w. 
A similar equation of course exists for y as function of v. The actual deter- 
mination of the solution might be accomplished on this basis, but manifestly 
the lack of symmetry in the treatment accorded to the two independent variables 
would be a disadvantage. We therefore prefer to start anew, without making 
any use of the above theorem except in so far as it assures us a priori of the 
existence of solutions of the form 

yr = yi'' + y'r''c, + y^'^ci+ ...., (16) 

and even this is unnecessary, as we shall establish the existence of such solutions 
directly a posteriori. 

Let us then assume for y in system (S) a development of form (16). We 
find at once the following conditions : 



♦ Poincar6, Ada Mathematical Vol. IV (1884), p. 212. Giinther, Crelle'a Journal, Vol. CVTI (1889) 
p. 312. Horn, Mathematiache Annalen, Vol. LII (1898), p. 343. 
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(17a) 



32 .,(0) 3 (0) 

^ + 2^ +<,.»<•> =0, 



and 



a^t,r> at/^«> (o)_o 



3* M<*> a «<*> 



(* = !, 2,3, ....), (17b) 



which, together with the proper convergence conditions, are necessary and 

suflBcient for the existence of a solution of (S) of the form (16). 1 

According to (17a) we may take for y^^^ the exponential 6^'^~+^^*', provided I 

the constants a^ and /8^ satisfy the equations j 

^ + 2a + c, = 0. J ^ ' 

In general, there are four linearly independent functions of this kind, 

y(o)^e«.. + <...^ (i = l,2,3,4), (19) I 

and we shall, for the present, confine our discussion to this case. As we shall 
see at the end of this paragraph, this limitation does not essentially affect the 

generality of our argument and, moreover, may be easily removed afterward.* I 

The solution y^^^ = e'''^'*+^^*' of (17a) is characterized by the initial conditions i 

for u = ay V = b. We shall determine that solution of (S) which corresponds 
to these same initial conditions. If this solution is expressible by a series of 
form (16), we must satisfy the initial conditions 

,.x a^/<*> 3i/^*> 32-,(fc) 

^ du dv dudv ' - ^ ' 

for w = a, v = 6, while 

We proceed to calculate t/^*^ by applying the method of § 2 to (17 b). In 
the notation of § 2 we have 

a = 0, 6 = 1, c = Ci, d = uyi^~^\ 
a' = 1, fe' = 0, c' = C2 , d' = V y^*-^\ 
Of the five integrability conditions (Z), the first four are obviously satisfied. 
The left member of the last reduces to 

* A complete discusaion of the various cases is to be found in my paper " On a Certain Glass of 
Self-Projective Surfaces," to which I have already referred. 

30 



240 



WiLczYNSKi: On a Certain Completely Integrable 



and this is equal to zero on account of (17b), if fc>2, and on account of (17a), 
if ft = 1. 

The homogeneous system, which corresponds to (17b), is (17a), and its 
solutions are determined by (18) and (19). Therefore, a, ,...., a^ are the 
four roots of the equation 

a* + 2 Cj a^ + 8 a + cj + 4 Cg = 0, 

so that 

«! + «« + Oa + a, = ^, + ^, + ^3 + /3, = 0. 

Consequently we find 

yf' yf' t/r yf = i 

and 

aiA «8^2 a»ft a«^4 

«1 ** «8 *1 

^1 ^. ^3 ^. 

1111 



(21) 



A = 





a! 


ai a| aj 


1 

4 


«! 
1 


a, a, a, 

_S _2 _2 

a, as a4 
111 



(22) 



or 



4 A = — (ttj— Oj) (tti— Og) (tti— aj (oj— Os) (oj— aj (og— aj. 

We then find, for the co-factor of ^ ^i in A, the value 

cuov 

(t = l,2,3,4). 



where 



2t/r^ 



*^i= (oj— a8)(aj— a,)(a3— aj, ^8= (a4— aj (a*— Oj) (a^— Oj), | .^3) 
*2 = — (os— a*) (og— aj (a^— tti), ^4 = — (^i— Oj) («!— ^s) (oj— Os)- J 
If we substitute these values in (12), we find 

^(») = |ie-'«-''"[(-^,« + 2 1;) y(»-')-«?-|'*^-^], 

where we have introduced a slight change of notation as compared with (12), 
the upper index ft of (12) having been replaced by the lower index t, while the 
significance of the two new indices r and ft, which appear in the last two 
equations, is obvious. 

From the above values of A and ft^ we obtain the value of their quotient, 

4A 



"ft," 



= — («!— a2)(ai— a8)(ai— a^). 
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But, on account of (21), we have the relations 

Sa^^O, 2a,.ay=2Ci, 2 a^ a^ a^ = — "8, aiOjOga^ = cf + 4^2, 



80 that 

4A 



^^ =._4(a? + c,a, + 2)=8(a,/3,-l), 

proving the first of the four equations 

^ = 2(a,/3,-l), (t = l,2,3,4). (24) 

Clearly, a^^^ — 1 will be different from zero, since a< is a simple root of (21). 
From (14) we find, finally, 

+ [(2M-a,t')yr'>-t''-|^]rft;]. (25) 



The lower limits of the four integrals which appear in this formula have been 
chosen equal to (a, 6) so as to satisfy the conditions (20). That the expression 
(25) for y^*^ actually satisfies these conditions may be seen as follows. We 
may write (25) in the form 

y<»>=2/<fjt/f>, (25a) 



where the quantities ZJ*J have been determined, in accordance with the method 
of § 2, in such a way that 

Consequently, all of these expressions will actually reduce to zero for u = a^ 
V = b. 

In order to establish the convergence of the expansion (16) for y^, it will 
be convenient to write 



ga|(u-p) + ^4(r-i/) 

Kiiu.v; PjQ) = 



8-(a,/?,-l) ^ 



(t = l,2,3,4), (26) 
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Then we shall have 

^ a. b 



a 






(27) 



A simple induction proof, involving the use of equation (25), shows that, for 
every value of fc, t/^*^ and all of its partial derivatives are continuous (and even 
analytic) functions of u and t;, for all finite values of these variables. The 
path of integration from (a, ft) to (w, v) may be chosen arbitrarily in the finite 
portion of the plane, since all of the differentials involved in (25) are exact. 
We may, moreover, without any essential restriction of generality, assume 
a = ft = 0. 

Let ^ be a positive number not less than the largest value assumed by 
|ga,p + ^,<j[| Qj^ ^jjg pa^jj qI integration. We shall then have 



\y%\^^, 



dp 



^Wr\N, 






^Ii3,|2^. 



For any assigned finite values of u and v, there will exist a positive con- 
stant M^ , such that, for all values of p and q along the path of integration, 

\Kdu,V',p,q)\<M,. 
Let 

and denote by a and j3 two positive numbers, such that 

|a,|^a, 1AI<^, (t = 1,2, 3,4), 

and consequently, 



■S.Ki{u,v;p,q) 



<aM, 






<3M. 



<M, 2 a,^, 
Introduce three positive functions by putting 
P= T'ldip^)], Q = f"'\d(q')\, S = f"d{^\p\^ + 4\p\\q\+oi\q\'), 

»/0,0 •^0,0 •^0,0 
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and we shall have 

\dSi\ <d8, (1 = 1,2,3,4). 

If now we put ft = 1 in (27), we find 

\yi'^< C^'' i. M,\N dS -{- ^N dP + aN dQ\<NMT, 

where 

T = 8 + pP + aQ, 
and similarly. 



3m - \ dv \ ~'^ 



dudv 



<a^NMT. 



If we make use of these inequalities after putting k = 2 in (27), we find 



\y?'\SN^%^, etc., 



and, by induction, in general. 



|r,<»>i<Ar-^*^' 



du 






k 



k 



-^- \ <pN —jY- J etc. 
ov —^ kl 



k\ ' 

These inequalities assure us of the absolute and uniform convergence 
of our series for t/,, and of its term-by-term differentiability with respect to 
u and V taken either separately or together. It is easy to show, further, that 

^-^ and -7^ may also be obtained by repeated term-by-term differentiations 

from yr as absolutely and uniformly convergent series. Consequently, we have 
obtained the following theorem : 
The series 

for which y^^^ = ga,ti+^,r^ ^^^^ whose general term is determined by the recursion 
formula (25), is absolutely and uniformly convergent for all finite values of 
Uj V and c^, and represents that solution of the completely inlegrable system 
{S)j whose initial values for u = a^ v = b coincide with those of the exponential 
function 6"-"+^'^ 

We have computed the solutions y^ under the assumption that the four 
roots tti, . . . ., a^ of (21) are distinct. But this assumption, as we have already 
stated, does not really restrict the generality of our method. For, by means 
of a linear transformation of the independent variables 

u = u + hy v = v + k^ (28a) 

system {8) may be transformed into a new system of the same kind, whose 
constants have the values 
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^o = Cq, c^ = c^ + hCo, c^ = c^ + kcQ. (28b) 

If Cq^Oj we may therefore transform (S) into another system of the same 
form whose constants c, and c^ have any desired values, for instance 5^ = 0^ = 0, 
in which case the four roots of (21) will actually be distinct. On the other 
hand, it would not be difficult to develop formulae to take the place of (25) in 
the case of two or more equal roots. * 

The linear transformation (28a) enables us to materially simplify the 
appearance of the differential equations {8)j but we have made no use of this 
transformation in developing our theory up to this point, for two reasons. In 
the first place, there would have resulted no essential simplification in any of 
our formulae sufficient to make up for the corresponding loss of symmetry. 
But, in the second place, the general formulae have a real significance which 
might otherwise have escaped our notice, and which gives lis a real insight 
into the nature of the integral surface. 

In fact, the linear transformation (28a) may be interpreted as a change 
of position on the integral surface, instead of as a change of the parameters of 
reference. Now, if c^ is small, our formulae show that the surface whose 
parametric equations are 

y, = e^ru^^r^, (^^j^2,3,4), (29) 

may be regarded as projectively equivalent to a first approximation of our 
integral surface in the neighborhood of the point for which w = a, v = b. 
If oLr and 3^ are the values, of a,, and /3^ which correspond to the constants 
Cj and Cg , the surface 

y^ = e^-ru^firv^ (r = l,2,3,4), 

will, in the same way, be projectively equivalent to a first approximation of 
the integral surface in the vicinity of the point u = a + hj v = b + k. In other 
words, for small values of Cq , an integral surface 2 of (S) has associated with 
each of its points P, a self-projective surface of the form (29), whose exponents 
a^, /3, change with P, and which may be regarded as a first approximation of 2 
in the vicinity of P. 

One further remark is of importance for our later developments. Prom 
the nature of our convergence proof by dominant functions, it is clear that the 
series 

will still be a uniformly and absolutely convergent series for all finite values 
of w, V and c^, if the recursion formula (25) be altered by writing in place of 

* Cf. foot-note on page 239. 
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(a, 6), the common lower limit of all of the integrals, a different lower limit 
{a\^^j h\^^) for each of the integrals, provided that all of these limits are finite. 
Moreover, the function of u and v thus defined will still be a solution of (S), 
corresponding, however, to altered initial conditions. 

§ 4. Properties of the Coefficients of the Series Obtained in the Preceding 

Section. 

Let us make the generalization referred to at the end of the preceding 
section, and on that assumption calculate t/^^ If we make use of the abbre- 
viation involved in writing (25) in the form (25a), we find 

1 r n <«' «'> 

r ^(ar-at)tt+(^r-/3t)i' "!(«, f) 

L-iS(a<pj— 1) (a,— a.) (p,— /3J J («.«>. t.o)) 

Then 

^' L 4(a,/^,-l) "*" ,t, 2(a,/3 -1) («-«,) (/3,-/3,) J 

4(«,/?,-l) ' ^^^^ 

where the stroke on the summation symbol indicates that the value i = r is to 
be omitted. It will obviously be possible to find finite numbers a<^*^, h^^^ and 
aj^^ 6^^^ so as to cause the terms e****+^** (i=#=^) to disappear, and to reduce to 
zero the constant term of the expression which is multiplied by e*'""*^^'^*'. If 
this be done, we have 

,/i) _ ^a.u+/?..r — /?r^' + 2m;— a,t-^ ^, (a,— a,) w + {^r—^i)v • 1 
^' L 4(a,/3,-l) -^,e,2(a,i3-l)(a-a,)(i3-/?,)J 

= 6*'" + ^'''Pj^>(w,t;), (30a) 

so that y^*^ reduces to an exponential factor multiplied by a polynomial P^*^ (m, v) 
of the second degree in u and v, whose constant term is equal to zero. 

We may generalize this result. For every value of k there exists a solution 
yj*^ of (17b), expressible in the form 

where Jjf) is a homogeneous polynomial of degree ; in u and v. In other words, 
f/J*^ is equal to e"'"^'^^'^ multiplied by a polynomial of degree 2k in u and v, 
without a constant term. 
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The theorem is true for k = l. We proceed to prove the general theorem 
by induction. Let us suppose, therefore, that 



y: 



2k-2 
(*-l) _ ^aru + firv V ^<*-l) 



and consequently 



f) -/*-!) 2fc-2 /p^ A (*-i) \ 



We shall find 



. (tt, 1') 



(32) 



+ !QJf.:V +....+ «»-. irft;], (31) 
where 

«'''-'=r(«A^ij[|2«-(«,+^)"M;rrJi-.?^i:^], 

(i = l,2,3,....,2A;-l), 
in the application of which formulae we must remember to put 

Clearly, Pr,*<7}^ and Qrft^V *^® homogeneous polynomials in u and t;, of degree ;. 
Prom our general theory we know that the expression under the integral sign 
in (31) is an exact differential. We must, therefore, have 

(|3,-i3,) P<*Z%., = (a, - a,) Qi^a-^ , 

(/?,- ^,) Pi^:ii_, + ^^f-^ = (a, - a,) Q<^r.lU + ^%f-' > 



(i3,-|9,) p<^:i> + ^^ = (a, - a,) gj.\:v + ^%^ , 



3t; 

^ du 



d u 



(33) 



Consider first the case i^r. We may write 

where i^rfly is a homogeneous polynomial of degree ; in u and v. In fact, in 
order that this may be so, it is necessary and suflScient to satisfy the conditions 
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ou 



^|f^+(/3-/3<)«no = 0, 



7 J 

which are consistent on account of (33) and give 



P(*-l) 5 

_Q^N:ILx at; " , 



.. + (-1) 



+ (-1) 



X-l 



X-1 



aX-l p(J!-l) 

a^-^Q<*a-x 



If we write 2 ft — X = ;, we obtain the general formula 

(; = 0,1,2, ....,2A;-1), (i = l,2,3,4; t:#r), 

which gives, upon substituting the values (32), the following two equivalent 
expressions : 



(; = 0,1,2, ....,2J-1), (i = l,2,3,4; t:#r). 



(35) 



31 
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For 1 = r, we find 

e = C " [ i n*^p +••••+ n';:iu \du+\ Q«-v +....+ Qjfa-i i ^^^i » 

and the conditions (33) reduce to 

d^^^d^i^ (7 = 1,2, ....,2fc-l). 
We may write 

where JBjfj^^y+i is a homogeneous polynomial of order ; + Ij subject to the 
compatible conditions 

(; = l,2,3,....,2fc-l), 
where 

g, = — ^r«* + 2ut; — a^v*. (36) 

If we multiply both members of the first equation by u, and those of the 
second by v, and add, making use of Euler's theorem on homogeneous functions, 
we find 

^^ + 1) ^^-^--^ = 4-(d;^ ['^'^'-^ - (^^^ + -^^^)] ' <^^) 

(i = l,2, ....,2A;-1), 

to which we may add 

i?w, = 0. (37 a) 

The value of the arbitrary constant iJjf^.o is immaterial. The resulting ex- 
pression for yi''^ will be 

t=l 

and this will have the desired form, if and only if the limits are chosen in such 
a way that 



[Ri%, + ....+ R^^U, ]«,<*,,,,(., = 2' 22^*1,0. 



(t = l,2,3,4; i:^r), (39) 



System of Linear Partial Differential Equations. 249 

For every finite value of k this can certainly be done, and we shall then have 
the following formula for i/J*^ : 

t=l 

if we remember that, according to (37 a), 

Therefore, 

A^^] = im%,, (i = l,2, ....,2A-1), A% = m%,,, 

whence, making use of (35) and (37), 

;^x-i^(*-i) a^+i><<*-^J a^>4^*-iM 

(; = i,2 2*-i). 

^^'" "" 4A(a,^,-l)'^^'^*-'- 

A second equivalent form for ^J*) may be found by using the second of the two 
equations (35). 

From the last formula we find at once 

-^"' = 4'/il(«l-l)" <'■ = '•''' '• <*"' 

Let us put 

c — V / . — > ' P r + P i (Al \ 

Then we find 

ax+1 A (ik-i) ax J (*-i) ^ • 

(i = l,2, ....,2A-1), 
and a second equivalent form corresponding to the second form of equation (35) . 
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Thus we may obtain a solution of (8) in the form 

2/r = y? + 3/?^^o + 3/?^cS+....+3/<*>cJ + 9t, 

where the further development of SR would give powers of higher than the k-ili 
order in c^ , A; being any finite integer, and each of the functions y^^ being of 
the form 

We may not, however, conclude in this fashion that a solution of (S) exists 
of the form 

yi^^ + yr^c^ + 2/P^Co + ad infinitum, 

since we can not be certain that the limits of the integrals, as determined by 
equations (39), do not tend to become infinite with h. If this were the case, 
the convergence theorem which was proved in § 3 would not be applicable. 

In order to establish the existence of such solutions, we may proceed as 
follows: In equation (25) let us put a = 6 = 0. We then find, making use 
of (30) and (30a), 

where 

<- = 2(..ft-l)(a,-,.,(^,-ft) - (' + ^)- .j<"- = »- 
With this value of yl^^ we find further 

«=i ' L «=i ' * J 

where 

c<,V> = -iJjfio, (s*r), 2 <V> = 0, 
or 

«=i ' «=i 

if we write 

4 
^(2) __ ^(1, 1) I y ^(1) ^(1) 

i=i 

We may now prove by induction that 

or 

^(fc) ^ ^cru^Prvpck) (^ .y) + 22 c^^.e«-«+^-''P<'^-'> (w,i;), (36) 

•=1 ; = 1 
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all of the quantities c^f, being constants, and the functions P^^^ being poly- 
nomials of degree 2 X. 

We know that the series 

^^^^a.« + /r.t._^ J^y(.)^J (37) 

is absolutely and uniformly convergent for all finite values of Uj v and c^ , and 
that for u = V = we shall have 

yr = l, l^' = ar, l^' = /?r, ^ ^^- = a, i^, . (38) 

ou dv duov "^^"^ ^ 

From the general theory of lihear partial differential equations, we know 
further that the uniquely determined solution of system {8)y which satisfies 
the initial conditions (38), may be represented as a power-series ^ {Uy UjCq) 
in the three variables w, v, Cq , absolutely and uniformly convergent for all 
finite values of these variables. Moreover, for any system of finite values of 
Uy Vy Cq y thcrc exists a convergent series D of positive constants which domi- 
nates the series of absolute values of the terms of 5p {uy v, c^). 

Since the series (37) and 5p (w, v, c^) are both absolutely and uniformly 
convergent, and since both of these series represent, for all finite values of 
Uy Vy Co, the same solution of {S)y we shall obtain % (w, v, c^) from (37), if we 
substitute in (37) the expressions (36) for t/J*^, expand the exponentials into 
power-series and perform the indicated multiplications. 

Now the quantities le"*""^^*"! and |PJ^^ (m, v) \ are at most equal to the sum 
of the moduli of the terms of their respective expansions. Let us replace the 
several terms t/^*^ cj, of series (37), by the sums resulting from (36), and let 
us regard the individual terms of the sums thus obtained as terms of a new 
series 2. The series of the absolute values of the terms of 2 will be dominated 
by a series of positive constants, whose sum is at most equal to the sum of the 
series D of positive constants, which dominates the series of absolute values of 
the terms of 5p (w, v, c^). Consequently, the series 2 itself and any series com- 
posed of terms selected from those of 2, provided that no term of 2 be taken 
more than once, will be absolutely and uniformly convergent. 

Therefore, the series 

which is known to satisfy system {S) formally, is absolutely and uniformly 
convergent. If now we differentiate this series term by term, either once or 
twice, with respect to u or v, and compare the resulting series with the corre- 
sponding first- or second-order derivatives of 5P (w, v, ^o)> ^^ recognize by a 
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repetition of the above argument that these series also are absolutely and 

uniformly convergent and therefore represent >.-^ , ^, etc. 

We finally obtain the following theorem : 

// Uq j Vq is a point for which the exponents a^ ,...., a^ are distinct^ there 
exist four linearly independent solutions of system {S)y of the form 

y^^ga.(«-«o)+/J.(.-.o)[i+ 2 P^'Uu-u,, v-Vo)cS]y (r = l,2,3,4), 

where P^^\ the coefficient of c*, is a polynomial of degree 2k. 

In formulating this theorem we have made use of a terminology suggested 
by our discussion of the effect of the linear transformation (28a). In the 
vicinity of the point Uq^ Vc , the coeflScients of y in the two equations o{ (S) 
may be written in the form 

Co {U — Wo) +CqUo + C^, Cq {v — Vo) + Cq Vq + c^ , 

and we may speak of the four pairs of numbers a, j3 which satisfy the equations 

a^ + 2p + c,Uo + c,=0, ^* + 2a + Cot;o + C2 = 0, 
as the exponents for the point Wq, v^. 

We see that, associated with a system of form (5), there is a set of poly- 
nomials. We have seen, moreover, how these polynomials may be calculated | 
by means of certain recursion formulae. These formulae, however, are rather | 
complicated, and we now proceed to study the polynomials PJ*> (w, v) by a I 
different method, which gives far simpler results. ' 

Let us substitute, in (5), I 

where a and fi are any two numbers which satisfy the characteristic equations 

a* + 2/3 + Ci = 0, fi^ + 2a + c^ = 0. I 

The system (8) will be transformed into the following system: 

Vuu + 2 oc>7„ + 2 >7, + c^UY! = 0, yj^^ + 2n, + 2^^, + c.vrj = 0. (40) 
Since (S) has a solution of the form 

(40) must have a solution of the form 

v = l+l P^'Hu,v)cS, (41) 

where 

P(*)(w,i;) = XAl^^{u,v), (42) 
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A\^^ being a homogeneous polynomial of degree i. 

If we substitute the expression (41) for >? into (40), we find 

Pit^ + 2aP<*> + 2Pi*> + ^iP(*->) = 0, 1 /^^ ^ 1 9 o . 

Pi? + 2Pi*> + 2^P^^^ + t;P(*-^> = 0, J ^ , -, ^, . . . . ;. 

From (43) and (42) we find, further, 

2 f^_4|_ + 2^ + 2^^) + t; 2 ^f-^> = 0. 
<«i\ 3v* au ^ cv J t=i J 

If we equate to zero the terms of degree 2 A; — 1, we obtain the equations 



(43) 



(44) 






whence 
where 



2(a^-l)^ = ig„J,«, 2(ai3-l)^' = ig,^^fr-!l), 



(45) 



and where a]3 — 1 is dififerent from zero if, as we may assume, a is not a 
repeated root of the characteristic equations. These equations show that the 
Jacobian of J^^^ and q is equal to zero, so that J^V must be a function of q. 
We easily find 






{k — 1, 2, 3, ....), 



(40) 



'** ~4*(a/?-l)'A;!' 
a result which we had already obtained by our previous method. 

Since A^^^ = 0, the terms of degree zero and unity, in (44), require special 
attention. We find 



whence 



W\i 



dv 



dv^ 



du 



dv 



^ ^ ^ du ^ du^ dv^ 

' dv^ ' 



2(a^-l)^^=+^/f 
^ *^ ' 3v du^ 



Let us multiply the members of these equations by u and v respectively, 
and apply Euler's theorem on homogeneous functions. We find 



where fl denotes the operator 



(46) 
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n=(-/3« + .)^,+ («-a.)^, = |(g.^, + g,^,). (47) 

which plays a fundamental role in this theory. In the same way we find, from 
(44), equating to zero the terms of the first degree, 



^^*^ = 4(^"<^^*^)- 



(48) 



Let us now equate to zero the terms of degree 2k — i — 1 in (44), where 
1 <2k — « — 1 <2k — 1. A precisely similar treatment gives the following 
equation : 

If we put 2 k — i = v, we find 



A, - 2~vJctJ^^) — ' (V - 1, A d, . . . . , ^ * A). 



(49) 



for this formula will also be valid for r = l or 2 if we equate to zero Al'''' 
whenever i becomes zero or negative. 

By means of formulae (40) and (49) all of the homogeneous polynomials 
J?*> may be calculated. We shall actually write down their values for 
A; = 1 and /c = 2, viz. : 






(50) 



and 



4?> = 

( -6a+ll;8'-9o''i8+ 5a«+4aj8»-5i8')M+(-6 i8+lla''-9a;8''+5i8*+4a''/g-5o») t; 

Af^ = 

( - 6j8+ 5 a'-4a/3'+5/3«)K''+2(2+7ai8-5a»-S/3»+a''j3»)Mt)+(-6a+5y8'-4a';8+5a*)D' 
~ 32(aj8-l)* ' 

A'i'> = 

( 2 +3a/3-5;8«)M»+3(-4a+5i8''-a''i3)n''t > +3(- 4jg+5a'-ai8»)«t;''+(2 +ZaP-5a^)v» 

48(ay3-l)» 

Af^ = 

PH*—^Pu*V+%{aP+Z)u*V^-^aUV''+o.*V* _ Q' 

We observe in all of these cases that 



(51) 



^J*> = 



(a/3-1)"-" 



(52) 
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where Bi^^ is a homogeneous polynomial of degree v in u and v, whose coefficients 
are integral rational functions of a, ^ of degree 3 k — v. Making use of equation 
(49), it is easy to prove by induction that this law is true in general. 
If we make the substitution (52), our recursion formulae become 

5|t' = 4?^, Bf^ = ^^[£l{B%)+qB'*-^^], (r = 1, 2, . . . ., 2A;-1), (53) 

where we must remember that B^^ = B^ = 0. 

By repeated application of these formulae we find 

2*''-'k\v(v+l)....{2k—l) "^ ^=, 2"-'-'+'v(v+l) . . . .(2k— j) ' 
{v = l,2,....,2k-l), (54) 

where the symbol £1^ indicates that the operation D. is to be performed X times 
in succession. 

We may obtain another formula for 2?^*^ from the equations 
^-' = 21^ t35<J^*> + fi (5Jir>) ], 



(55) 



by eliminating the first terms occurring in the right members. In this process 
we must distinguish two cases, according as v is even or odd. We find 

^^^ ~ ,ro4*+'a(X-l)....(a-i)' 

*''-* iZo2*+' (2A.— 1) (2X— 3) . . . . (2A.— 2t — 1) 
or, to include both cases, 

!?(*) _ y g Q (■P»-2<+i) /Kfi\ 

. ^^ -,?o2'+',;(v-2)....(,.-2i)' ^^^> 

where A = o if i' is even, and X = T^ if r is odd. 

In the second equation of (55), let us put X = Aj. We find 

5(*) _V g^Q (9 *^0 



<to2"-<+^ (2ft — 1) (2* — 3) .... (2fe — 2t — 1) (ft — t) !' 
Moreover, 

fl(g*-<) =2(ft — t)g»-<-iZ,+ 4 (fc-t)(* — i — l) «*-'"' ^8. (57) 
where 

32 
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/,= (/3«-a)«+(a«-^)i;, 

^8= (1 — /3»)m» + 3(/3« — a)t*«v + 3(a* — /3)ttt;*+ (1 

Consequently, 

BilU = ^[qlMk) +he,{k)], 

where 



-«.)...} ''*> 



ik-l 



e, (k) = 2 



<ro(2A;— 1)(2*;— 3) 



t-i 



e,(A) = 2 .^,-^, 



.(2A;— 2t— 1)(A;— i— 1) 



(59) 



(60) 



ito (2Jk— 1) (2*;— 3) .... (2*— 2t— 1) {k—i—2) ! 

We may evaluate these sums and thereby very materially simplify equation 
(59) by the following method : If we equate to zero the terms of degree 2A;— 2 
in (44), a simple combination of the two resulting equations gives 

In this equation let us substitute the values (53) and (59) for JSIJ^ and -6^*1.1. 
The left member of (61) becomes 

and the right member reduces to 

But 

(l8'-a)5 -(a*-l8)g. = 2(ai3-l) (aw-^t;), 

3.|^-g.|^» = 6(a^-l)[-««+(2a+^*)««i;-(2/3+a*)«t;«+^«], 

vg«. — ■Mg„ = 2(aM — ^v), 
vg* — Mg* = 4[— M8+(2a + /32)tt«t; — (2|8 + a«)MV« + t;»], 

so that the equation L = R assumes the form 

The two cubic expressions which appear in the left member of this equation 
are linearly independent, since a^ — 1 is different from zero. Consequently 
* we must have 
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e, (k) = 



e,{k) = 



so that 
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(62) 

ik-l)l ■ <^^> 

The explicit expression for ^^JLj , obtained by an extension of this method, is 
already rather complicated, viz. : 

2g*-* 



(A;— 1)!' "*'"' 3 (A; — 2)!' 

B(t) -9*~n3g?. + 2(fe-l)y 
"-'"" 3-4* (/c — D! 



^aU = 



[18j2(A;— 2)— 3(a/3— l)ig« 



32.4*+! /jt 2) I 

+9|5/?+4(fe— 2)(a/3— l)MV-8(a/3— l)*Mvtg« 
+6i(&— 2)(2i^— 3i,)+3(A;— 2)(a/3— l)*MV|g 
+4(A;-2)(&-3)a], f64) 

h = ^{—^u + vy + a{u — oLvy. (65) 

The transformation (28a) enables us to simplify these formulaB very con- 
siderably. Let us assume that such a transformation has been made so as to 
reduce c^ and c^ to zero. The characteristic equations become 

a2 + 2/3 = i3* + 2a = 0, 

and one pair of solutions is a = ]3 = 0. The operator fl reduces to 

^ 92 . 9* 

and it becomes an easy matter to calculate as many of the polynomials P^*^ (ti, v) 
as may be desired, although, even with this simplification, the general expression 
seems to be rather complicated. We find 

P(«> = 1, 
po) = — ^1/t;, 



P(3) = _g|t^ t; + ^ (l^» + t;8) - A.u«t;2 + ^^^; (^8 ^ ^8) _^^8^8^ 



P(*)= l-uv 



^,<<n'+^)+ly^'-^^ 



y-5«v («« + !;») 



(66) 



We shall close this discussion with one further remark. The expression 
(41) for J7 may be written 

(67) 



_Coff_ 



ik=l 
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where the functions Q^*^(w, v) are polynomials of degree 2 k — 1, differing 
from P^*> (UjV) merely by the absence of the terms of degree 2 k. Thus, by 
introduction of the first exponential term of (67), the polynomials P^*^ have 
been deprived of their terms of highest degree. By means of equation (63) 
this process may be carried out one step further, depriving the polynomials 
Q<*\ in their turn, of their terms of highest degree. However, for the present, 
we shall refrain from any further developments in this direction. 

§5. Integral Equations Satisfied by the Solutions of (8). 

If T is any solution of (aS), it may also be regarded as a solution of the 
non-homogeneous system 

3/«u + ^yt> + c^y + c^uY = 0, 3/,, + 2y^ + c^y + c^vT = 0. 
The method of § 2 for integrating such a system is applicable, since the inte- 
grability conditions are all satisfied. Consequently we obtain the following 
relation : 

^ a,b 

+ ^(2u-a,v)Y-v^^dvj 

+ 2 a,e«**+^*% 



i=i 



where a^, . . . ., 04 are constants. The integrals on the right member of this 
equation are independent of the path of integration, as a consequence of the 
differential equations satisfied by F, and have definite finite values since all of 
the solutions of (S) are integral transcendental functions of u and v. 

Moreover, if these integrals be denoted by l^ , they have been determined, 
in accordance with the method of § 2, in such a way that, if we write 

we shall have 

du <=! dv t=i dudv <«i *^* * ' 

just as though f^ , . . . . , Z^ were constants. Consequently, the solution of the 
integral equation (J) will satisfy the same initial conditions for u = a^ v = h 
as the function 

2 a,6«*'*+^*% 



a, 6 
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so that the equation of form (J) satisfied by y^ will be obtained if we replace 
this sum by c«r«+^r*^ 

Let us change the notation for the variables of integration. Then, the 
integral equation satisfied by y^ may be written as follows : 

(J,) r {u, V) = e«'«+^'«' 

/'*'*' 4 ^o«(u-p)+^,(»-g)rr dY(t) a^^ 

J .!. 4K<!).-l) [('-^-''+^«>^"''«'-''^^]''^ 

+ [{2p-a,q)Y{p,q)-q^^-^]dq'^. 

Evidently the Liouville-Neumann method of successive substitution, as applied 
to this integral equation, will lead us back to the solution already obtained in § 3. 
It is easy to see, conversely, that if a^ i^^ are the four pairs of solutions 
(supposed distinct) of the equations 

a' + 2fi + c, = 0, i3* + 2 a + c, = 0, 

any continuous solution of (J^), with continuous first and second derivatives, 
will be a solution of system (fi'), satisfying tlie given initial conditions for 
t^ = a, t; = &, thus establishing, by a second method, the uniqueness of the 
corresponding solution of the integral equation ( J^) . 
In fact, we find from ( J^) by direct differentiation 

r„ + 2 r, + -T, r = c. s j^^;^^— jy [(-A + 4 « - c^ftu) r + A«|I 

-(l + a..)||-»^]. (68) 

But we have from (24) 

1 ^ 2 fe, 

and iki is the co- factor of a,. /3< in the determinant A defined by (22). 
Consequently, 

2 -^ —- 2 J^* =2 - - = X ^*&— = 4 

i^ia^Pi — l i^idiP^ — l i^ia^^i — l ' ,=ia</3f— 1 ^ 

so that the right member of (68) reduces to — ^o^.^- ^ ^^^ same way we 
may prove that Y must also satisfy the second equation of system (S), 

The integral equations (J) and (J^) are simple examples of a type of 
integral equations which apparently has not yet been considered. The charac- 
teristic property of equations of this type is that they contain open line inte- 
grals subject to the condition of being independent of the path. We shall leave 
the general discussion of integral equations of this kind for a future occasion. 
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We shall close this section by pointing out a remarkable formula for the 
partial derivative, with respect to c^ , of any solution of system {S) . Let 

a—- — >7. 
Then we see that >? is a solution of the non-homogeneous system 

>?.. + 2 >7„ + (Co V + c,) >7 + t^ y = 0. 
The corresponding homogeneous system is (S). If we apply the method of § 2 

to the integration of system (/S"), we obtain ^^ expressed as a sum of integrals 

of exact differentials depending upon the solutions y^y ....,1/4 of (S). Of 

course, 7^ may also be regarded as a solution of an integral equation obtained 

OCq 

from (J) by differentiation with respect to Cq . 

The Univebsitt of Chicago, December 26, 1912. 



On the Connection of an Abstract Set, with Applications to 
the Theory of Functions of a General Variable. 

By Arthur D. Pitcher. 



In that portion of the thesis of Frechet* which relates to the theory of 
functions! of a general variable there appear theorems which secure for a 
continuous function of such a general variable the more fundamental properties 
possessed by continuous functions of an ordinary real variable. For instance, 
given a system (D; L), i. e., a set Q of elements q on which a limit L satisfy- 
ing certain postulates is defined, a sufficient condition that every continuous 
function on O (1) be bounded, (2) attain its bounds, is that O be extremal t 
(compact and closed). A sufficient condition that every continuous function 
on Q (3) assume every value between each pair of its values is that £1 be 
'* continuous,'' where the term "continuous'' is defined in terms of a certain 
postulated correspondence between subsets of O and the linear interval (0 1),% 
Later, for a system (C; h) (t. e., a set £l of elements on which a distance func- 
tion h satisfying certain postulates is defined) it is shown that a necessary and 
sufficient condition for (1) and (2) is that Q be extremal. || Frechet does not 
consider (3) further. It will be recognized that (3) is a property not less 
important than (2) and (1). 

In his dissertation entitled "A Contribution to the Foundations of Frechet's 
Calcul Fonctionnel,"T[ T. H. Hildebrandt gives an excellent analysis of the 
Frechet theory, securing many of the Frechet theorems under hypotheses milder 
than those used by Frechet. Hilderbrandt considers especially systems (Q ; ^) , 
replacing the h of Frechet by a relation K between the pairs of elements of D 
and the single elements of the class [m] of positive and negative integers m.** 

* ** Sur QuelqiieR Points du Calcul Fonctionnel," Paris, reprinted in Rendioonti del Circolo Maiemaiico 
di Palermo, Vol. XXII, pp. 1-64. 

t The term "function" is used here and in the sequel in the sense of real-valued, single- valued function. 

t Frechet, loo, oit., § 11. 

§ Frechet, loo, oit,, § 12. 

II Frechet, loo. oit., § 61. 

j[ American Journal op Mathematios, Vol. XXXIV, pp. 237-290. We refer to this paper in the 
sequel as Hildebrandt. 

♦♦ It is very convenient and precise to speak of this relation as a relation on D03» where 3 is the 
class of positive and negative integers. Cf . § 69 of the memoir by E. H. Moore entitled " introduction to 
a Form of General Analysis," The New Haven Mathematical Colloquium, New Haven, 1910. The relation 
Kf introduced by Moore is essentially the K relation used by Hildebrandt. 
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He conditions the K by postulates suflScient to secure the theorems of Frechet 
and points out the precise relation between the K and the 5.* In particular 
Hildebrandt indicates that for a system (Q; ^), where K is properly condi- 
tioned, a necessary and sufficient condition for (1) and (2) above is that D 
be extremal. He does not consider (3). 

It is the purpose of the present paper to give, in terms of the K relation 
of Hildebrandt, a definition of the notion connection^ as applied to a general 
range ; to give some simple but general theorems in the theory of functions of a 
general variable; to give for systems (Q; JST), where K is properly conditioned 
and O is extremal, a necessary and sufficient condition that every continuous 
function on Q possess the property (3) above; and finally to give a set of con- 
ditions necessary and sufficient that every continuous function on Q possess 
the properties (1), (2), (3). The theorems are applicable to the Frechet 
systems (d; i). 

Consider a class Cl^[g] of elements g, unconditioned except by the pos- 
tulates of the sequel, and the class [m] of all integers, positive and negative. 
Consider also a relation K between pairs of elements q^q^ of Cl and single 
integers m. Denote the fact that q^q^ and m are in the relation K by the 
symbol Kq^q^m. The relation K may have a variety of properties. {Cf, 
Hildebrandt, § 4.) For instance, the relation K may be such that the following 
condition is satisfied : 

If mo<mi, then Kqiq^nij^ implies Kq^q^m^. (1) 

In the sequel a K relation for which (1) holds is denoted by K\ while K denotes 
the general K relation. 

In a system (D; K) the sequence ig„| of elements of Q is said to have the 
element g as a limit if, for every m, there is an n^ such that w> w^ implies 
Kq^qm.X 

A function fi is said to be continuous on the range £l^[g] of a system 
(Q; £") if, for every q and positive number e, there is an m^^ such that Kq^qm^^ 
implies \ii{qi)—li{q)\^e. 

The function ii is said to be unifomily continuous if, for every e, there is 
an m^ such that Kq^q^m^ implies \(i{qx) — liiq^) \ ^ e. 

Two elements q and q of the range Q of a system (£l; jK') slx^' connected 
for a given m if there is a finite set g^, gg? • • • •> 3* such that g=gi and q=qf,y 

* Hildebrandt, §6. 

t The idea of the connection of an abstract range was first brought to my attention by Professor 
E. H. Moore at the time when I had the privilege of attending his lectures on "General Analysis" at the 
University of Chicago. 

F. Riesz, in his article " Stetigkeitsbegriff und Abstracte Mengenlehrc," Atti del IV. Congreaao Inter- 
nazionale dei Maiematioi, Rome, 1008, discusses the connection of subsets of an abstract point set. 

t Hildebrandt, §7. 
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and such that, for each pair QiQi^i of elements of the set, we have either 
Kq^^^^m or else ^g,+ig<m. 

The elements gg are connected if they are connected for every m. 

The range O is said to be connected when each pair q^q^ of elements of £l 
is (Connected. 

The set O of a system (D; X") is extremal"^ if every infinitude of elements 
of O gives rise to at least one limit element of O. That is, if O^ is a subclass 
of D containing an infinite number of elements, then there is a sequence \q,xn\ 
of O^ and an element g of O such that Lq^=zq. 

The following propositions relative to systems (D; K) are easily proved. 

If q^q^ are connected for m^ and q^q^ are connected for m^ , then q^q^ are 
connected for mo. 

If q^q^ are connected and g^g, are connected, then g^g, are connected. 

If 9% is a connected subclass of O, then 91 +91' is connected. {9i' is the 
derived set of SR.) 

If Di is the class of all elements connected with a given g^ , then O^ is closed. 
(A subset Oi of O is closed in case all the elements of D which are limits of 
sequences of D^ are also elements of £l|.) 

If Oj is the class of elements composed of g^ and all elements g connected 
with g^ , and £1, the class of elements composed of q^ and all elements connected 
with q^ , then the necessary and sufficient condition that d^ and £i^ have a com- 
mon element, is that g^ and g, be connected. In fact, if £l| and Cl^ have a single 
element in common, they are identical. 

The following proposition is for systems (£i; Z^), 

If g^ and g, are connected for m, they are connected for every mQ<m. 

Denote by Sl^ the set of real numbers composed of the functional values of 
/£, and by (S[^)i the set % plus its derived set. The following theorem is rela- 
tive to a system {£i; K). 

Theobem I. (a) 7/ g^ and g, are connected and (i is a uniformly contin- 
uous function on £i such that (i{qi) <h<iA{q2)j then h belongs to {\)i. (b) If 
D t^ connected and k is any number between two values of a uniformly contin- 
uous function (i on £l, then k belongs to (91^) i . 

The second part of the theorem is an immediate corollary of the first 
part. To prove the first part it is sufficient to prove that HI f^iqi) <0<(i{q^)j 
then belongs to (31^) i- The method of proof is standard. (Cf. Goursat- 
Hedrick, " Mathematical Analysis," p. 145.) Denote by D ^ [g] the class of all 
elements g such that (i{q) >0,and by D"[g] the class of all elements g such 

*Cf. Hildebrandt, §10. 
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that f£(g) <0. Denote by S[^ the set of all positive functional values of fi, and 
by %f, the set of all negative functional values of f£. Then the lower limit of 
a^ is either or « > 0. Suppose the latter to be true. Then \ii(g) —(i (g) I > c for 
every qq. But since q^q^ are connected, there is for every m a pair qji^ such 
that either Kqjqjn or Kq^q^m. Since f£ is unif omily continuous, there is for 
b/2 an We/2 such that Kq^q^m^^ implies |f£(gi) — ^(5^2) I <«/2. From above there 
is a pair g»eA9»e/i s^ch that Kq^^^/^q^i^/^m^/ij and such that \ii{qm^^) — ti(q^t/t) I 
> b/2. Thus we have a contradiction. 

Theorem II. (a) If the class £1 of a system (D; K) is extremal and 
Qi f Qt ^^^ '^^ connected elements of O, and (lis a uniformly continuous function 
on Q such that fi{qi) <h<ii{q^)^ then h belongs to 21^. (b) If D is extremal 
and connected^ then every uniformly continuous function (i on £1 assumes every 
value between each pair of its values. 

The second part of the theorem follows from the first. The first part may 
be seen readily as follows : * By the previous theorem h belongs to (21^) ^ . 
Then either h belongs to 91^ or else there is a sequence | ^»( of numbers of 91^ such 
that L\=h. This, combined with the fact that £l is extremal, implies that there 

is a sequence \q^\ of £l and an element q^ of £l such that Lq^—q^ and L^i (g„) =%. 

It follows readily from this and the continuity of fi that n{q^)=h. 

If £l is extremal, then every continuous function on O is bounded and 
attains its least upper and greatest lower bounds. (Cf. Hildebrandt, ^ 19.) 
From this and the previous theorem we have : 

Theobem III. If a class O, of a system (£l; f ), ts extremal and connected^ 
then every uniformly continuous function /i on £i is bounded and assumes its 
least upper and greatest lower bounds and every value between these bounds. 

Theobem IV. (a) A neccessary and sufficient condition that every func- 
tion (i uniformly continuous on D, of a system (D; Z^), be such that if 
li{qi) <h<ii{q2) then h belongs to (81^) 1, is that q^ and q^ be connected, (b) 
A necessary and sufficient condition that every function (i uniformly continuous 
on O, of a system (Q, JP), be such that every value between any two of its 
values belongs to (9l|i)i, is that D be connected. 

The second part of the theorem is a consequence of the first part. We 
have shown in Theorem I that the condition in the first part of the theorem is 
sufficient. To show the necessity of the condition, we show that if q^ and q^ 
are not connected, then there is a function ^, uniformly continuous on £l, such 
that (liq^) =1, f«(3j) =— 1, and such that does not belong to (21^) 1 . 

* Of. Hildebrandt, §19. 
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In a system (Q; K^)^ if q^ and q^ are not connected there is an m such 
that gi^j are connected for no m>m. Consider the division of D into sub- 
classes as follows : 0,[ is composed of q^ and all elements q each of which is 
for some m>m connected with q^. £4 is composed of q^ and all elements q 
each of which is for some m>m connected with q^. £1^ is composed of all 
elements which are in neither £i[ nor £4 • ^i ^^^ ^ ^&<^h contain at least one 
element. £1^ may contain no elements. 

Oi and £4 have no common elements. It is clear that neither g^ nor q^ can 
be common to £li and £4 . Suppose there is an element q\ neither q^ nor q^ , 
which is common to £li and £4. 9' is connected with q^ for a certain mi>m. 
q' is connected with q^ for a certain m^>m. Call m^ the smaller of m^ and m,. 
Then for m^ , which exceeds m, g^ and q^ are connected. This contradicts the 
fact that g^ and q^ are connected for no m > m. From the way Ds is defined, it 
can have no elements in common with either £li or £4 . 

There is no m>m for which a q[ of £i[ and a gj of £li are connected. For 
suppose there were such an m and such a pair of elements q[qt . q[ is connected 
with ji for m^ > m. gi is connected with g, for m^ > m. Consider m^ the smaller 
of w, mj, mj. For m^, gi is connected with gj, gi with gi, and gi with gj. 
Therefore q^ is connected with g, for an m^>m. This is a contradiction. 
Similarly there is no m>m for which a gi of Qi and a gs of £4 are connected. 
Neither is there an m > m for which a gs of £4 and a gj of £4 are connected. 
Thus, if there is an m > m such that the relation Kqqm holds, then q and g must 
both belong to the same one of the classes £li , £4 > £4 . 

Now consider a function fi such that f<(g) =1 if g belongs to Qi, and such 
that ii{q)= — lifg does not belong to DJ. /i is uniformly continuous on D, 
and the totality of its functional values consists of the two values 1 and — 1. 

From the previous theorem and the example just given we have the 
following theorem : 

Theorem V. (a) -4 necessary and sufficient condition that every func- 
tion lAj uniformly continuous on an extremal set D of a system (£l; jST^), be 
such that if (i{qi) <h<(i(q2) then h belongs to Sl^, is that q^ and g, be connected. 
(b) A necessary and sufficient condition that every function f£, uniformly con- 
tinuous on the extremal set £1 of a system (£l; K^)j assume every value between 
each of its values^ is that £X be connected. 

For systems {D,; K) which are such that every continuous function on £l 
is likewise uniformly continuous, the preceding theorems hold if in the hypoth- 
eses uniform continuity be replaced by continuity. Hildebrandt shows* that in 

*Hildebrandt, §22. 
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the case of systems (D; K^^)j where 3, 6, 7 are properties of the relation K 
defined in a note below* and Q is extremal, the continuity of a function /i on 
D implies its uniform continuity. In view of this, Theorems 11, HI, V hold for 
systems (D ; K^^) if continuity be substituted for uniform continuity in the 
hypotheses. In particular we have : 

Theorem VI. A necessary and sufficient condition that every function (i 
continuous on an extremal set D, of a system (D; E?^'')f assume every value 
between each pair of its values^ is that O be connected. 

Hildebrandt also indicatesi that a necessary and sufficient condition that 
every function (i continuous on D of a system (D; K^^) (1) be bounded, (2) 
attain its bounds, is that £l be extremal. Using the results of Hildebrandt and 
Theorem VI, we have the following theorem : 

Theorem VII. A necessary and sufficient condition that €very function ii 
continuous on £X of a system (O; f^^) shall at the same time be bounded and 
attain its least upper and greatest lower bounds and every value between these 
boundSj is that D, be extremal and connected. 

Among the systems (Q; K^^) of Hildebrandt are the systems (D; i) as 
used by Frechet.§ 

Various independence considerations might arise here, but we content 
ourselves by giving two simple examples of systems (£l; K^^''^)\\ where £l is 
extremal. In the first of these examples £l is connected, and in the second O is 
not connected. 

(a) £l is the class of all real numbers q such that 0<g<l. q^ and q^ are 

in the relation Kq.q^m if I qi—q^ I ^ Hi • 

(b) £l is the class of all real numbers q such that 0<9<1 or such that 
3 < g < 4. ji and q^ are in the relation Kq^q^m if | q^ — g, I — os • 

Dabtmouth College, March, 1913. 

* Hildebrandt, §4. 

fiC has the property 3 if the relation JT^i^afft^ holds for eTery m[!only in' the case when q^ and 91 are 
identical. 

K has the property 6 if there is an integral-valued function, say ^^9 which increases indefinitely 
with m, such that, if we have the relations Kqxq^fn Kq^q^m, then we have the relation iT^i^t^m. 

K has the property 6 if there is an integral-valued function ^m which increases indefinitely with m, 
such that, if we have Kq^qitn Kq^qtin, then we have Kqiq^m^ -E^* and K* are equivalent if K is symmetrical. 
Cf . Hildebrandt, § 4. 

{Hildebrandt, §22. 

§ Cf . Hildebrandt, p. 266, foot-note. 

■ Hildebrandt, §4. 



On Series of Iterated Linear Fractional Functions.* 

By B. D. Cabmichael. 



Introduction. 



The two classes of power series (ascending and descending) are the most 
important series known to mathematical analysis. Becent investigations have 
brought to prominent notice another class of series which are also of prime 
importance ; namely, the factorial series 

'^ X ^ «=ia;(rr+l) {x+2) .... (x+n) ' 
The simplicity and elegance of the general theory associated with these series 
is seen from the development of their fundamental properties by Landan.f 
Their importance throughout a large range of modem mathematical analysis 
is apparent from the demonstration by WatsonJ that most of the ordinary 
functions of analysis (which possess asymptotic expansions) actually are 
capable of being expressed in the form of convergent factorial series. An 
earlier result, of a character similar to this, is due to Hom,§ who has shown that 
the divergent Thome normal series, which satisfy a linear differential equation 
with rational coefficients, may be transformed into convergent factorial series. 
That these series may be of great value in special problems is effectively illus- 
trated in their recent use by Norlund,i| in his elegant paper on the integration 
of linear difference equations by means of factorial series. 

With factorial series are to be associated the so-called binomial coefficient 

series 

• {x-l){x^2)....{x-n) 
^o+2a„ -^ , 

the general theory of which has recently been developed by Landau^ and others. 

* Presented to the American Mathematical Society, September, 1913. 

t Sitzungaher. d. Math.-Phys, Klasae d. KgU Bayer. Akad. d. Wiaa., XXXVI (1906) , pp. 151-218. See 
also the references in this paper. 

I In a memoir crowned by the Danish Royal Academy of Science. Published in Mendiconti del Cir- 
colo Matematioo di Palermo, XXXIV (1912) , pp. 41-88. See also the references in this paper. 

§ Mathematiache Annalen, LXXI (1912), pp. 510-532. 

\\Bendiconti del Cireolo Matematioo di Palermo, XXXV (1913), pp. 177-216. 

j[ Landau, loo. cit., pp. 192-197. See also the literature cited by Landau here and on p. 154 of the 
same memoir. 
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Now, power series (both ascending and descending), factorial series and 
binomial coefficient series are all included as special cases in the following two 
types of series of iterated linear fractional functions : 

"*""*■ rr "^«ti xS,{x)S,{x) . . . .8,{x) ' ^ ^ 

a,+ ^aM^)S,{x)....8,{x), (2) 

where 

Sr{<^) = ^, ad-hci^O; fif,(a;) = ?f^44±^, h>l, 
*^ cx+d '^ ' cot-i(a?)+rf 

a, bj Cy d being constants. We shall refer to these two series as of type I and 
type II respectively. 

If i9i(a;)=aa/, it is clear that (1) is a descending power series and that 
(2) is an ascending power series. If 8^{x)=x+ly then (1) is a factorial 
series of the form above; while, if 8^{x)=x—lj (2) is a binomial coefficient 
series of the form above. 

The object of the present paper is to develop the fundamental elements of 
a general theory of both the above types of series of iterated linear fractional 
functions. 

In ^ 1 I introduce some preliminary notations and definitions and state 
some lemmas which are of frequent use in the convergence proofs. 

In ^ 2 I determine the character of the regions of convergence, of absolute 
convergence and of conditional convergence of series of both the types I and 11. 
An upper bound to the magnitude of the region of conditional convergence is 
obtained. Thus we have generalizations of the corresponding theories for the 
case of power series, factorial series and binomial coefficient series. The 
methods of Landau for series of the two latter kinds are in the main employed. 
The general plan of treatment is improved in one respect by the use of the 
criterion of Gauss for the convergence of series ; thus it is no longer necessary 
to employ properties of the gamma function for factorial series and binomial 
coefficient series, or of corresponding functions for the other cases (treated for 
the first time in the present paper) . It should be noted here that the general 
results are in some respects 4n marked contrast to the simpler ones for the 
special cases which have been investigated heretofore. 

In ^ 3 the regions of uniform convergence of the series are determined and 
some immediate consequences are stated. 

In § 4 I determine the boundaries of the regions of convergence and abso- 
lute convergence of the series in terms of their coefficients. 
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§ 1. Preliminary DefinitionSj Notations and Lemmas. 

In relation to the matter of convergence of series (1) or series (2), it is 
obvious that an exceptional role is played by a point x for which Sj^{x) is 
either zero or infinity for some value of k. In the case of series (1), the point 
x=0 is also exceptional. Later, it will be seen that an exceptional role is 
played by a point x^ such that /S'i(iCo) =%, whence ^m{^o)=^o ^^^ every k. 
Hence we shall employ the following definition : 

For series (2) a point x^ such that Sj^{xQ)=Oy Xq or oo^ for some fc, is 
called an exceptional point. For series (1) these points and the point x=:0 
are said to be exceptional. In either case, the remaining points are called non- 
exceptional points. 

By the region of convergence of series (l) [series (2)] we shall mean 
that portion of the plane which is made up of those non-exceptional points 'x 
at which the series converges and those exceptional points which have the 
property that there is some neighborhood of each of them such that all points 
in these neighborhoods (except possibly the exceptional points themselves) are 
points of convergence of the series. We also define similarly the region of 
absolute convergence of each series. 

We shall say that the substitution x'=S^(x) is the substitution correspond- 
ing to series (1) or to series (2) ; also, that these series correspond to the 
given substitution. 

Throughout the paper we shall require to have at hand explicit f ormul® 
for 8^{x) in terms of x and n. In the statement of these formute it is con- 
venient to distinguish four cases as follows :* 

Case A. The substitution x'=8i{x) has two double points in the finite 
plane. Denote these by a and p. Then for the substitution itself and for the 
value of 8^{x) we have respectively: 

Case B. The substitution x'=8^{x) has two double points, one of them 
being at infinity. If the other is at a, then for the substitution and for 8^{x) 
we have respectively: 

x'—a=k{x—a)^ k^O, 1; 8^{x)^k''{x—a)+a. 

Case C. The substitution x'=8i{x) has only one double point, and this 
point lies in the finite plane. If it is at a, then for the substitution and for 
8^{x) we have respectively: 

* As & matter of convenienoe, the identical substitution is excluded throughout. This involves no 
loss of generality, since the series corresponding to the substitution a*=za, in each type, is of the same 
form as that corresponding to the more general substitution a>':=€UD, where a is any non-zero constant 
whatever. 
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^+t, ti.0; g,(a.)^ «f<^-«>+f . 



x'—a x—a ' ^ » »^ ^ nt{x—a)+l 

Case D. The substitution 2;'= /S'i( a;) has a single double point, and this 
point is at infinity. Then for the substitution and for S^{x) we have respec- 
tively : 

x'=x+tj <=^0; 8^{x)=x+nt. 

It is convenient to note here the behavior ot 8^{x) for n approaching in- 
finity. This is simplest in the cases C and D. Let x be any finite point which 
is not a double point of the substitution x'=8{{x). Then, in cases C and D, 
it is clear that lim 8^(x) exists and is the double point of the substitution. 

11 = 00 

In case A [B], if i is any finite point which is not a double point of 
x^:=^8i{x)fthenlim 8^(x) exists or not, according as |^|:^1 or |^| =1. In 

11 = 00 

case 1^1 >1, the limit is the double point ^[oo]. In case |^| <1, the limit is 
the double point a [a]. In case |^| =1, in which case the limit does not exist, 
it is clear that |/S'„(S) | is less than some fixed constant for all n greater than 
some N. 

It is convenient to state here the following lemmas which will be useful in 
several convergence proofs : 

Lemma I. Let ^^^ » &i 9 &2 » • • • • ^^^ ^0 » ^1 » ^2 > • • • • ^^ ^^^ sequences of 
complex numbers such that both of the series 

«o 00 

n=0 11=0 

are convergent. Then the series 

00 

2 6.C. 

«=0 

also converges. 

Lemma IL Let b^jb^^b^^ . . . . and c^, c^, Cj, . . . . be two sequences of 
complex numbers such that 



1) there exists a number B such that \ 2 6»| <5 for every t; 

2) lim c^ exists and is zero; 



i»=0 



iir=oo 



3) the series 2 \c^ — c^+A converges. 

nz=0 

Then the series 

H = 

also converges. 

Lemma III. Let 60 > ^1 > 62 > • • • • ^^ ^ sequence of complex constants and 
^0 > ^1 > ^2 > • • • • ^^ ^ sequence of functions of the complex variable x which are 
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regular throughout a given domain D {including the boundary). Suppose that 

t 

1) there exists a number B such that \ 2 ft^j <B for every t; 

11=0 

2) as n approaches infinity c^ converges to uniformly in D; 

3) the series 2 |c»— c^+J converges uniformly in D. 

n=o 

Then the series 



n=0 



converges uniformly in D. 

Lemma IV. Let &o > ^i > &« > ^^^ sequence of complex constants such that 

the series 60+^1+^2+ • • • • *^ convergent. Let Co, Cj, Cg, .... be a sequence 
of functions of the complex variable x which are regular throughout a given 
domain D {including the boundary) and are such that the series 

«=rO 

converges uniformly in D. Then the series 

i» = 

is uniformly convergent in D. 

Elegant elementary proofs of the first three of these lemmas are given by 
Landau {loc. cit.^ pp. 155-157, 160-161) ; he also gives references to their 
earlier use. The fourth lemma appears to have been first employed by Niel- 
sen;* but Nielsen's statement of it is not entirely accurate, as Landauf has 
already pointed out. 

§ 2. Character of the Regions of Convergence and Absolute Convergence. 

By means of lemma I we shall now determine the character of the region 
of convergence of the series 

"" X ^^^xS^{x)S^{x)....S^{x) 

Let Xq and x^ be two non-exceptional values of x for the series. We shall 
assume that the series above converges for x=Xqj and shall express this briefly 
by saying that ^{x^) converges. We shall determine relations between x^ 
and a?i which are sufficient to ensure that ^{x^) also converges. 
Let us put 

I, ^ a^j+i __ ^o8i{x^)S^{x^) . . . .S^{x^) 

''^''x^,{x,)S,{x,)....SAxo) ' '-''x,SAx,)S,{x,)....SAx,) • 

*Annali di matematica, (3) XV (1908), pp. 275-282. 

f Sitzungaher, d. Kgl. Bayer. Akad. d, Wiss., Math.-Phya., 1909. 
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Then the series &i + &2+ &,+ ... . converges, by hypothesis. From lemma I it 
follows that the series ftiOj+fejCj +&,(?,+ , and hence the series n(iCi), con- 
verges provided that 

2 |c.-c,+J (3) 

is convergent. Here we have 

_ x^i (gp) . . . . g. (fl^o) /, ^.-n (Xq) \ 

For determining the relation between x^ and x^ so that (3) shall converge, 
we shall have use for the following f ormnlse, which are easily verified : 

=1 + 



k'{a-^r{x,-x,) 



\k*(x,-a)-ix,-^) I \k''^{x,-a)-aix,-ff) j 

, , k*{x^—Xj) . „ 

=1+ ,,. " V V , in case B; 



, incase A;* 



= 1 + 



= 1+ 



jgp — x^ 



\nt{Xa—a)+l\\ant{Xi—a)+Xi\ 

Xa — X, 



, in case C ; 



■J , in case D. 



(4) 



♦•»(«i) = |Q.+i(a'o,a;i) 



Xi+nt 
The ratio r.(a;,) of the (n+l)-th term to the «t-th term of series (3) is 

\l—Q,+t(Xc,X^)\ 
\l-Qn+xiOOo,X,)\ ' 

Making use of the above values of the function Q,{Xq, x^),we have by obvious 
reductions the following formulae : 

\k'+Hx,-a)-ix,-P) \\k'+'P{x,-a)-a(x,-^) { [ 



in case A ; 
= |Q,+i(a'o»«i)l 

= |Q.+iK,a;,)| 
in case C ; 
= |C»+i(a'o,a?i)| 

In the discussion immediately following we treat separately the cases A, 
B, C, D. 



" \k'+Hx,-a)-ix,-^) \ \k'+*f}{x-a)-a{x,-lJ) 

I A;-+i(a;_a)+a I . „ 

* la-t.,/ H — » m case B ; 

I k*+*{Xi — a)4-o I 

\ \{n+l)t{x,-a)+l\\(n+l)at{x,-a)+x^\ 
j {n+2)t{x,-a) +1{ } in+2)at{x,-a) +x,\ 



-i— ^ — — rfj , m case D. 



*The definition of the serenil c«aea ia given in § 1. 
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In case A^ seveml possibilities arise: 

1) If |A;| <1 and a^O, then lim \Q^{^oj ^i) I =^9 ^^^ ^^ ^^^^ 

limr,= |A;|. 

• = 00 

2) If |*;| >1 and ^4=0, then lim iQ^ix^, a?,) | =1, and we have 

11 
\k\' 

3) If |JI(| <1 and a=0, we have by easy reductions 



lim r.= 



lim r.= lim 






k'+*x,-{x,-fi) 



^i\ Uo— ^r 



4) If 1*1 >1 and /3=0, we have similarly 



lim r,= 

11=00 

5) If |Aj|=1, we have 






X, 



r.= 



k-^'{Xo-a)-{x,-fi) 



k^x,—a)—k{x,—fi) 



I k--^^fi{x,-a)—a{x,-P) 

From these results we conclude that, in cases 1) and 2)^ ii(x^) converges 

for every x^ (subject to the initial conditions specified above). In case 3), 

n(iri) converges if 



X, 



X, 



:^l<l?c^l 



In case 4), n(fl?i) converges if 



X, 



Xn 



Xa—a 



Xr. 



In case 5), ^(x^) converges if lim sup r^<l. In several respects this case is 

11=00 

exceptional. A corresponding exception arises under case B below ; in con- 
nection with the latter, an example is given to indicate the nature of the 
irregularity. 

In case B, we have readily 

_ fc»+'(a?o— a)+fta 

Hence, if a=0 or if |Aj| >1, we have 

XQ—a 



limr,= 



x.—a 



In this case, series (3), and hence n(a?i), converges if lajj— aj > Irr^— a|. If 

a:^0 and |fc| <1, we have 

limr.= |fc|; 
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and therefore, in this case, Cl{x^) converges for every x^ (subject to the initial 
conditions specified above). If a:#:0 and | A;| =1, P,{x^) will converge if 

lim sup r„<l. 

This last case is quite exceptional in its character. In our discussion 
below, we shall point out that the region of convergence (wheii it is not the 
entire plane) is always bounded by a circle (or a straight line, considered as a 
limiting case of a circle) except for cases A and B in which ( Aj| =1. By means 
of examples we shall here show that in this exceptional case the region of con- 
vergence may be bounded by a curve of the fourth or even higher degree. 
Suppose that the substitution is a?'= — x+2. Then 8^{x)^x and S^^^^ix) 
^ — x+2. Consider the series 

"(^)=l+- + ^(^_2) + xHx-2) +a?(a?-2)«"^ 

If X is any non-exceptional value of re, it is easy to show that this series con- 
verges if 1 5(5 — 2) I <1, and diverges if |5(5 — 2) | >1. Hence the boundary 
of its region of convergence is the curve \x{x—2) \ =1. This is obviously a 
curve of the fourth degree. By taking a periodic substitution of period greater 
than 2, we should similarly obtain series whose regions of convergence are 
bounded by curves of higher degree. Similar examples are readily constructed 
for the case A, when |fc| =1. On account of the exceptional character of the 
cases when |fc| =1, they will be excluded from further consideration. 

We turn now to a further consideration of case C. We have readily 

{\n+l)at{Xo-a)+Xo\\{n+l)t{x—a)+l\ 
{\n+2)at{x,-a)+x,\\{n+2)t{x,-a)+l\ 
If a=^0, we have 

* n 

where the terms omitted involve higher powers of 1/n. Hence 

2 



n 
Applying the criterion of Gauss,* we see that series (3), and hence n(a;J, is 
convergent. If a =0, we have 

» I a;, * (n+2)teo+l I I « 

hence, if we use the notation R{z) for the real part of z, we have 

" . n 

* See " EncycIopMie des sciences mathimatiques," I| , p. 216. 
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From this, by aid of the criterion of Gauss, we conclude that series (3), and 
hence n(a?i), converges if 

\txy ytxj * 



Finally, let us consider case D. Here we have 



r.= 



x,+ {n+l)t \ 
a;,+ (n+2)t| 



+K-^) 



n 



+ 



Using again the criterion of Gauss, we conclude that series (3), and hence 
fl(a?i), converges if 

In the discussion above we have noted that cases A and B are exceptional 
if |Jl;|=l. The results for the other cases may be stated in the following 
theorem : 

Theobem Ii .* Let Xq and x^ he two non-exceptional values of x for the 
series 

Ci{x) =ao+ ^+2^ xSAx)sJx)\.-8Ax) ' 
and suppose that the series converges for x=Xq. Then the series converges 
in the following cases: 

Case A.f // |*| <1 «wrf a=^0, or if \k\>l and fi^O^ then D,{xJ con- 
verges for every value of x^ (subject to the initial conditions specified above) ; 
if \k\ <1 and a=0, £i{x^) converges if 



x^ 



'P 



00, 



^o-fi\ 



if |A;| >1 and ^3=0, Q,{x^) converges if 

< 



a;, 



X. 



a?o— g 



a?A 



Case B. // |*;| <1 and a=^0, £l{Xj) converges for every value of x^ {sub- 
ject to the initial conditions specified above) ; if \k\>lj or if a=0, then ^(x^) 

converges if 

\x^—a\>\xQ—a\. 

Case C. If a^O^ £l{x^) converges for every value of x^ {subject to the 
initial conditions specified above); if a=0, Cl{x^) converges if 

Case D, In this case^ ^{^i) converges if 

* The subscript 1 [2] attached to the number of a theorem indicates that the theorem refers to a 
series of type I [II]. See the Introduction for definition of types, 
t See the definition of cases A, B, G, D in § 1. 
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If one employs lemma II instead of lemma I, the above theorem can in 
some cases be slightly strengthened by requiring, in the hypothesis, that the 
sum of t terms of Q,{Xq) shall be bounded in absolute value, instead of making 
the stronger assumption that this series converges. To prove this, it is suffi- 
cient to show further that c^ approaches the limit zero as n increases indefi- 
nitely. This is equivalent to showing that the infinite product 

diverges to zero when x^ and x^ are connected by the relations given in the 
theorem. If we make use of equations (4) we see readily that this product is 
zero in case A if |^| <1 and a=0 or if |A;| >1 and ^9=0, in case B if |A;| >1 
or if a =0, in case C if a=0, in case D for all t. Hence, in these cases the 
theorem may be strengthened as indicated. 

It is not difficult to construct examples in which ii{x) converges for no 
non-exceptional value of x whatever. For the moment, we exclude this case 
from consideration. Then the region of convergence* of D>{x) is the entire 
plane in case A if |^| >1 and ^9^0, in cases A and B if |A;| <1 and a:^0, in 
case C if a:^0. In all other cases the region of convergence may or may not 
be the entire plane, the fact in a particular case depending on the coefficients a 
of the series. We shall now take up these remaining cases separately and 
determine the exact nature of the region of convergence when it is not the 
entire plane. 

The results are simple in case D, and hence, we shall treat this first. Con- 
sider the straight line (0^ through the points and t. If A(a;) converges at 
any non-exceptional point x on this line, it converges at every non-exceptional 
point to the right of a line through x and perpendicular to (Ot), the directions 
right and left being determined by saying that t is to the right of 0. From 
this it follows readily that there exists a straight line I perpendicular to (Of) 
such that ^{x) converges for every non-exceptional x to the right of I and 
diverges for every non-exceptional x to the left of L On i, its character as 
to convergence or divergence varies as in the case of a power series in rela- 
tion to its circle of convergence, as one might show by examples. The line I 
is called the line of convergence of the series. We may look upon 2 as a circle 
through the double point oo of the substitution x'=x+t corresponding to the 
series ii{x). 

* See the definition of region of convergenoe in § U 
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In case C, when a=0, the results are analogous to those in case D, as we 
shall now show. Here the double point of the substitution corresponding to 
£i{x) is 0. Consider the system 8 of circles C which pass through the point 
and have their centers on the straight line (0^ through the points and t. 
We shall say that t is to the right of 0. We make the following conventions 
concerning the interior and exterior of these circles C: It C lies to the right 
of the straight line I through and perpendicular to (0^, we shall say that the 
interior of the circle is that part of the plane bounded by C and containing its 
center ; if C coincides with i, its interior is to the right of i ; if C is to the left 
of Z, then its interior is that part of the plane bounded by C and not containing 
its center. Now if £l{x) converges for any non-exceptional point on a given 
circle C of the system Sj it follows from the above theorem that it converges 
at every non-exceptional point exterior to C From this it is readily seen that 
there exists a circle C of this system S such that il{x) converges for every 
non-exceptional point exterior to C and diverges for every non-exceptional 
point interior to C. At a point on C it may either converge or diverge, as one 
might show by examples. The circle will be referred to as the circle of con- 
vergence of n(a;). 

Under B we have two cases to examine; namely, that when a=0 and that 
when I A;| >1. In either case the above theorem leads readily to the conclusion 
that there exists a circle C about a as a center such that n(rr) converges for 
every non-exceptional point x exterior to C and diverges for every non-excep- 
tional point interior to C, the words exterior and interior being now employed 
in their usual (elementary) sense. The circle G is called the circle of conver- 
gence of ^{x). 

Finally, under A we have also two cases to consider ; namely, that when 
|A;| <1 and a=0 and that when |fc| >1 and ^=0. On account of the simi- 
larity of these two cases, it is sufficient to treat in detail one of them alone ; we 
take that when |*j| <1 and a=0. Consider the systems S of circles C such 
that a circle C of the system is defined by the property that the distances of a 
point P on C from the points and 3 is a constant for all positions of P. 
This system contains as a particular case the straight line which bisects perpen- 
dicularly the straight line segment joining and ^. For every circle C the 
points and ^ are on opposite sides of C. The part of the plane bounded by 
C and containing 0[^] will be called the interior [exterior] of the circle. It 
is now easy to show, by aid of the above theorem, that there exists a circle C 
of the system S such that ft (a;) converges at every non-exceptional point exte- 
rior to G and diverges at every non-exceptional point interior to C. The circle 
C is called the circle of convergence of ft (a;). 
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CorreBponding to theorem I^ for series of type I, we have the following 
theorem I^ for series of type II : 

Theobem Ij . Let x^ and x^ he two non-exceptional values of x for the series 

11=1 

and suppose that the series converges for x=Xq. Then the series W{x^) con- 
verges in the following cases: 

Case A. // |*;| <1 and a=^0, or if \k\>l and /3=^0, then W{x^) con- 
verges for every value of x^ {subject to the initial conditions specified above); 
if |A:| <1 and a=0, W{x^) converges if 

I ^i—P I ^ I ^Q— ^ I . 

— z — '^ — z — ' 

I a?i I \ Xq \ 

if |fc| >1 and ^3=0, W{x^) converges if 

I X, — a ^ I Xq — c 



X, 



CaseB. // |*j| <1 a7id a^Oj D,(Xi) converges for every value of x^ (sub- 
ject to the initial conditions specified above); i/ | fc| >1, or i/ a=0, then W{x^) 

converges if 

\Xi—a\ < \xQ—a\. 

Case C. // a=^0, Wix^) converges for every value of x^ {subject to the 
initial conditions specified above); i/a=0, W{Xi) converges if 

\tx^y \txj ' 
Case D. In this casCy W{x^) converges if 

For the proof of this theorem also we employ lemma I. We write 

6.=«»5,K)6f,K) . . . .^.(iCo), ^--6\K)S,(a;o)....6'.(^o)- 

Then the series 6i+&t+&3+ converges, by hypothesis. From lemma I it 

follows that the series 61^1+62^2+68^8+ > ^^^ hence TF(a;,), converges, pro- 
vided that 

n = l 

is convergent. Now this series may be obtained from (3) by multiplying each 
term of series (3) by |iC]/iCo| and in the result exchanging x^ and x^. Hence, 
we have only to repeat the argument for theorem I^ , interchanging the roles 
of Xq and x^ , in order to complete the proof of theorem I2 . 

By the use of lemma II instead of lemma I, it is possible to strengthen 
this theorem by a slight weakening of the hypothesis. The discussion is anal- 
ogous to that for theorem Ii ; it is omitted here. 
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It is clear that the present theorem enables us to determine completely 
the character of the region of convergence for W(x). It may consist of the 
entire plane or it may be non-existent, in special cases. Laying aside these 
possibilities, it is easy to see that the boundary of the region of convergence, 
in every case, must be of the same character for W{x) as for ii{x). In each 
case, however, the region of convergence for W{x) is on the opposite side of 
the boundary from that for £i{x). This is analogous to the corresponding 
facts for ascending and descending power series. This is natural, since W{x) 
contains ascending power series as a special case, while il{x) contains descend- 
ing power series as a special case. 

We turn now to a consideration of the character of the region of absolute 
convergence of ft (a;). Let us suppose that £1{Xq) is absolutely convergent, 
and ascertain conditions which are sufficient to ensure that ft (a;,) is absolutely 
convergent. One such condition is that the ratio 

_ x^^{xo)....8^{xo) ... 

of corresponding terms of ft(a?i) and ft(a?o) is bounded in absolute value. 
Clearly this ratio is bounded if the infinite product 

«=i S^{x,) 
is convergent or if it diverges to zero. For the study of this matter we may 
make the same separation into cases as in theorem I^ . By taking up each 
case separately, making use of equations (4), and applying elementary tests 
of convergence, or divergence to zero, of an infinite product, one may easily 
show that \c^\ is bounded, in each case, provided that x^ and x^^ satisfy the 
relations specified in theorem I, for such case. Hence we have the following 
result : 

Theorem II^. // throughout theorem I^ we replace the word ^^ converges" 
by the words ^^ converges absolutely** we obtain a new theorem which is valid. 

By a precisely similar argument one may also prove the following theorem : 

Theorem II,. // throughout theorem \we replace the word ^^ converges*' 
by the words ^^ converges absolutely" we obtain a new theorem which is valid. 

By a discussion in all respects similar to that which follows theorem l^ , it 
is now possible to determine completely the character of the regions of abso- 
lute convergence of both ft(rr) and W{x). It is clear that in each case this 
region is of the same character as the region of convergence for the corre- 
sponding case. Consequently, it is unnecessary to go into the treatment in 
detail. 

35 
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In view of the preceding discussion, it is an easy matter to construct series 
having the following interesting property : They converge for every non-excep- 
tional value of X'j they converge absolutely for no non-exceptional value of x. 
We shall illustrate this remark by a single example. 

In case A, put a=0, /3=1, A5=2. Then we have 

2»a? 



SAx) = 



Consider the series 
where 



(2«— l)a;+l 



ttn + l— U 



n ;^, 2*+^-l • 

For the non-exceptional value a/=2, this series converges, but it does not con- 
verge absolutely. Hence, from theorems I^ and 11^ (and an examination of the 
series for exceptional values of x) it follows that ^(x) converges for every x 
different from zero ; it converges absolutely, however, only for the exceptional 
values 

a;= — ^;^— J-, n=l, 2, 3, . . . . ; 

and then trivially, since for each of these values it has only a finite number of 
terms different from zero. 

This example raises the general question as to the character of the region 
of conditional convergence of the series ii{x) and W{x). It is easy to see, in 
the light of the preceding theorems, and for the case of a series of each type, 
that the region of conditional convergence may be non-existent (through the 
series either diverging everywhere or converging absolutely throughout its 
region of convergence) or may be the entire region of convergence, in the 
following cases : 

Case A: |fc|<l anda:^0; \k\ >1 and P:p0. 

CaseB: |A;| <1 and aq^O. 

CaseC: a::^0. 

To investigate the remaining cases we proceed as follows : Let x^ and x^ 
be non-exceptional values for the series Q, (x) . Suppose that there exists a 
constant A such that the n-th term of n(a;Q) is in absolute value less than A 
for every w. Denote by c, the ratio (given in (5)) between corresponding 
terms of ^{Xq) and iiix^). Then ii(x^) converges absolutely if 

\c^\ + \c,\ + \c,\ + .... 

converges. Now the ratio |c„|/|c^«.i| of two consecutive terms of this series 
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is |On(^o> ^i) I- I^> ^i^^» ^^ investigating the convergence of this series, we 
employ equations (4) and make use of the simple ratio test and the Gauss 
criterion for convergence of series, we are led to the following theorem : 

Theorem IIIi . Let Xq and x^ he two non-exceptional values of x for the 
series 



a, 



a{x)=a,+ ^+I, 



^w + l 



'' X \Zix8,{x)S,{x)....SAx) ' 
and suppose that there exists a constant A such that the n-th term of ^(j;^) is 
in absolute value less than A for every n. Then n(a?j) converges absolutely 
in the following cases: 

Case A, // |*| <1 and a=0, il{x^) converges absolutely if 



x-P 



X, 



^0-/3 



X. 



if 1*1 >1 and fi=Oj Cl{x^) converges absolutely if 



Xj—a 

~x7~ 



iJ?n 



Case B. If \k\>lj or if a=0, then £i{x^) converges absolutely if 

\x,—a\>\x^—a\. 
Case C. If a=0, fl(a?,) converges absolutely if 

\tXf^J \tx^J 

Case D. In this casCj £i{x^) converges absolutely if 

In a similar way one readily proves the following theorem : 
Theobem nij . Let x^ and x^ be two non-exceptional values of x for the 
series 



n=l 



and suppose that there exists a constant A siich that the n-th term of W{Xq) 
is in absolute value less than A for every n. Then W{x^) converges absolutely 
in the following cases: 

Case A. // |A;| <1 and a=0, W{x^) converges absolutely if 



x,-fi 



X, 



x-p 



Xa 



if 1*1 >1 and /3=0, W{x^) converges absolutely if 

> 



X, 



x^ 



Case B. If \k\>l, or if a=0, then W{x^) converges absolutely if 

l^i-a|<l«o— «!• 



I 
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Case C. // a=0, W{Xj) converges absolutely if 

\txj ^txj 
Case D. In this case^ W{x^) converges absolutely if 

<TO-«(f)>l- 

From the last two theorems it follows that Ci{x) and W{x) both converge 
absolutely at every non-exceplional point in the interior of their regions of 
convergence, in the following cases : Case A, when | A; | > 1 and fi=0; cases A 
and By when |A;| <1 and a=0. Here the general theory is analogous to that 
of power series, as indeed it should be, since in these cases the series are direct 
generalizations of power series. 

In case D, the region of conditional convergence is a strip bounded by the 
line of convergence and the line of absolute convergence, the width of this strip 
being at most |^|. It is possible to construct examples (cf. Landau, loc. cit.) 
to show that each of the logical possibilities may arise ; namely, that the strip 
of conditional convergence is non-existent, that it exists and is of width less 
than \t\, that it is of width \t\. 

In case C, when a=0, it is easy to see that there may again exist a region 
of conditional convergence. It is bounded by two circles, each^passing through 
the point and having its center on the straight line (0^) through the points 
and t. The maximum distance between the centers of these two circles — the 
circle of convergence and the circle of absolute convergence — ^is determined in 
the case of £l{x) [W{x)] by means of the relation 

where x^ is on the circle of convergence and x^ is on the circle of absolute con- 
vergence. The greatest possible width of the region of conditional convergence 
is thus a function of the radius of convergence of the series. 

Examples might be constructed to show (for this case as well as for the 
preceding) that each of the three logical possibilities may actually arise. This 
may also be seen indirectly by observing that Ci{x) [W{x)]j for case C when 
a=0, transforms into W{x — t) [il{x+t)] for case D by replacing x by 1/x. 

§ 3. Uniform Convergence of the Series. Nature of the 
Functions Defined by Them. 

We shall now prove the following theorem : 

TheobemIV. The series* £i{x) [W{x)] converges uniformly throughout 
any closed domain D lying within its region of convergence and containing no 
point X which is exceptional for Ci(x) [W{x)]. 

*The exceptional subdivisionB of cases A and B in which |^| is unity are naturaUy excluded here. 
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Let us consider first the case of the series ii{x). Suppose that Xq is a 
non-exceptional value of x for which ii{x) is convergent; later we shall sub- 
ject Xq to such further conditions as will serve our convenience. Write 

I, _ «n-n _ ^oSAxo)....8^{x,) 

^-"" x,S,{x,) . . . .S,{x,) ' ^- x,S,{x,) . . . .S,{x,) • 

Then the series &,+&2+^3+ • • • • converges, by hypothesis. From lemma IV 
it follows that the series b^c^+b^c^+b^c^-}- , . . ., and hence the series n(a/), con- 
verges uniformly throughout /), provided that 

2 |c.-c,+J (6) 

converges uniformly in D. 

Now series (6) is what series (3) becomes on replacing 0?^ by a?; and there- 
fore we may employ the results of the reckoning in connection with (3) in the 
proof of the uniform convergence of (6). Thus we see that, when n increases 
indefinitely, the ratio r^{x) of two consecutive terms of (6) approaches a limit 
which is less than unity (whatever Xq may be) in each of the following cases: 
Case A, when |ft| <1 anda:^0 or when |fc| >1 and^:^0; caseB, when |A;| <1 
and a =^0. Hence it is easy to construct a comparison series of constant terms 
such that series (6) is term by term less than this comparison series. Hence, 
in these cases (6) is uniformly convergent. In case C, when a:^0, it is also 
unnecessary to place any restriction on Xq , since in this case 

r.(^)=l-^ + 



For, as a comparison series, one may employ a series of the form 

where ^ is a properly chosen constant. 

In each of the other cases it is necessary to place further restrictions on Xq 
In case A, when |A;| <1 and a=0, we have 

x—13 

X 



lim r^{x) = 



Since a; is in D and D lies within the region of convergence for n(a;), it is 
clear that x^ can be chosen so that the above limit is less than a properly 
chosen positive constant p (p<l) for every x in D. Hence, by means of a 
comparison series of constant terms of the form 

it may be shown in this case also that (6) is uniformly convergent in D. Sim- 
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ilarly, one may deal with each of the following : Case A, when | * | > 1 and 
^=0; case B, when a=0 or |*| >1. 
In case C, if a=0 we have 



^+«Ci)-«(4) 



r,(^)=l -^ ^^ + ■ 

Since a? is in D and D lies within the region of convergence of Ci{x)j it is easy 
to see that there exists a positive constant 26 such that 



<^)-Kh>' 



for every x in D. Therefore, for the proof in this case that (6) converges 
uniformly in Z>, it is sufficient to construct a comparison series of the form 

- A 



•=i n'+^ ' 



where ^ is a properly chosen positive constant. Similarly, one may deal with 
case D. 

This completes the examination of all the cases for the series 11 (re) ; and 
consequently the theorem is established for this series. 

It is unnecessary to give in detail the argument for W{x)j since it is so 
far similar to that for ii{x). It is sufficient to point out that one employs 
lemma IV, using for b^ and c^ the quantities 

;,_^o/^xo/^x o/^x _ S,{X)S^{X)....8^{X) 

For our case D (the case of factorial series and binomial coefficient series), 
Landau {loc. cit.) effects the proof of theorem IV by the use of lemma III. 
This lemma is obviously not sufficient for the more general case treated here, 
since it is not always true that c^ approaches zero as n increases indefinitely. 

Now, if we make use of the well-known theorem of Weierstrass relative to 
the analytic character of the function represented as a uniformly convergent 
series of analytic functions, we are led (in view of theorem IV) to the follow- 
ing theorem : 

Theorem V. The series £i{x) [W{x)] {at least if \k\ is different from 
unity in cases A and B) represents a function which is analytic at every non- 
exceptional point X lying within its region of convergence. 

Certain exceptional points for the series are always regular points of the 
functions represented by them. Thus, a point which is exceptional for one of 
the series only through causing every term past a certain one in that series to 
vanish, is clearly a regular point for the function represented by the series, 
provided that it lies within the region of convergence of the series. 
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Furthermore, it is easy to show that a point (within the region of conver- 
gence of the series) which is exceptional only through causing every term of 
the series past a certain one to have a pole of the first order at the exceptional 
point, is either a regular point or a pole of the first order for the function 
represented by the series (compare Landau, loc. cit,^ p. 164, where a discussion 
of this matter for factorial series is given). 

§ 4. Dependence of the Region of Convergence on the Coefficients 

of the Series. 

In the preceding discussion of the nature of the regions of convergence 
of the series Cl{x) and W{x) we have employed no properties of the (constant) 
coefficients except what is involved in the assumption of convergence or of 
absolute convergence for some value Xq of x. We turn now to the question as 
to how the magnitude of the region of convergence depends on the actual coeffi- 
cients of a given series. 

In certain cases this question is trivial ; namely, in those caseis in which it 
is true that the series always converges [converges absolutely] for every non- 
exceptional X as soon as it converges [converges absolutely] for a single non- 
exceptional X. All that is necessary, in such a case, for a complete answer to 
the question is to determine the divergence or the nature of the convergence of 
the series for a single value of Xy and then apply the general theorems of ^ 2. 

Our general question here has already been answered by Landau {loc. cit.) 
for the case of factorial series and binomial coefficient series. This obviously 
affords also the answer to the question for our cases D, since these obviously 
go over into the simpler cases (treated by Landau) by multiplicative trans- 
formations on X. 

We have observed above that the simple transformation of replacing x by 
l/a? carries our H (re) [TF(a;)] for case C when a=0 over into our W{x — t) 
[£l{x+t)] for case D. Hence Landau's theory affords an immediate means 
for the resolution of the present problem for case C when a=0. 

For case B when a=0 the series il{x) and W{x) are both power series; 
and hence the problem has been solved for this case. 

There remains for further consideration essentially two cases : Namely, 
case A when |A;| <1 and a=0 (this being equivalent to case A when |Aj| >1 
and ^=0) and case B when |A;| >1. These we shall now take up in turn. 
Since in each of them the boundary of the. region of convergence coincides with 
that of the region of absolute convergence it is sufficient to treat only the former. 

Let us first consider case A when |A| <1 and a=0. We have 
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The boundary of the region of convergence is a circle whose equation is of the 
form 

where p is a constant depending on the coefficients a^^a^^ , , . . of the series. 
We have to determine p. We first prove the following theorem : 
Theorem VIj. The two series'^ 

^ n=\ ^0^(X)b^(X) 0^{X) ^^^ \ X / 

in which S^{x) has the value given in (7), both converge or both diverge for 
any given value of x which is non-exceptional for £i{x). 
The proof falls into two parts. 

1. Suppose that '4^{x) converges for a value Xq of x which is non-excep- 
tional for il{x). We shall prove that ^(Xq) is convergent. Write 

^'•"''-V X, J' ''''^x^,{x,)....8,(x,)\x,-^J' 

The series 61+&2+ • • • • converges, by hypothesis. Hence, from lemma I, it 
follows that £i{xQ) converges, provided that 

' i kn-^n+ll (9) 

11=1 
is convergent. 

We have 

Thence the ratio r, of the («+l)-th term to the «-th term of (9) is easily 
reduced to the form 

Therefore, lim r„=|fc|; this being less than unity, it follows that (9), and 

•! = « 

hence ^(3?^), converges. 

2. Suppose that £l{x) converges for a non-exceptional value Xq of x. In 
order to prove that ^'(^o) converges, it is sufficient to write 

_ a^A;^-H2+--+n(_^)n ^ ^^^(^^) . . . .SAxo)_fXo:^Y 

and apply lemma I. It is not necessary to give the argument in detail. 

*It is convenient here to write the (constant) coefficients in n(«) in a new form. Obviously, there 
is no loss of generality in this. 
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From the theorem just demonstrated it follows that the regions of con- 
vergence of 0.{x) and '4^{x) coincide. But '4^{x) is a power series in e, 
z={x—fi)/Xy and therefore its region of convergence in terms of the coeflS- 
cients a^ is known. It is the circle (8), where 

- = lim sup VKT 
p «=« 
Hence : 

Theokbim VIIJ. The series il{x) of theorem VII ^^^ for the boundary of 

its region of convergence the circle 

x—L 



X 



=?y 



where 



- = lim sup ^ I a^ 

9 "=• 



In a similar manner one may readily prove the following two theorems : 
Theorem VIJ . The two series 

w{x)=.a,+ xa^ feiH-v....;n(_^;: s *(^)=j^a.(^^-^; , 

in which 8^{x) has the value given in (7), both converge or both diverge for 
any given value of x which is non-exceptional for W{x). 

Theorem VIIJ. The series W{x) of theorem VIJ has for the boundary of 
its region of convergence the circle 

where , 

- = lim sup "VJaJ. 

P fi=:QO 

We shall next treat the case B when |fc| >1. W^ have 
S^{x)=k''{x—a)+a, \k\>l. 
We shall first prove the following theorem : 
Theorem VIj". The two series 

a(x)=a+^+X -g^n ,,, ^\^ , 1*1 >1; ^(^)=2 7-^ 
X. „^i X t=ik'{x—a)+a' * ' ^^ ' ^^,{x—ay 

both converge or both diverge for any given value of x which is non-excep- 
tional for £l{x). 

The proof falls into two parts. • 

1. Suppose that '4^{x) converges for a value Xq of x which is non-excep- 
tional for ii{x). We shall prove that ^(x^) is also convergent. We put 






36 
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and apply lemma I. In order to show that ^{Xq) converges, it is suflBcient to 
prove the convergence of 

2 |c-c.+,|. (10) 

11 = 1 

We have 

- Jl n A;* _ / g \ 

"■ X, ,ii fc'(a;o-a) +« ' ^^' "^^ U"+H^o-a) +a^ ' 
Hence, for the ratio r„ of the (n+l)-th term to the n-th term of (10), we have 
readily 

_ k^-^^Xo-a) 
- fc»+*K— a)+a • 

Therefore, lim r;= |1/A;| ; this being less than unity, it follows that (10), and 

hence n(a;o), converges. 

2. Suppose that ^{Xq) converges, x^ being a non-exceptional value of x 
for ii{x). In order to show that '4^(Xq) also converges, it is sufficient to put 

k' . «^ A k'{Xo-a)+a 1 



&.= — n m r-7-. c=x^n 



Xot=iJc'{Xo—a)+a' *• ^=, A;' (a^o— «)" 

and apply lemma I. It is unnecessary to give the argument in detail. 

From the preceding theorem we have at once the following: 
Theorem Vn('. The series 0,(x) of theorem VIJ' has for the boundary of 
its region of convergence a circle about a as center with radius p, where 

p= lim sup V I a„ I . 

fir:ao 

In a similar manner we may readily prove the following two theorems : 
Theorem VI^'. The two series 

both converge or both diverge for any given value of x which is non-excep- 
tional for W {x). 

Theorem Vllg'. The series W{x) of theorem VJ^ has for the boundary 
of its region of convergence a circle about a as center with radius p, where 

1 



- = lim sup V I a„ I . 

P n=oD 
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The Derivative of a Function of a Surface."" 

By Chables A. Fisgheb. 



Introduction. 



In a paper published in the Atti delta R. Academia dei Linceiji Volterra 
has defined the derivative, of a function of a curve, and has proved that if the 
derivative is continuous and approached unif ormly, the first variation of the 
function is equal to the integral of the product of this derivative and the first 
variation of the dependent variable y, taken between limits equal to the values 
of the independent variable x at the end-points of the given curve. In a paper 
entitled ** A Generalization of Volterra's Derivative of a Function of a Curve/' t 
I have modified the definition of this derivative to make it applicable to a re- 
stricted set of curves defined by means of some ordinary differential equations, 
and applied some resulting theorems to the Lagrange problem of the calculus 
of variations. 

In the present paper I have given a definition of the derivative of a func- 
tion of a surface analogous to Volterra's derivative of a function of a curve, 
and have proved substantially that if the derivative is continuous and ap- 
proached uniformly with any finite order, then the first variation of the given 
function is equal to the double integral of the product of the derivative of the 
function and the first variation of the dependent variable Zj the integration 
taking place over the projection of the given surface on the a?, ^/-plane. I 
have also generalized this definition and theorem to make them applicable to a 
restricted set of surfaces, in a manner somewhat sunilar to that employed in 
my paper already referred to. I 

The first section contains the definition of the derivative of a function of 
a surface, the theorem mentioned above, and a proof that the derivative must 
vanish at every point of a surface which minimizes the given function. In ^ 2 

* Presented to the American Mathematical Society, April 26, 1913. 

t Volterra, Atti della R, Academia dei Linoei, Ser. IV, Bend* III,, p. 97. 

$ Fischer, American Joubnal of Mathematics, Vol. XXXV (1913), No. 4, p. 369. 
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the given function is taken as a double integral. Its derivative is found, and 
an application is made to the theory of maxima and minima of double integrals. 
In the remainder of the paper only those surfaces which give previously 
assigned values to a set of functions M^{S)j M^iS)^ , M^{S) are consid- 
ered admissible. In ^ 3 it is proved that in the neighborhood of any admissible 
surface for which a certain determinant does not vanish, there are other admis- 
sible surfaces of the kind needed in finding the derivative of another function 
L{8) relative to this restricted set of surfaces. In § 4 this derivative is defined 
and the theorems of the first section are proved to hold for the special set of 
surfaces also. In the last section all of the functions of surfaces considered 
are taken to be double integrals, and the results obtained in ^ 4 are applied to 
the isoperimetric problem of the theory of maxima and minima of double 
integrals. 

§ 1. Definition of the Derivative and Volterra's Theorem. 

All of the functions of x and y considered in this paper will be defined 
over a region R in the a?, y-plane, and will be assumed to be of class C^^\* where 
r is an arbitrary positive integer. In the first part of this section R will be 
taken as a rectangle defined by the inequalities a<x<h and c<y<df but 
later this restriction will be removed and R will be an arbitrary closed region 
bounded by a curve of finite length. 

The surfaces 8 and 8^ will be frequently mentioned. They will be defined 
by the equations 

8: z=z{x,y), 

8,: z=z{x,y)+iij{x,y), 

where the function ri{Xf y) is assumed to have the following properties: It 
vanishes for all values of x and y outside of the region defined by the inequali- 
ties x^—B<x<XQ+e and y^ — €<y<yo+*> or as much of that region as is 
inside of i2 if the point (a;^, j/o) happens to be on the boundary of R. Inside 
this region it has a permanent sign and is not identically zero. The absolute 
value of each of its partial derivatives up to and including those of order r 
is everywhere less than €, the function itself being considered as the partial 
derivative of order zero. 

The derivative of the function L{8) of the surface 8 can now be defined 
as follows : // the limit 

* BoIm, <' Vorlesungen ilber Variationarechnung," p. 14. 
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exists uniquely f where a is defined by the equation 

<^=5t^Sl\'^n{x,y)dydx, (1) 

then this limit is said to he the derivative of the function L{S) at the point 
{Xqj j/o), and it is said to be approached with order r. 

It will be assumed that if S is any surface in a fixed neighborhood of order 
r of the surface S^ the function L{8) has the following property: For every 
5>0 there exists an €>0 independent of S and (a?o, yo)f such that the inequality 

M)=ML_L.(S...,„)|<j 

is always satisfied. That is to say, the derivative is approached uniformly 
with order r in the neighborhood of the surface S. 

It will be assumed that for every 5>0 there exists an €>0 independent 
of (Xqj yo) such that if S is any surface in the neighborhood {e)r of S, then 
the inequality 

\L'{S;x,,y,)-L'{S;x,,y,)\<h 

is satisfied. That is to say, L'{8; a?, y) is continuous with order r in the 
argument S. It will also be assumed that L'(8; Xj y) is a continuous function 
of the variables x and y^ and since the region R is closed, it is uniformly 
continuous. 

A family of surfaces will now be considered which is defined by the 
equation 

Sal z=z{x,y)+ii{x,y,a), 

where the function o(a;, j/, a) has the following properties: All of its partial 
derivatives with respect to x and y vanish identically in a at every point of the 
boundary of R. They also approach zero uniformly in x and y when a ap- 
proaches zero, and vanish when a=0. If a numerically small constant value 
is given to a, the function Q(a?, t/, a) has a permanent sign. The derivative 
Wa(^> !f> 0) exists, is continuous and approached uniformly. 

The extension of Volterra's theorem, mentioned in the introduction, to 
functions of surfaces will be stated as follows: // the function L{S) and the 
surface Sa satisfy the assumptions given abovCj then the derivative of L{8a) 
with respect to the parameter a is given by the equation 



da 



=SSrL'{8; X, y)Qa(a?, y, ^)dydx. 

Select the constant % arbitrarily. Then divide the region JB into n^ equal 
rectangles, calling their vertices (a;^, t/,), where i and ; have the range 0, 1, 2, 
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....', n, and taking n so large that the dimensions of each rectangle are less 
than e. Evidently XQ:=aj x^ = fe, y^ = c, and y^ = d. Now choose another positive 
constant h satisfying the equation nh{h — a+d — c)=e. A set of functions 
di{x)j 62(^)7 f ^»(^) will then be selected, satisfying the conditions 

d^(ir)=0, (a <x^<x^^^ and Xi<x^b)f (♦=lj 2, . . . ., w), 
0<d,.(a?) <1, (a?<«i<a?<a?<_i+fc and x^—h<x<Xi)f 
$f{x) =1, {Xi^i + h<x<Xi — h). 

Another set of functions ^i(t/), ^2{y)y . . . ., ^n(y) will also be chosen which 
satisfy the analogous conditions. The surfaces S^^ will then be defined by the 
equations 

2 2e*(a;)t^,(y)+ 2 0,(a;)t^,(t/) o(a;, y,a), 

(i, i = l, 2, ...., n). 

For convenience in notation /S^^^^ will sometimes be written 8^. 

After B and n have been chosen, it is possible to find a positive constant ao 
such that if |a| <ao the surfaces 8^^ will all be in the neighborhood {b)^ of 8. 
Then 8^ is the kind of varied surface used in forming the derivative 

and since it is assumed to be approached uniformly, the following equation is 
satisfied : 

L{8„)-L{S) _ 
a 

ijU{8,,_,', X,, y,) +i,,m.JVM<^)^iiy) ''^''' ^' ""^ dydx, (2) 

where f, the upper bound of |^<y|, approaches zero with b. The derivatives 
L'(S'<y_i; x^j y^) may be taken at any points of the proper rectangles instead of 
at the corners, if desired. Since it is assumed to be continuous in the argu- 
ment /S, L'(/8',.y_i; Xiy^) can be replaced by L'{8\ a?<, y^). This changes the 
values of the quantities ^^^ but does not affect the property of their upper bound 
mentioned above. The double integral in the right member of equation (2) 
can be writteii 






where — 1<X<1, and 
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I a I 
The uniform approach to ci)a(^i 2^, 0) implies the existence of such a constant N 
for ao sufficiently small. If a constant M is chosen, satisfying the inequalities 
M> \L'{8; X,, y,) +^,J, (t, i=l, 2, . . . ., n), 

the absolute value of the contribution of the last term of the right member of 
equation (3) to the value of the right member of equation (2) will be less than 
the quantity 2nhMN {h-^a+d—c) =2MNiy which approaches zero with b. The 
absolute value of the sum of the terms involving ^^ is less than f^(fe— a) (d— c), 
which also approaches zero with e. The mean-value theorem implies that the 
equation 

is satisfied, where (x\ , y)) is a point in the rectangle over which the integra- 
tion takes place, and in accordance with the remark following equation (2) 
U{8\ x'ij y\) can be substituted for V{8\ ic<, y^ in that equation. It follows 
directly that the equation 

lim Li8,,)-L{8) =, jjj^i.(^. x,y)c,{x, y, 0)dydx (4) 

is satisfied. 

It remains to be proved that 

lim^^^^^-^^^-'^^^O. (5) 

By definition /S^^^ coincides with 8a j excepting over n+1 rectangles in the 
a?, t/-plane whose dimensions are b — a and either h or 2/i, and n+1 other 
rectangles whose dimensions are either h or 2h and rf — c ; and wherever the 
surfaces meet, the contact is of order r. The overlapping of the two sets of 
rectangles has no effect on the work here. The following lemma is needed to 
establish equation (5) : 

If the surface 8^ is given by the equation 

8^: z=z{Xyy)+Yi{x,y,a)j 

where the fimction vi{Xy y^a) vanishes identically over all of the region R 
excepting the rectangle (a<a?<6; yQ—hKyKyQ+h) where it has a permanent 
sign when a is kept constant, if there is a finite constant N satisfying the 
inequality 

a 
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and all of its partial derivatives with respect to x and y approach zero uni- 
formly with a, then, for sufficiently small values of h and | a | , the inequality 



L{S,)-Li8) 
a 



<^hMN{h—a) (6) 



is satisfied, where M is any constant greater than the upper bound of \L'{8; x^y)]. 
This can be proved as follows: Divide the interval [a,b] into n equal 
parts, calling the points of division a?, , aJj , , iP^_i . For convenience in nota- 
tion let XQ=a and x^=b. Then a set of functions 4'i(^), 4'2(^)> . . . ., ^^^i{x) 
can be found which satisfy the conditions 

^,{x) =1, {a<x<x,), (i = l, 2, . . . ., n-1), 
0<i|',(a;)<l, (x,<x<x,_^,), 
M^)=0, {x,^,<x<h). 

Then the surfaces S^j S^y , 8^^^ will be defined by the equations 

S^: z=z{x, y) +^i{x)vi{x, y, a), (t=l, 2, . . . ., n— 1), 

and for convenience in notation let 8^=8 and 8^=8,^. It follows from the 
definition of the derivative of a surface that 

n—ao 

Since this derivative is continuous and approached uniformly, the equation 

a <=i a 

is satisfied, where the upper bound of | ^ J approaches zero with h and a. By 
defiinition |4'<(^) — '4'<-i(^) |^1> and for suflSciently small values of h and a 

\L'{Si X,, y,) +f,| <M, (t=l, 2, . . . ., n), 
and 

a 



<N. 



The sum of the areas over which the integration takes place is 4:h{b—a). If 
their upper bounds are substituted for the respective functions in the last equa- 
tion, it establishes the inequality (6). 

If the equation of 8,^ is now taken to be 

n 

z=z{Xj y) + 2d<(a;)6)(a?, y, a), 
and the surface 8^^ is taken instead of 8^ the function 97(0;, t/, a) becomes 
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yjix, y, a)===[ 1— i^<^y(y)lie,(rr)tt(a?, t/,a), 

which vanishes excepting in the n+1 rectangles {a<x<b; y^ — ^<y<t/y+fc), 
(jzziO, 1, . . . ., n). Since the rest of the hypothesis of the lemma is satisfied, 
if it is applied n+1 times it will give the inequality 

L{8,)-L{8^) 
a 

If the surface 8a is taken instead of 8, the function yi{x^ y^a) will become 



<4:h{n+l)MN{h—a). (7) 



[2^,(0;)— lj(j(a;, y, a), 



<4:h{n+l)MN{d—c) (8) 



which vanishes excepting in the rectangles {x^ — h<x<x^+h\ c<y<d)j (t=0, 
1, 2, . . . ., n). Since the proof of the lemma is not affected by interchanging 
X and y and replacing a and b by c and d^ the inequality 

\ L{8,)-LiS,) 

I ^ 

is also satisfied for small values of h and |a|. Inequalities (7) and (8) can 
be combined, giving the inequality 

L{8a)—L{8,J I ^^h(^^^i)MN(b—a+d—c) <^MN6+^hMN{b—a+d—c). 
a I 

Since the right member of the last inequality approaches zero with e, equation 
(4) may be replaced by the equation 

dL{Sa) 



da 



=SSBL'iS;x,y)o,{x,y,0)dydx. (9) 

The assumption that the region i2 be a rectangle is not essential. If it is 
any region bounded by a curve of finite length, a suitable rectangle R' can be 
circumscribed about it, and the function z{x,y) defined arbitrarily and 0(0?, y, a) 
taken as identically zero over the part of iJ' not included in R. If the function 
L{8) is defined in such a way that it depends for its value only on that part of 
8 whose projection on the a;, y-plane is R, the derivative L'{8; x, y) will van- 
ish everywhere outside of R. The fact that it may be discontinuous at the 
boundary of R will have no effect on the proof of the above theorem. The 
theorem states that equation (9) would hold with R' substituted for jB, and 
therefore it holds as it stands. 

It will now be proved that if the surface 8 and the function L{8) satisfy 
the hypothesis of the last theorem and the surface 8 minimizes the function 
L(S), then the derivative L'{8\ x, y) must vanish at every point of the region 
37 
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R. Suppose there is a point {Xq , y^) where the derivative is positive. Then, 
since it is continuous, there is a finite region including the point (Xq^i/q) where 
it is also positive. The function (^{x, y, a,) can be chosen in such a way that 
its partial derivative Ci>a(^> y> 0) will be positive in this region and zero every- 
where else. Then equation (9) will imply that 

da I a^o ' 
and the surface 8 will not minimize the function L{S). If there is a point 
where the derivative is negative, the argument is essentially the same. 

§ 2. The Derivative of a Double Integral. 

The function L{S) will now be taken as a double integral, and the first 

necessary condition for a minimum as proved by Lagrange * will be found to 

be a special case of the last theorem of the preceding section. The arbitrary 

integer r which designates the order of the approach to the derivative will be 

taken as 2 in this section. 

Let 

L{8) =SSRf{x, y, 2, p, q)dydx, 

where /(a;, y, z^ p, q) is of class C^^^ in the neighborhood of values of the 
arguments determined by the surface 8. The letters p and q represent the 
partial derivatives of z with respect to x and y. Choose a function yi{x, y) as 
in § 1. Then, by definition, 

L{8,)-L{8)=§l^^Sll1:^[f(x,y,z+Yi,p + yi,,q (10) 

If the integrand of this expression is expanded by Taylor^s formula, it becomes 

/,(a;, y, z + Qyi, p + Brj^y Q+9y!y)yi+fpriz+fqVy, 

where d is a constant between and 1. It follows from Green's theorem,! and 
the vanishing of >7 {x, y) along L, the boundary of the region over which the 
integral is taken, that the equation 

*^x,— € ^Vo—e OX 

is satisfied, and consequently the equation 
Similarly 

* Bolza, loc. cit; p. 655. f Bolza, loo, cit,, p. 654. 
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f f,ri,dydx=-( j ^ndydx. (12) 

If equations (11) and (12) are substituted in the expanded form of equation 
(10), it becomes 

L(S,)-L(S)=X^"£;'[/.-§-f]>.*<*^- 

Since 77(0;, y) has a permanent sign, the mean- value theorem can be applied to 
the right member of this equation, reducing it to the form 



L(S.)-L(S) = [/.-^-^]<,, 



where the arguments of the partial derivatives of / are Xq+^€, yo+(ie, zix^+Xe^ 
yo+liB)+$yi{xQ+kej yo+iie)^ P+^^txy ^^^ Q+^yj aiid a is defined by equation 
(1). The value of the derivative is then seen to be 

L'{S;x^,y^)=f,{Xo,yo,z{x^jyo)jP{Xojyo),q{Xoyyo)) — ^ — ^' 

It follows from the assumed continuity of the functions z{Xy y) and f{x,y^ 2, 
p, q) that L'{8\ x, y) is continuous and approached uniformly with order 2. 
Therefore the Lagrange equation, 

is equivalent to the equation 

L'(S;a?,y)=0. 

§ 3. The Set of Surfaces K. 

In this section there will be given m functions 3fi(S'), 3/2(5), .... , M^{S) 
whose derivatives are continuous and approached uniformly with order r in a 
neighborhood of order r of the surface S. It will be assumed that there are 

some points {x^j y^)y {x^j yi)y , {x^^ yj) in the region R which satisfy the 

inequality 

M'^(S;x,,y,) 

(i, j = l, 2, ,m) 

A surface S will be said to belong to the set K if it satisfies the equations 

M,{S)-M,{S) =0, (; = 1, 2, . . . ., m). 

It will now be proved that for every e>0 there exists a i>0, which will 
always be taken as less than or equal to e, for which the following statement 
is true: If ri{Xy y) is any function all of whose partial derivatives up to and 



=^0. (13) 
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including those of order r are everywhere less than 8 in absolute value, and 
vanish along the boundary of iJ, then there is a set of functions >7i(a?, y), 
>72(^, y), . . . ., Vmi^9 y) *U of whose partial derivatives, up to and including 
those of order r, are everywhere less than b in absolute value, such that rii^x^ y) 
vanishes identically excepting in the region {x^—B<x<x^+e\ yi—s<y<yi+e), 
where it has a permanent sign, and the surface 

8^: z=z{x,y)+yj{Xyy)+ 2>7,(ir, y) (14) 

belongs to the set K. 

A set of functions rj^ix, y) can readily be found which vanish excepting 
in the specified regions where they have a permanent sign, and whose deriva- 
tives are numerically less than e. Then it must merely be proved that there 
is a set of multipliers a^ , ag , . . . . , a^ , each numerically less than unity, such 
that the surface 

/S;: z=z{x,y)+Xairif{x,y) (15) 

belongs to the set K. Then the multipliers a, can be absorbed into the func- 
tions >7<(a;, y) and the Surface S^ written S„. 
The determinant 



SV,^n\^M't{S', X, y)n,{x, y)dydx 
(», i=l»2, , w) 



(16) 



must be considered. If the mean- value theorem is applied to each element, it 
can be reduced to the form 

M',{8;x^,y,,) 

(*, i=i, 2, ....,»») 



nil\^Sl\t:^ri^{x,y)dydx 



i=\ 



where {x^^^ y^^) is some point in the proper region. It follows from inequality 
(13) and the assumed continuity of the derivatives M){8'yXy y) that for suffi- 
ciently small values of e this determinant can not vanish, and only such values 
of 6 need be considered. 

If e and the functions >7^(^, y) are considered as fixed, the expressions 
^i{^m)—^i{S) are completely determined by the function Yi{x^y) and the 
parameters aj , ag ,....,«« > ai^d may be represented by the equations 

M^{8i)-M^{S) =^i{H; a,, a^, . . . ., aj, (i=l, 2, . . . ., m), 

where H represents the surface in the rr, y, >7-space whose equation is 
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yj=yi{x^y). The surface whose equation is >7=0 will be called Hq. The 
following equations come directly from the principal theorem of § 1 : 

8»,(g;a, a3,.....aj =j-..ujv.i.M;(5;. ^j, y)yj^(x, y)dydx, (17) 

(i,j=l, 2, ,m); 



and the determinant 



at,(fl,;0,0,....,0) 



(t, j=l, 2, ,iw) 

is equal to the determinant (16), which can not vanish. The functions ^y(H, 
tti, ttj, . . . ., a„) and their partial derivatives given by equations (17) are seen 

to be continuous in all arguments in the neighborhood of {Hq; 0, 0, , 0). 

Thus the hypothesis of an existence theorem in the paper entitled ^' A General- 
ization of Volterra's Derivative of a Function of a Curve," * mentioned in the 
introduction, is satisfied. The fact that H now represents a surface instead of 
a curve has no effect on the proof of this theorem. The conclusion of this 
existence theorem is that for every s>0 suflSciently small there is a j > such 
that to every admissible function >7(a?, y) there corresponds a unique set of 
constants aj , a^ ,...., a^ , each numerically less than unity, which satisfy the 
equations 

^f{H; tti, ttj, . . . ., a^)=0, (i = l, 2, . . . ., m). 

The surface S'^ then belongs to the set K. It is evident that if a i is effective 
for a particular value of s, as Cq , it is also effective for every value of s greater 
than SQy since the functions Vii^Oj y) can be taken identically zero over as much 
of the regions {x^—€<x<x^+e; yi—s<y<yi+e) as is desired, provided they 
are different from zero in a part of each. 

^ 4. The Derivative Relative to the Set K. 

The derivative L'{S; x^ y; x^^ y^y . . . , ^i», y«) of the function L{S) rela- 
tive to the set of surfaces K can now be defined, and evaluated in terms of the 
derivatives L'{S] Xj y)y M[{S; x^ y)^ . . . ., M'^{S; a?, y), if they are continuous 
and approached unf ormly with any finite order r. 

The function yj{Xj y) discussed in the preceding section will be restricted 
by the additional condition that it vanish identically excepting in the region 
{xQ—B<x<XQ+e\ yo — «<y<yo+*)> where it has a permanent sign and is not 
identically zero. Then the limit 



♦ Fischer, loo, oit., p. 373. 
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CbO 



will be called the derivative of the function L{8) at the point (Xq^ y^), relative 
to the set of surfaces K and the points {x^y t/j), (a?2> ^2)? • • • -, (^«> J/m)- The 
integral a and the surface S^ have already been defined by equations (1) and 
(14). 

This derivative can be evaluated as follows: Define the surfaces S^, S^y 
. . . ., S'^-i by the equations 

8^: z=z(x,y)+Yi{Xyy), 

i 
S^: z=z{x, y) +>7(^, 2/) + 2 Yi^{Xy y), (t=l, 2, , m—1) ; 

and for convenience in the notation let 

Oi=Sl\'^5l\'^Vi{x, y)dydx, (t=l, 2, . . . ., m). 
Then the derivative may be written in the form 
L'{S;x^,y^; x,,y,, ....,a;^,yj = 

«=o L <y <=i <^< <^ J ' 

which is easily reduced to the equation 



L'iSi x„ y,)+2L'i8; x„y,)]im'^. (18) 

<=1 €=0 O 



1< n«\ I 



It is now necessary to evaluate the expressions 

lim^. 
Since 8^ belongs to the set AT, the equations 

MiJ^.W^o. (i=i,2 ,„), 

are always satisfied. If e is made to approach zero, they become 

M'fiS; x„ yo) + iM't{S; x„ y,) lim^ =0, = 1, 2 , m). 

The determinant of the coeflScients of lim a^/a is not zero, and therefore the 
solution is unique. Solving for these limits and substituting their values in 
equation (18), it becomes 
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L'iS; x^, yo; x^, y^, , a;., yJ)=L'{8\ x^, y^) — 

M[i8;x„y,)..M[{SiX,_,,y,_,)M[{8',x,,y,)..M[iS;x^,yJ 
M',{8;x„y,)..M',{8;x,.,,y,_,)M',{S;x„y,)..Mii8iX^,yJ 



^L'{S;x„y,) 



M:{8;x„y,) M:{8;x,,yJ 



M\{8;x„y,) 
(t, ;=1, 2, , w) 

This may be written either in the form 

L'{8',x^,y^', a;,,y,, . . . .,x^,yJ=L'{8;x^,y^)-\-I.X^i{8;x^,y^), (19) 



k=l 



where the quantities \,\, . . . . , ^^ are defined by the equations 

L'i8;x„y,) L'i8;x„y,).... L'i8;x^,yJ 
M[{SiX„y,) M[{8;x„y,).... M\{8;x,,yJ 

M',.r{8; x„y,)M',_^(8', x„ y,) . . . .M',_,{S', x^, yj 
Mi+i(8; Xi,y,)M't+,{S; a;,, y^) . . . .>/i+i(5; x„, yJ 



X,= (-l)* 



or in the form 



M:{8',x„y,) M:,i8;x„y,).... Mi(8',x^,yJ 



M',{8;x^,y,) 
(ti;=l, 2, , w) 



M't{8;x„y,) 
(t, ;=1, 2, , w) 



L'(S;a;o,yo;a;,,y,, ,a;^,yj = 



(20) 



L'iSi x„ yo) L'{8; x„ y,) . . . . L'{8', x^, yJ 
M[{8', Xo, yo) M[i8; x,,y,).... M[(8; x^, yJ 
M'i{8; Xo, y„) M',{8; x„ y,) . . . . M'A8; a;., yJ 



(21) 



Mi{8; Xo, y^)MUS', x„y,) . . . .M;,(8', x^, yJ 

Since L' {8 ; x, y) , M'i{8 -, x, y) , . . . . , M'^ {8 ; x, y) are continuous and approached 
uniformly with order r, L'{8', x,y;Xy,y^, . . . ., x„, y„) is also. 

The following equations, which will be used later, follow immediately from 
equation (21) : 

L'{8;Xi,yt;x^,y,, ,a„,t/«)=0, (*=1, 2, ,m). 

The extension of Volterra's theorem proved in § 1 can readily be proved 
for the case where only surfaces of the set K are considered. Suppose that the 
one-parameter family of surfaces 
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discussed in § 1 belongs to the set K. Then it follows from equation (9) that 

dLjSq) 

da asco 
and similarly 



=SShL'{S; X, y)u>M, y, 0)difdx, (22) 



dMtJS,) 
da 



=SSjM',(S', X, y)a,{x, y, 0)dydx, U=l, 2 , m). (23) 

tt=0 

The left members of equation (23) must vanish since 8a belongs to the set K, 
If the right members are multiplied by ^i , Xg > . . • > ^wt respectively, equated 
to zero, and added to the right member of equation (22), it becomes 

dL{8a) 



da 



= SSrU{S; X, y; x^, y,, ... ., x^, yJoa{x, t/, 0)dydx. (24) 

It will now be proved that if the surface 8 minimizes the function L{S) 
relative to the set of surfaces K^ then the derivative L'{S; x, y; x^y y^^ . . . ., 
x^y yjj must vanish for all values of x and y in the region R. 

Suppose that there is a point {Xqj y^) where it does not vanish, and to fix 
ideas, suppose that it is positive at {Xqj y^). Then, since the derivative is con- 
tinuous, two positive constants h and k can be found such that the inequality 

L'{8;x,y;x,,y,y ..>.,x^,yj>h (25) 

is satisfied at every point in the region {xQ—h<x<XQ-{''h\ yo—l^<y^yQ+li)* 
Since the derivative vanishes at each of the points {x^jyi)^ (ajgjt/a,), ...., 
(a?^, t/^), for every i>0 there exists an 6>0 such that the inequality 

|L'(6';a;,y;a?i,yi, . . ^ .,x^,yj\<h (26) 

is satisfied at every point in each of the regions 

{x^—B<x<x^+B\ y—e<y<yi+e), (t=l, 2, , m). 

Select a function >7(ic, y) which vanishes at all points outside of the region 
{xQ—h<x<x^+h; yQ—h<y<yQ+h), where it is positive, and m functions 
Vii^i y) which vanish at all points outside of the respective regions {x^ — c< 
x<x^+e\ yi—B<y<yi+e)j where they are positive. Then it follows from the 
proof of the existence theorem of § 3, that if € is taken sufficiently small, for 
every value of a numerically less than a fixed positive number, there exists a 
unique set of numbers a^ , Oj , ....,««> ^^^^ numerically lesp than another fixed 
number, such that the surface 

fif„: z=z{x,y)+ayiix,y) + I,airif{x,y) 
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belongs to the set K. The function a>(a;, y, a) will now be defined by the 
equation 

«(^, yj a) =a)7(jr, y) + 2a<>7<(a;, y). (27) 

As the existence of the partial derivative o^i^y y, 0) can not be easily proved, 
the assumption that it exists will be replaced by the less exacting assumption 
that there is a constant Ny such that the inequality 



cdjXy y, a) 



a 



<N (28) 



is satisfied, for all numerically small values of a. This necessitates some 
changes in the statement and proof of the extension of Volterra's theorem. 
Equation (4) must be replaced by the equation 

lixn r L{S^n)-L{S) _pjaL,^S; x, y) ^^i^L^i^ dydx'\ =0, 
and equation (9) by'the equation 

The proof of the theorem will then be valid. In the present section equations 
(22) and (23) must be replaced by the equations 

limr ^<^')-^^^) -//,L'(^; X, y)^^^^yi^dydx]=0, (29) 

oao L tt ot J 

lun\Mim^lMim -Sf,M',{8; x, y) "(^' y^ «> dydx'\=0, (30) 

(y=l, 2, , m). 

Since the surface 8^ belongs to the set Ky equations (30) may be written 

lim//^M;(S;rr,y)'^i^^-^i^rfyeirr==^ • (; = 1, 2, . . . ., m). (31) 



and 



as^O 



If equations (31) are multiplied by \y X^y ...., /l^, respectively, and sub- 
tracted from equation (29), it becomes by virtue of equation (19) 

o«o L a 

-SSnL'iS; x,yix,,y„... .,x^,yj^^^^^^dydx'j=0, (32) 

which is the desired generalization of equation (24). 
38 
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It will next be proved that if the function (o(fl?, t/, a) is defined by equation 
(27) a constant N must exist, satisfying inequality (28). Let 

Sol z=z{x,y)-{'ari{Xyy), 

i 

Sii z=z{x, y)+ari{x,y)+ ^aj,Yi^{x, y), (t = l, 2, , m). 

t=i 

Then, since 8^ , which is the same as 8^ , belongs to the set jBl , the equations 

a a i=i (Tj a 

are satisfied, where oTj , (Xg ,...., (T^ are defined by the equations 

a~fl\l^Sl\^<^M^^ y)dydx. 

When € and a both approach zero, the determinant of the coefficients of a, /a 
approaches the determinant (13) uniformly, and therefore it can not vanish if 
|a| and e are sufficiently small. The terms l/a[M^(/So) — -*f>('S')] approach 
finite limits as a approaches zero. Thus a constant N% independent of b and 
a, can be found, such that, if e is given any value less than a fixed positive 
constant and then a is taken less numerically than another constant, then the 
inequalities \ai/a\<N' will be satisfied. Since the expressions 

^=Sl\^Sl\^y!i(^.y)dydx 

are positive and independent of a, the ratios a^/a do not become infinite as a 
approaches zero; and if 6}(rr, y, a) is defined by equation (27), a constant N can 
be found satisfying equation (28). Since N is not independent of 6, it will be 
better to use N' in what follows. 

Equation (32) may now be written 

L (S^)-L{8 1 =yjoijj|;oiJL'(^; rr, y; x,,y,, . . . ., x^, yjndydx 



a 



+ ^St\^Si\^L'{S; x,y;x„y„...., x^,pJ^dydx+Hci), 



«-i*li 



i=i 



where ^(a) approaches zero with a. It follows from this equation and inequal- 
ities (25) and (26) that the inequality 

L{S.)-LiS) ^kSZt'JiltUdydx-mN'S-lHa) \ 
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is satisfied. Since the first term of the right member is positive and inde- 
pendent of i, F, and a, if 5 is taken sufficiently small the inequality 

a 

is satisfied for small values of a both positive and negative. Therefore the 
surface S does not minimize the function L{S), If L'{S; Xq^ jfQ^x^y y^j . . . ., 
^m 9 Vm) ^®re negative, the argument would be essentially the same. 

The quantities Xj, Xg, . . . ., X^ defined by equations (20) are functions of 
the 2m arguments a?i , yj , • • • •> ^m> ^m; but in the special case where the deriv- 
ative vanishes identically, they are constants, as can be proved as follows: 

Let x\^y[y , rr^ , t/^ be a fixed set of values for a^^ , t/, ,...., rr^ , t/^ , and let 

those letters without accents be considered as variables. Then the equations 

L'{S', .<, yj; X,, y,, ... ., x^, yj = 

L'(8; x\, y\) + l>.^{x,, t/,, . . . ., x^, yJM]{8; x\, y\)=0, 

(i = l,2,....,l»2), 

are satisfied identically. Comparing the solutions of these equations with 
equations (20), it is evident that 

\(x^, 2/i, . . . ., a;^, yj =^i(^'M y'l, . . . ., <, ym), (i=l, 2, . . . ., m). 
That is, Jli , Xg , , X^ are constants. 

§ 5. The Derivative of a Double Integral Relative to the Set K. 
If the functions L{S)j M^{S)j . . . ., M^{S) are defined by the equations 
L{S) =SSRf{x, y, 2, p, q)dydx, (33) 

Mi{S)=Sfi,gf{x, y, 2, p, q)dydx, (i=l, 2, . . . ., w), (34) 

where z{Xy y), /(a?, y, 2, p, q) and ^^(a;, y, 2, p, g) are of class C^^\ and the 
determinant (13) is distinct from zero, the derivative of L{S) with respect to 
the restricted set of surfaces is given by the equation 

L'iS;x,y;x,,y,,....,x„,yJ=f,-^^-^^+i:i,[g,-^-^l'-^^^ (35) 

where the arguments of the partial derivatives of / and g^ are x, y, z{Xj y), 
p{^} y)> 9(^> y)j ^^^ ^^^^ coefficients X^, Xg? • - - -j^m ^^^ defined by the equations 
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Jtt=(-1)' 



r/_3^_?/.i 

L dx dyAn.vi 

L^*->' dx dy L,y: 
L^»+'~ dx ~ dy L.v: 



[^ 



dx dy J*t,i 



V' dx dyL^.y^ 

L^" dx dyh„^ 



\„ ^9k-ip 9<yt-ig "| 
V"-'' dx dy J«..v. 

■[ 



n _^9k+ip 



9^t+i,"l 



dy Jx^.v. 



L^"" dx dy Jx.., 



U'' dx dy ].,.,, 
(i, ; = 1, 2, ,m) 



The right member of equation (35) equated to zero constitutes the first neces- 
sary condition that the surface S minimize the double integral (33) relative to 
the surfaces which give fixed values to the integrals (34). 



Columbia Univebsitt, April, 1913. 



Some Invariants and Covariants of Ternary Collineations. 

By Henry Bayard Phillips. 



Introduction. 

1. The analytical basis of the present paper is the form of Grassmann's 
Liickenausdruck which Gibbs called a dyadic. This, as the sequel shows, is 
merely a bilinear form from which the variables are omitted. It can then 
represent a coUineation or correlation, and may be manipulated practically 
like an ordinary symbolical bilinear form. 

Using this as a basis, the object of the paper is in the first place to give 
an interpretation of the multiple products defined by Gibbs, and to obtain some 
of the properties of the invariants and covariants involved. The field of ope- 
ration is plane projective geometry, and the products are formed according to 
the outer multiplication of Grassmann. 

Finally, in the third part there is considered a skew symmetric function 
of any number of collineations which is called an alternant. It is a combinant, 
linear in the coefficients of each coUineation, and presenting in some ways, for 
forms in two sets of variables, properties analogous to those of the expressions 
resulting from the outer multiplication of linear manifolds. 

Part I. Notation. 

I. The Open Product or Dyadic. 

2. In a space of two dimensions a sum of products of similar construction, 
each containing a factor X, can be written in the form 

{A,X)B,+ (A,X)B,+ {A,X)B,, 
where the parentheses are used merely to show the order of multiplication. 
A^ , B^ and X are geometric quantities, points or lines of the plane, and all 
products are formed according to the outer multiplication. This can be con- 
sidered as resulting from the operation of X on the expression 

AA )B, + AA )B, + A,{ )B,, 
the operation consisting in placing the variable X in the parentheses. This 
last expression is an example of what Grassmann called an open product.* 

♦ " Ausdehnungslehre" (1878), p. 265. 
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Gibbs wrote the open product in the form 

and from the nature of its construction called it a dyadic. * The variable is 
supposed to operate on the dyadic from the outside, and so give as result 

{XA,) B,+ {XA,)B,+ {XA,)B,, 
or 

A, {B,X) + A, {B,X) + A, {B,X), 

according as X is used as prefactor or as postfactor. 

In the present paper the notation of Gibbs is used, and outer products are 
represented either by placing the letters in parentheses or by placing a bar 
over them. It is found convenient to use the parentheses when the product 
reduces to a scalar, or number, and in all other cases to use the bar. Unless 
otherwise expressly stated, the variable is supposed to enter as postfactor; 
i. e.y the dyadic operates on the variable. From analogy with the ordinary 
symbolism for a row product we write 

AB = A,B, + A,B, + A,B,. 

It is to be observed that A^ and B^ in this expression have definite sizes or 
intensities. If they are only projectively given, the dyadic has the form 

AB = \A,B, + \A,B, + \A,B^, 

where the Vs are numbers determined when definite intensities are given to 
Ai and B^. 

3. As an operator the dyadic gives a linear transformation of quantities 
contragredient to B^. For, X being such a quantity, since (B^X) is a number, 

A {BX) = \ {B, X) A, + X, {B, X) A, + ^ {B,X) A, , 

which is a simple quantity of the same dimension as Ai . 

There are two cases of present interest. When A^ and B^ are contra- 
gredient, we have a coUineation ; when cogredient, a correlation. 

A dyadic of the form 

aa = ;ii aj tti + ^ ttj Og + ^3 «3 Os > 
where the a's are points and the a's lines, f represents a point coUineation. t 



t Gibbs's "Vector Analysis" (Wilson), Chap. V. 

♦ We shall use the letters a, 6, c, a?, y to represent points; a, /9, 7, £, ly to represent lines; and the 
large capitals A, B, C, X in general discussions to represent either points or lines. The letters X, fi, y, p 
will be used to represent abstract numbers. 

f In the notation of Clcbsch this is of course 

(a {) (a a?) = 2 \i (c* {) (at x) = 0, 
where x is given and { variable. If ^ were given and x variable, we should write the dyadic a a. We thus 
regard the dyadic not as giving a connex but as determining a definite transformation. 



Phillips: Some Invariants and Covariants of Ternary Collineations. 309 

In particular, to the point a^ Og corresponds the point 

a (aoj Og) = Xi (ttj 0L^a^)a^. 

To the vertices of the triangle a then correspond the points a,.. Since the lines 
of the plane can be expressed as linear functions of any three not passing 
through a point, we can assume the a's to be any three linearly independent 
lines of the plane, the coUineation then determining the corresponding points a,-. 
Similarly, the dyadic 

a/? = Xi ai/?i + 2^0L^^2 + \^Pz 
represents a correlation in which the lines a< correspond to the points of the 
triangle /8. A similar interpretation can be given to the dual forms aa and ah. 

11. Tetrad and Counter -tetrad. 

4. A coUineation or correlation is determined by four sets of corre- 
sponding elements. It is sometimes useful to have the dyadic expressed in 
terms of these corresponding elements. Since the postf actors in the dyadic 
are complementary in dimension to the variable operated on, we must associate 
with a set of four points a set of four lines to be used as postfactors. For this 
purpose we associate with a 4-point the set of four lines obtained by taking the 
polar of each point with respect to the triangle of the other three. It is well 
known, then, that conversely from this 4-line the 4-point is obtained by taking 
the polar of each line with respect to the triangle of the other three. These 
mutually related systems have been called tetrad and counter-tetrad.* 

Four points Pi in the plane satisfy a linear relation 

{P2PzPa)Pi— {PiPzPa)P^+ {PlP2Pi)Ps— {PlP2Pz)Pi = ^' 

Represent the terms {P2P3Pi)Pi9 etc., in this equation by the letters a^ a^, etc. 
The equation then becomes 

a, + az + a^ + a^ = 0. (1) 

Operating on this identity with the product© a^a^ we find that the products 
{aia^aj^) are all equal in absolute value. If no three of the points lie on a line 
(which we shall always assume), we can replace the points a< by such multiples 
of themselves that (1) still holds and 

(a^a^a^) = 4. 
We now have 

(«»«/«*) = ±4, {i<j<k)y (2) 

the sign being positive or negative according as i, j, k is complementary to an 
odd or an even term of the sequence 1, 2, 3, 4. 

* F. Morley, Trans. Amer. Math. Society, Vol. IV, p. 291. 



(3) 
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Using the letter a^ for the polar of a^ with respect to the triangle 03,03, a^ 
(second polar of a^ with respect to the triangle o^, a^a^j a^a^), and similarly 
a< for the polar of a< with respect to the corresponding triangle, we find by 
using (1) and (2) and choosing the intensities of the a's properly, 

4ai = — O2 as — ttj a^ — a^ a^ , 
4a2= a^a^ + a^a^ + a^a^, 
4a3 = — a^a^ — a^a^ — a^ a^ , 
4a4= oTa^ + oT^ + aTa^. 
From these equations by addition we obtain 

«! + Oj + Oj + a^ = 0. (4) 

Multiplying the equations (3) by a,, and making use of (2), it is easily seen that 
(a,a,)=3, (a,a^)=-l, (ir^j). (5) 

These last equations are sixteen in number. From the equations 

2(a,a^) =2(a,a,.) =0 

it is seen that seven of them have for effect to make a^ and ol^ subject to the 
conditions (1) and (4). The remaining nine equations of (5), when one of 
the tetrads is given, determine the eight geometrical constants of the other 
together with an intensity not fixed by the equations (1) and (4). The 
equations (5) may then be taken as canonically defining a tetrad and counter- 
tetrad. Their symmetry in a< and a^ indicates the mutuality of the relations 
of the two tetrads. 

From (3), by direct multiplication and the use of (2), we get 

a^a^ = a, — a^, (6) 

where ijjkjl is any positive permutation of the numbers 1,2,3,4. Multiplying 
by a^ and using (5), we get 

(a^a^a^,) ^ ±4, {i<j<k), (7) 

the sign being positive or negative according as i, j, k is an odd or an even 
minor of 1, 2, 3, 4. Finally, from (3), by subtracting the equations in pairs 

and using (1), we get 

«*«/ = «! — a*) (8) 

the rule of sign being the same as in (6). Equations differing from (3) only 
in the interchange of a's and a's can easily be proved. 

5. The application of the preceding to the study of dyadics in the plane 
is now simple. Consider the coUineation 

2(a,a3a,)(/3,/33i3,)a,/3,, (9) 
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no three of the points a< being on a line, and no three of the lines ^^ passing 
through a point. Taking a,, and ^^ subject to the conditions (2) and (7), the 
products (a^ayajt) i^i^j^k) ^U become equal and (9) becomes a multiple of 

Operating on this with b^ , a point of the counter-tetrad of ^, and making use 

of (5), we get 

3a^ — ag — ^3 — a^ = 4ai . 

The points 6,. pass by (9) into the points a,-. The collineation therefore trans- 
forms the associated system 6, ^ into the system a, a, and so the dyadic in this 
form involves a correspondence of tetrads. 
In the same way we see that 

^ia,a,OL,){MMaJ, (10) 

is a correlation which transforms the counter-tetrad of ^ into a, and so carries 
the system 6,^ into the system a, a. 

Part II. Multiple Products. 
I. Multiple Products are Complete Invariants. 



6. With two dyadics AA\ BB' is connected a form AB A'B' which Gibbs 
called the double product of the two dyadics.* It is formed by multiplying the 
dyadics distributively, each pair of terms combining to form a product in which 
the prefactor is product of prefactors and postfactor product of postfactors. 
Gibbs showed that this double multiplication is distributive with respect to a 
resolution of either dyadic or is invariantive, as is readily seen upon expansion. 

So with a system of dyadics are a series of multiple products given by 
the various ways in which prefactors and postfactors can be independently 
combined. From their construction it is evident that such forms retain their 
significance when the prefactors and postfactors are transformed separately 
and therefore belong to the class of functions that Pasch called complete in- 
variants.^ If the dyadics appear as transformations operating on the elements 
of a certain field, since a transformation of postfactors amounts to a trans- 
formation of that field, it follows that the geometric interpretation of a multiple 
product must involve an arbitrary initial field. If, for example, a system of 
collineations and correlations in the plane operate upon four points, the mul- 

* Loo, cit,, p. 306. The function here considered is a double product only in the sense that it is 
formed by a certain double process. It is neither the scalar nor the vector, but the combinatorial double 
product. All of these have certain properties in common which characterize double multiplication, 
t " Vollkommene Invar iante/' Math. Annalen, Bd. 52, p. 128. 

39 
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tiple products will give results independent of the initial 4-point, i. e., invariants 
and covariants of the resulting tetrads. Illustrations of this property will 
appear in the discussions that follow. 

II. Apolarity of Collineations. 

7. Consider two contragredient collineations a a and ^36; the first an 
operator on points, the second an operator on lines. They have a double 
product invariant (a^) (a&). When this vanishes, the collineations will be 
called apolar. 

To see the meaning of this, write 

aoL =z 2.^a^ci, + ^a^a^ + \a^(x^ , 

and take Ab = Aa as reference triangle. That is, place 

(&,a,)=l, (&,a,)=0, {irfik). 

We then have 

(a/3) (a&) = \fiMfii) + ^2/^2(^2/^2) + ^8^3(^8 /^s). 
This obviously vanishes when, for each value of the subscript, a^ is on ^3^. Two 
triangles so related that each point of the one lies on the corresponding line 
of the other will be called incident. Now Aa and A^ are the correspondents of 
the reference triangle with respect to a a and ^h. Hence, apolarity is the con- 
dition under which two collineations can send a triangle into a pair of incident 
triangles.* 

A coUineation apolar to the identical coUineation sends certain triangles 
into incident or inscribed triangles. Such a coUineation has been called normal. 

Write the given coUineation 

aa = Xj ai tti + ^2 ag Og + Xj a, Og , 
and the identical coUineation 

ai«i + a2^2 + 08^8 > 
where Aa = Aa is reference triangle. The apolarity condition is then 

^1 («i ai) + ^2 («2 <h) + ^8 («8 <h) = (a a) = 0. 
Hence the condition for normal coUineation is the vanishing of what Gibbs 
called the scalar^ of the dyadic. 

8. Another interpretation for apolarity is obtained by using the system 
of counter-tetrads explained in Art. 4. The vanishing of the invariant 

* M. Pascl), Math, Annalen, Bd. 23, p. 431. f ^oc, cit., p. 275. 
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(afi) (ah) gives the condition that the eoUineation 

a(a6)/? 

be normal. Hence, if a a and ^b operating on a certain tetrad and counter- 
tetrad give a 4-point a^ and a 4-line j3,., the eoUineation which transforms b^ 
(the counter-tetrad of /3<) into a^ will be normal. According to (9) the col- 
lineation which carries b^ into a^ is 

Therefore, the condition that the collineations a a and ^fe be apolar is 

X{a,a,a,){^,fiM{a,^,) = 0, (11) 

where a,, and /3< correspond respectively through aa and j8fe to a tetrad of points 
and its counter-tetrad of lines. 

It is to be observed that (11) is linear in each of the quantities a< and ^3,.. 
Hence, if all of those quantities except a point a^ are given, it will lie on a 
definite line ; and if all except a line ^j^ are given, it will pass tbrough a definite 
point. Therefore, a 4-point and 4-line subject to the condition (11) determine 
a tetrad of lines through a,, and a tetrad of points on ^3,., consisting, in fact, of 
the evectants of (11) with respect to a< and ^3,.. 

If we write a< and ^< in such form that the equations (2) and (7) hold, 
the apolarity condition (11) can be written 

• {a2asa,) {a,^,) — {a,a^a,) {a^^^) + {a.a^a,) {a^fi^) — {a,a^a^) {a,^,) = 0. 

Placing (agttga^) = 4, we get for the evectant with respect to a^ 

Placing a, as counter-tetrad of a^, this can be written in the form 

4yi = 4 l/?,-H(a, /?,)«! + K/?2)a2+(«8^8)a8+(a4^4)aJf, 
as is readily seen upon multiplying the right-hand members of both equations 
by each of the points a^ and using the identity 

(aii8i) + K^2) + K/?8) + («4/?4)=0, 

to which (11) reduces. Since the expression in brackets is symmetrical with 
respect to the numbers 1, 2, 3, 4, we can finally write 

Yi = ^i-yi. (12) 

where 

>7 = i[(«i/?i)ai + (a2^2)a2 + (a8/?3)a3-f (a,^,)aj. 
From (12) and (8) we have 

^2 — yi = ^2 — ^i = M^, 

where b is the counter-tetrad of /3. Hence, if we order to the lines y< the 
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points 6,., it follows that each pair of lines intersect on the join of the remaining 
pair of points. Such a 4-point and 4-line may be called chiastic* 

From the symmetry of (11) in a^ and ^< we are now able to write the 
evectant with respect to j3,. in the form 

^i = «i — y, (13) 

where 

y = ^[{a,^,)b, + ia,fi,)b,+ (a,^,)b, + {a,^,)b,]. 
Therefore, the 4-point c^ and the 4-line a,, are chiastic. 

The geometric interpretation of apolarity then leads to the following 
statement of a theorem of Pasch : f 

Two apolar collineations transform any 4-point and associated 4-line into 
a 4-point a,, and a 4-line /3,. such that there is a 4-line through a^ chiastic to the 
counter-tetrad of ^^, and a 4-point on /3,. chiastic to the counter-tetrad of a,.. 

From (13) it is observed that the tetrads c^ and a^ are perspective, y being 
the center of perspective. Since counter-tetrads are chiastic, this is a special 
case of a theorem of Pasch which states that any pair of 4-points chiastic to 
the same 4-line are perspective. 

9. It has already been observed that the apolarity of the collineations 
a a and fib amounts to the vanishing of the linear invariant (scalar) of 

a{ab)fi. 
For brevity we shall write 

ai = 0La, a^zzzfib; 

and generally we shall designate a collineation by 5, and its inverse in contra- 
gredient form by a. The collineation written above is then ^jSg. As a con- 
venient abbreviation we shall denote the linear invariant of any collineation 
by the symbol of that collineation placed in parentheses. Thus the apolarity 
of aoL and fib is given symbolically by 

From the definition it follows immediately that 

is,s^) = {s^s,) = {a,a^) = {a^a,). 

Similarly, we shall sometimes find it convenient to denote the linear 
invariant of the product of any number of collineations s^ s^, . . . . , 5^ by 

* Cf . Sir Robert Ball, " Theory of Screws," p. 306. 
t Math, Annaleti, Bd. 26, p. 211. 

i 8i and 5s in this case will be called harmonic, retaining the word apolar to express the relation of 
Si and (Ft , or s^ and ci , 



Phillips: Some Invariants and Covariants of Ternary. Collineations. 315 

(fij^g 5^). Writing the collineations in the form aa, 6^3, cy, etc., it is 

immediately seen that 

{s,... .s,_,s,) = {s,s^. . . .5,_i). (14) 

That is, the linear invariant of the product of any number of collineations is 
not affected by a cyclic permutation of those collineations.* 

10. Suppose we have three collineations each of which transforms a 3-line 
a< into a 3-line ^^ . If a,, and 6< are the points of the triangles a and ^, the 
collineations can be written 

(r^ = v,P,a^ + v^^^a^ + v^^^a^, 
where X^ , (i^ and 7\ are all different from zero. Furthermore, let 

^ =^ Pi^i «! + P2^2 Oj + pa^a Os 
be a* non-singular coUineation apolar to (Tj, a^ and a^. Taking a as reference 
triangle, the conditions required are 

Pi ^1 (A ^l) + P2 ^2 (/?2 ^2) + Ps ^3 (/?s ^3) = 0, 

Pl^l(^l^l)+p2f2(/?2^2) +P3/^8(/?3^8) =0. 
Pl^l (^l^l) + P2^'2 (/?2^2) + P3I8 i^S^z) = 0- 

These equations can only coexist when either 

^1 ^2 ^8 

or 

pi (^1 ^^1) = P2 (^2 ^2) = P8 (/?3 ^s) = 0. 

The first of these expresses that the collineations are linearly related; the 
second that the 3 -line ^,. and the 3 -point Ci are incident. Hence, if a non- 
singular coUineation is apolar to three linearly independent collineations having 
a common triangle pair, it transforms the first of those triangles into one 
incident to the second. In particular, if a,, and ^,. are identical, their triangle 
is transformed by s into an inscribed triangle and is consequently a Pasch 
triangle t of 5. 

Suppose a second set of collineations t^y t^ and t^ which transform a 3-point 
di into a 3-point c,.. The same is then true of any coUineation of the net 

pi ^ + p2 ^2 + Ps h • 

* Since the invariants of a coUineation are expressible in terms of the linear invariants of its powers, 
it follows that all the invariants of a product of collineations depend only on the cyclical order, 
t F. Morley, loc, cit,, p. 295. 



\ 


^ \ 


^1 


N ^8 


"l 


Vi Vg 



= 0. (15) 



316 Phillips: Some Invariants and Covariants of Ternary Collineations. 

Suppose one of these collineations should transform a^ into a 3-point incident 
to Pi . By the last paragraph the conditions required are 

pi(^i h) + P2(5i<2) + P8(^l h) = 0, 

Pl(«2*l) + piiS^h) + P8(52<3) = 0, 
Pi (5s <l) + p2(«8*2) + PziSsh) = 0. 

These equations can be satisfied if 

{S,t^) (Sj^) (Sjs) 
(^2^) (^2*2) (52^3) 

(53^1) {s^t^) (53^3) 

From the symmetry of this condition in 5 and t we conclude that if there is a 
coUineation which transforms d^ into c^ and a,- into a triad incident to /8,, then 
there is a coUineation that transforms 6^- into a< and c,. into a triad incident to 0,.. 
If in the above theorem we take a^ equal to &^ and c^ equal to rf,- , we have 
the theorem of Hun that the relation of Pasch triangle and fixed triangle in a 
normal coUineation is mutual. 

III. The Intermediate.* 

11. Take in the next place two cogredient point collineations a a and 6/3. 
They have a double product afeaj3. t This is a co variant line coUineation 
which has been called the intermediate of a a and bfi. 

The geometric interpretation is easily seen. Let r^ (Fig. 1) be the corre- 
spondent of any line ^ two of whose points are x and y. Then, by a well-known 

identity, 

yi = ab {aP^) = ab \ (ax) (/?y)-(ay) {fix) \ = x'y"-x''y% (16) 

in which x' and ic", y' and y" are the correspondents of x and y with respect 
to a a and bfi. Therefore, >7 is a line through the join of x' y" and x" y', or, as 
we may say, through the cross-join of the correspondents of x and y. Since 
X and y are any points on ^*, ri is the locus of cross-joins of pairs of points on ^. 
This, from the known construction of a polarity, amounts to saying that x' x" 
envelopes a conic tangent to x' y' and x" y" at their junction with ri. 

In case of three points Xy y, z of ^, the preceding construction involves 
Pascal's theorem for the hexagon inscribed in a 2-line. 

* A. B. Coble, Trans, Amer, Math. Society, Vol. IV, p. 70. Professor Morley has used the word 
Clehachian to represent a form of this kind (Trans,, Vol. IV, p. 471). 

t In the symbolic notation of Clebsch this would of course be written 

(abx) (a/3{)=0, 
where ( is given and w variable. 
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In case the two collineations are the same, yj is the join of x' and t/', and 
the intermediate reduces to the reciprocal or line form. Hence, the line equa- 
tion of a given coUineation is gotten by taking the double product of the dyadic 
with itself. 



X 




Fig. 1. 



12. An identity for which we shall find frequent use is obtained by 
developing (ahx) (a/3^) according to the ordinary rule for multiplication of 
determinants. We thus obtain 



{abx){afi^) = 



(aa) (a/?) (a^) 

(6a) (&/3) (60 
{xa) (xfi) (x^) 



Writing 



= {ab''^){x^) + {a^){b^){xoi) 
+ {a^)iba){xfi)-{aa){b^){xP) 
.-(6/?)(a|)(aa;). 

X, s^ = bfi, 
'2 = i36, 



and using the notation of Art. 9 for the linear invariants, we have 

where the bar over $^ s^ is used to signify the operation of forming the inter- 
mediate, and Cq represents the identical line coUineation. 

13. The intermediate belongs to a type of correspondence that occurs in 
any number of dimensions. And though we are at present concerned with the 
coUineation in the plane, it may be worth the trouble to indicate the general 
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theory. It is very easy to extend the construction already given for the plane 
intermediate to the case of higher dimensions. Using the equations (16) we 
have for the intermediate 'aboL^, where a a and 6/8 are point collineations in 
space, that to any line ^ corresponds a linear complex with reference to which 
x'y" and x" y' are polar lines, x' and x'\ y' and y", being correspondents with 
respect to a a and 6/8 of two points x and y on ^. 

In the same way for the intermediate ahc a(iy we have 
'abc{a^yn)=:'abc\ (ax) {^yyz) + (ay) {(iyzx) + {az) {^Y'Xy)\, (18) 

where a;, y, z are three points of the plane n. If then we take any triangle on 
the plane 7t, transform its points by the coUineation a a, transform the opposite 
lines by the coUineation 6c/^, and join the corresponding elements, we get a 
set of three planes intersecting on the correspondent of n with respect to the 
coUineation ahc a^y ^^ be (Jy is the identical line coUineation, or quadratic 
complex to which every line belongs, the preceding construction is readily trans- 
lated into a descriptive property of two complete 4-points in planes in space. 

Proceeding in this way, we can construct intermediates in any number of 
dimensions. Another method was, however, presented by Kraus* and Muth. t 
Consider in the first place the plane intermediate written in the form 

{abx){a^^)=0. 

This expresses the apolarity of the collineations ax a^ and Tx^. For, on 
forming the double product, we get 

x{abx){aL^^)^ = 0. 

Now, axa^ and bx(J^ may be considered as binary projectivities which give 
for points on ^ lines joining x to the correspondents through a a and 6/8. Then, 
since two binary apolar projectivities give rise to an involution, it follows that 
if we transform the points of a line ^ by the collineations aa and 6/S, the corre- 
spondent of ^ with respect to ab a/8 is the locus of points from which the trans- 
forms appear in involution. 

Considering x and ^ as lines in space, it follows from the argument of the 
last paragraph that the coUineation ab a(i in three dimensions gives for a line ^ 
the complex consisting of lines which, joined to the correspondents of points 
on ^, give pairs of planes belonging to an involution. 

In order to interpret the triple intermediate a6c a/8y, we need a new 
invariant. Three plane collineations a a, 6/8 and cy have a triple product 



* "Dissertation" (Giessen), 1886. f Math. Annalen, Bd. 33. 
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invariant (abc) (a^y). When this vanishes, the collineations have been called 
harmonic* Its vanishing simply expresses that the intermediate of two of the 
collineations is apolar to the third. Since we are able to construct the inter- 
mediate and to interpret the condition of apolarity, this harmonic relation 
may be supposed known. 

The intermediate of three collineations a a, 6^ and cy of space can be 
written in the form 

(abcx) (a^yn) = 0, 

where x represents a point and n a plane. This expresses that the three pro- 
jectivities axan^ bx^n and cxyn are harmonic; for, on putting the triple 
product equal to zero, we get that equation. But axan, bx0n and ciyTt 
are ternary correspondences which give for points on n lines joining x to their 
correspondents with respect to a a, fc/8 and cy. Therefore, if we construct 
with respect to a a, fe/3 and cy the correspondents of points belonging to a 
plane n, the correspondent of n with respect to afcc cLJiy is the locus of points 
from which those line systems appear harmonic. 

So by a process of continuous induction we can build up intermediates of 
any degree of complexity. 

14. A coUineation is singular when there is an element whose corre- 
spondent is indeterminate. Thus the intermediate aba^ in the plane is 
singular when a line £ can be found such that 

^(a/?{)=0. (19) 

From the construction of the intermediate it is evident that ^ must in this case 

pass by a a and bfi into the same line ^. Now, (19) is the condition for the 

correlation 

a(a/?Ofe 

to be symmetrical, i. e., to be a polarity. But a(a/8^)fe sets up a binary 

correlation on ri consisting of pairs of points given by a a and fe/3 for points 

of g. Therefore, since every line of the plane cuts f , it follows that in case of 

a singular intermediate every line of the plane passes by a a and b^ into a pair 

of lines apolar to a definite pair of points, i. e., the double points of the binary 

polarity on the correspondent of ^. 

Another property of a normal coUineation connects with the intermediate 

of it and the identical coUineation. In fact, from (17), the intermediate of 

s and SqIQ 

sSo= {s)SQ — a. 



* J. Kraitf , Math. Annalen, Bd« 20, p. 234 

40 
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If s is normal, {s)=0 and the intermediate of s and Sq is the line form of the 
inverse of s. If, then, x and y are two points on a line ^, and x' and y' are 
their correspondents through a normal coUineation, the lines xy' and x'y inter- 
sect on the correspondent of ^ through the inverse coUineation. 

IV. Apolarity of CoUineation and Correlation* 

15. A coUineation a a and a contragredient correlation be may be apolar 
i. e., may satisfy the conditions ah{ca) =0. The meaning of this is easily 
seen. Let 

a a = Xi a^ ai + ;i2 ^2 Oj + ^8 ^8 «» > 
bc = (i^b^c^ + thb^c^ + fi^b^c^, 

and take Ac = Aa as reference triangle. The condition of apolarity is then 

a6(ca) = \fiia^^ + T^^ii^a^^ + ^i^8«A = 0- (20) 

This equation expresses that the triangles a< and 6< are perspective. Therefore, 
since they are corriespondents through a a and 6 c of the reference triangle, it 
follows that a coUineation and an apolar correlation transform any triangle 
into a pair of perspective triangles. 

Conversely, if a< and 6^ are perspective and a a is given, values /t£< can be 
found such that (20) holds. Taking those values as the coefficients in 6 c, we 
have a correlation apolar to a a. Therefore, if a coUineation a a transforms 
the points of a triangle a into a triangle perspective to 6<, there is a corre- 
lation apolar to a a which transforms the points of the triangle a into the 
points 6<. In particular, a coUineation and correlation are apolar if they 
transform respectively the points and lines of a triangle into the same triad 
of points. 

The condition that the intermediate a6 o^ of two collineations be apolar 
to a correlation cd is 

{abc)oL^^d= {abc)\a{^d) — ^{ad) \ =Tc{^d).aa + ac{ad) -6^ = 0. 

Now, 6c"(prf) = and ac{ad) = are the conditions of apolarity of 6p and a a 
with cd. Hence, if two collineations are apolar to a correlation, so is their 
intermediate. By an entirely analogous process it follows that if two corre- 
lations are apolar to the same coUineation, their intermediate is also. 

The intermediate of a coUineation or correlation with itself is the reciprocal 
or adjoined form. Sence, if a coUineation and correlation are apolar, the same 
relation subsists when either or both are replaced by their adjoined forms. 

* F. Aschieri called such correspondences harmonic. Compare his article, " Sulle omografle binarie 
e ternarie," Rend, del R. latituto Lomhardo, (2), Vol. XXIV, p. 289. 
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If, for example, two coUineations transform the points of a triangle a 
into perspective triads, we have seen that there is a correlation apolar to both 
coUineations which transforms the lines a< into either of those triads. The 
preceding paragraph then expresses that, if two coUineations transform a 
into a pair of perspective triangles, the intermediate gives a triangle perspec- 
tive to both.* 

16. A correlation apolar to the identical coUineation transforms any 
triangle into a perspective one and is therefore a polarity. The condition that 

6 c be a polarity is then 

bc = 0. (21) 

Suppose a coUineation a a is apolar to a polarity be. We then have 

ab{ac)=Oy bc = 0. (22) 

Let ^ be a fixed line of a a given by the root X of the characteristic equation, 

t. e., such that 

(^a)a = ;i^. 

Multiplying by f, we get from (22) 

(ac) i {^b)a — {^a)h\ = (ae) {^b)a-X{^c)b = 0, (^c)b — {^b)c = 0. 

Combining these equations, we obtain 

{^c){:ba)a=:7i{^c)b. 

For a fixed line of a coUineation^ an apolar polarity gives a fixed point 
corresponding to the same root of the characteristic equation. If the charac- 
teristic equation has three distinct roots, the fixed triangle is then self -conjugate 
or polar with respect to any apolar polarity. 

From (17) we have for the adjoined form of a coUineation s 

^=(7I) + 2<T« — 2(5)(T, (23) 

where a is the inverse of s. Since a polarity is symmetrical, if it is apolar to 5, 
it is apolar to a. In that case we have also seen that it is apolar to Ts and 
identity. Therefore, from (23) it follows that if a polarity is apolar to s, it is 
apolar to a^. All coUineations that are covariants of o are, however, expressible 
linearly in terms of (T^ a and a*.t Consequently, a polarity apolar to a coUine- 
ation is apolar to all of its covariants. 

If a coUineation s transforms the points of a triangle a into a perspective 
triad, there is a polarity which transforms the lines of a into the same triad. 
That polarity is obviously apolar to s and to all of its covariants. Further, 

* Cf. Muth, Math. Annalcn, Bd. 40, p. 98. 

t Clebsch and Gordan, Math. Annalen, Bd. 1, p. 373. 
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there is a polarity which leaves a fixed and is apolar to 5. Therefore we have 
Miith's theorem that if a collineation s transforms a triangle into a perspective 
one, then all of the covariants of s transform it into triangles perspective to 
each other and to the original triangle. * 

17. For a correlation to be apolar to a collineation requires the identical 
vanishing of a line and therefore subjects the coefficients of either to three 
linear conditions. There is not then, in general, a correlation apolar to each of 
three given collineations. The condition for such is the vanishing of the deter- 
minant of the nine equations expressing the three apolarities. This invariant, 
the explicit form of which does not concern us, has been called A.f It is a 
combinant symmetrical in the coefficients of the three collineations, and of the 
third degree in each. 

We will now consider the peculiarities of a system of three collineations 
for which A vanishes. In the net 

5 = Pi5i + P252 + P8«8 (24) 

there are a single infinity of singular collineations. The singular points lie on 
a cubic that we may call C; the singular lines envelop a cubic that we may 
call r. It is well known that the adjoined form of a singular collineation 
consists of the product of singular line and singular point. And we have seen 
that a correlation apolar to a collineation is apolar to its adjunct. Therefore, 
if a correlation is apolar to the collineations 5^, s^ and Sj, the singular lines 
and points of (24) are correspondents in that correlation^ and consequently 
the cubics T and C are reciprocal through it. 

With a point of C is associated in two ways a line of F. In the first place, 
the point a appears as singular point in a definite collineation of (24) which 
has a singular line p. Secondly, it is transformed by those collineations into 
the points of a definite line y. 

To say that a correlation is apolar to each of three collineations, amounts 
to saying that those collineations operating on the inverse of that correlation 
give polarities. Such a transformation of the collineations does not affect the 
cubic r, which is therefore the Cayleyan of the three polarities. We saw above, 
however, that the line ^ passes by the inverse of the apolar correlation into 
the point a. Therefore, P passes by the three polarities into points of y, and 
consequently ^ and y are corresponding lines of P. 



* Muth, loc. cit,, p. 07. f Rosanes, Crelle, Bd. 05, p. 254. 
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Conversely, suppose with each point of C are associated a pair of corre- 
sponding lines of T. Two collineations of (24) whose common polar triangles 
are not singular may be written 

5i = Xi 61 tti + ;i2 62 Og + J^ 63 as > 




Fia. 2. 

The lines P,. are singular in the collineations whose singular points are a,.. 
The points a^, a^, a, pass by the net of collineations respectively into points of 
yi , ^2 > Tsj where y< is incident to 6< . By supposition ^^ y^ , P2 ^2 ^^^ Ps Yz ^^e 
three pairs of corresponding lines with respect to the curve. If we should start 
with &i, we could construct a complete 4-point, all of whose lines touch the curve. 
It would contain those three pairs of lines as diagonal pairs, and therefore 
Yiy y2 9 Yz P*^^ through a point (Fig. 2). The triad a^, then, passes by two of 
the collineations into the triad 6< , and by the third into one perspective to b^ . 
According to Art. 15, the three collineations, therefore, have a common apolor 
correlation. 

The vanishing of the invariant A is the necessary and sufficient condition 
that with any point of C should be associated {in the above way) a pair of 
corresponding lines of T, andy dually^ with any line of T should be associated 
a pair of corresponding points of C. 
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The similarity of a set of collineations for which A vanishes to a net of 
polarities is noticeable. It is due to the fact that a set of polarities are apolar 
to the identical coUineation, or, what amounts to the same thing, that a net of 
collineations with vanishing A may be transformed into a net of polarities in 
such a way as to have either the initial or the resultant field invariant. 

Part III. The Alternant. 

I. Introduction. 

18. Jn contrast with the symmetrical forms just considered are a series 
of combinants that we will call alternants. The alternant of n collineations ^^ 
is defined by the equation 



[5i . - . . 5j = 



S,S,... 
S2 ^2 



. 5, 



(25) 



where the determinant is supposed to be developed in the order of its rows; 
i. e.j in each term of the development the first letter is taken from the first 
column, the second from the second column, etc. This determinant is readily 
seen to follow the ordinary rules so far as its rows are concerned. If, for 
example, a linear relation exists between the collineations s^j . . . . , 5„ , the 
alternant is zero. Using the ordinary rule of signs, the determinant may be 
developed as the sum of products by their minors of determinants of r-th order 
in the first r columns. The alternant can not, however, in general be developed 
in terms of minors taken from its first r rows. 

Obviously, there will be a marked diflFerence according as the order of the 
alternant is odd or even. If the order n is even, for every term of the form 
Si. . . . .Sy5fc there will be a term — 5^5^ . . . . 6*^, where the intervening letters in 
both are the same. The linear invariant is therefore 

X\{s,....SfSj,) — {Sj,S,....S^)\. 

The alternant of an even number of collineations is therefore normal. 
Again, if n is even, the alternant can be written in the form 

^{PSiQ-QSiP), (26) 

where P and Q are products not containing s^. This is harmonic* with 5<, since 

^\{s,Ps,Q)-{SiQSiP)\=0. 
The alternant of an even number of collineations is consequently harmonic 
with each of them. 



* See Art. 9, foot-note. 
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From (26), if 5,. is the identical coilineation, we see that the alternant of 
an even number of collineations vanishes when one of those is the identical 
collineation. 

In case of an odd alternant, since the members of a cyclic group are all of 
the same sign, we have 

( [5i .... 5j ) = n (sjsg ... . sj). (27) 

//, then, the alternant of an odd number of collineations is normal^ each colline- 
ation is harmonic with the alternant of the remaining n — 1. 
Write the alternant in the form 

where Si is the minor of s^ in the first column of the alternant. If n is odd 
and one of the collineations, s^ for example, is the identical collineation, since 
the first minors are even, all those containing Sy^ vanish and the alternant takes 
the form 

[«i 5j = Sq[s^ "«?«] = [^2 5„]. 

The alternant of an odd number of collineations containing the identical colline- 
ation is then equal {except for algebraic sign) to the alternant of the remaining 
n — 1. 

II. The Alternant of Two Ternary Collineations. 

19. We shall usually write the collineations in the form 

5i = aa, s^ = b^. 
The alternant is then 

ih ^2] = ^1 ^2 — ^2 ^1 = (a&) «P — (P«) &a> (28) 

The CO variant collineations of a collineation s are linear functions of s^^ s 
and 5*, where Sq is the identical collineation. Since each of these is commu- 
tative with 5, it follows that the alternant of a collineation and any of its 
covariants vanishes identically. 

The invariant relations of the alternant and covariants of s^ and s^ may be 
summed up in two general theorems. 

(i) The alternant is apolar to all the covariants of s^ or s^ . 

For, let cy be any covariant of s^ . The condition of apolarity with the 
alternant is 

= (afe) (ay) (pc)-(P«) (by) (ac) = ftp - [{ay)ac-{ac)ya], 
where the dot is used to represent the process of forming the double product, 
or bilinear invariant. Since the expression in brackets is the alternant of a a 
and a covariant cy, the function vanishes as was required. 
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(ii) The alternant is apolar to the intermediate of one of the collineations 
and any covariant of the other. 

For, let cy again be a covariant of a a. The intermediate of this with fep is 

The condition of apolarity with the alternant is 

= (a&') {ahc) (P'Py)-(P'a) {Vhc) (apy), 

where h'^' is a new symbol for ftp. Interchanging fep and h'^' and adding, 
the last expression becomes 

i I (P'M (bl)a7c^) — {h'hc) {f^cTya) \ = i^^ftT- [y^TTo"— o^olc]. 
The expression in brackets expands into 

(aa)yc — (ac)ya — (aa)yc + (ay)ac = (ay)ac — (ac)ya, 
which is zero, since it is the alternant of a a and a covariant. 

20. Since all covariants of s are expressible linearly in terms of s^j s, 5*, 
the alternant is found to be apolar to the eight collineations 

^o» <^iJ ^!» <^2> <^2, s^s^j ^, ^T^l, (29) 

where, as in Art. 9, s^s^ is the intermediate of s^ and s^ and (T is the same 
connex as s but considered reciprocally. If the eight collineations are linearly 
independent, the eight apolarity conditions are suflScient uniquely to determine 
the alternant. It is our purpose, in the next place, to see whether or when such 
is the case. 

By the formula (17) we have 

K^t = (^Fil) +a\a\ + a\a\ — (^f ) a\ — {s\) a\ . 

Since the alternant [s^s^] is apolar to (Tq, af and al, we see that -the condition 

of apolarity of [s^ s^] and s^sl is the vanishing of the linear invariant of the 

collineation 

is,s^ — s^s,){s\sl + sls\). 

Hence, by direct expansion of this last-named invariant, we obtain 

[5i52]-^=(^i«2^?«2) + (^i^2 5?) — (^a^f^D — (^^^i^l^f) 

=^{s^s^s\sl) — {s^s,slsl), (30) 

since by Art. 9 (Si^l^i) and (Sj^i^l) are equal, both passing by a cyclic per- 
mutation into (s?^!)' 
Again, we have 

sfs^= (TfTj) + af (Tj + (Tgaf — {s\)a2 — (s^)o\ . 
Since [sls^] is apolar to a^, a^ and a?, by the same argument as before, the 
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apolarity condition of [slSj} and si $2 is found to be the vanishing of the linear 
invariant of the coilineation 

(sls^—s^sDisls^ + s^sl). 
Expanding and making use of the cyclic permutation, we then obtain 

= {s^S2slsl) — (s2S^slsl). (31) 

In like manner, making use of the identity 

^1= (m) + <yi 0^2 + <y2<yi — M(f2 — (Si) o, , 
we obtain the apolarity condition of [si si] and s^s^ as the linear invariant of 

(slsl — slsDis.s^ + s^s^) 
under the form 

[5f5|]-5i52=(5i52 5iS2) — (^j^i^fsf). (32) 

Since [s^s^] is a normal coilineation, the adjoined form is given by (17) as 



[5l5j[5i52] = ([5i5j[5i52])+2[(ri<T2]2. 

The discriminant of [s^s^] is then 



All = i [^1^2] • [^1^2] [SiS^] = i [s^s^] • [a.a^y = i ( [s^s^V) 
= 4 i (^1 «2 ^1 ^2 ^1 ^2) — (^1 ^2 ^1 sls^) — (5i si si s^) — {s^sl s^ 3^ s^) 

— (SfS^s^s^s^s,) + (s^s^s^sls^) + (s^sUls,) + {sjsls.s^sj \ 
= {s,S2sl$l) — {s2S,slsl), (33) 

in which the notation A^^ is used to show that it is the discriminant of an 
alternant involving s^ and s^ each to the first degree. 

A comparison of (30), (31) and (32) with (33) shows that the various 
invariants there considered are equal to each other and to the discriminant 
of [s^s^]. 

Now suppose that A^^ does not vanish and that there exists a linear 
relation of the form 



Since, according to (29), [s^s^] is apolar to the first eight collineations in that 
sequence, but by (30) and (33) is not apolar to the last, it follows that pg is 
zero. Likewise, operating in turn with [sf ^g], [sls^] and [^i^f], we find that 
py = pg = pg = 0. Hence the relation (34) must be of the form 

Po^^O + 9l^l + P2^l + Pb^2 + P4^2 = 0. (35) 

Replacing <t< by s,. and forming the alternant with 5, we obtain 

p8[5i^2]+P4[5i^i]=0. . (36) 

41 
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Forming the bilinear invariant with si si , this gives 

Hence, p^ = 0. Likewise on operating with s\s^y it is seen that p^ = 0. Simi- 
larly, p^ = p, = po = 0. 

Hence, if the discriminant A^ is diflFerent from zero, no linear relation of 
the type (34) can exist. If, however, the discriminant is zero, since the nine 
coUineations are apolar to [^i^g], they must satisfy a linear relation. There- 
fore, the vanishing of the discriminant of the alternant is the necessary and 
sufficient condition for the existence of a linear relation of the type (34). 

Since, in the usual case, the discriminant of the alternant is not zero, it 
follows that in general the apolarity conditions of (29) are independent and 
give an invariant determination of the alternant. When the discriminant is 
zero, all the coUineations of the net 

7i,[s^s,]+X,[sU2]+>^B[s^sl]+\[slsl] (37) 

satisfy those conditions and the determination is not unique. 

21. When the discriminant vanishes, there is always a coUineation of (37) 
that vanishes identically; t. e., the four alternants satisfy a linear relation. 
For, since all the coUineations of (37) are apolar to all those in (34), it follows 
that the two sets must contain four linear relations. If one of these belongs 
to (37), the point at issue is settled. If not, there must be four equations of 
the type (34). Either one of those is of the form (35), and the coUineation in 
question is (36) ; or it is possible to solve for one of the intermediates, and so 
obtain an equation 

SiS^ = >lo<^0 + '^l^l + ^2^1 + ^8^2 + ^4^2- 

Developing s^ by (17), inverting, and forming the alternant with s^y gives 

[^f^zl — («i) [^1^2] = '^sL^iSj + ^4Ui5|], 
which is the relation desired. 

Suppose, conversely, that the four alternants satisfy a linear relation 
^1 [^1 ^2] + \ [si s,] + 7i,[s, si] + X, [si si] = 0. 
In this equation there must be at least one coefficient, for instance X^ , that is 
diflFerent from zero. Operating on the equation with si si 9 we see that A^ must 
then vanish. Therefore, the vanishing of the discriminant is the necessary and 
sufficient condition for a linear relation between the four alternants. 

22. The sjTumetry resulting when A^ vanishes suggests that it is an 
invariant common to the four alternants. In order to prove that such is the 
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case, take in the first instance the alternant [sfs^]. According to (33), the 
discriminant has the form 

^1 = (^1 ^2 ^1 ^2) (^2 ^1 ^2 ^1) • 

From the characteristic equation for s^ we have 

5i = Aq + Aj Si 4" Aj 5x . 

Substituting this value for st , we have 

A21 = X J {si s^ s, si) -{s^sl si 5i) ! = — Til All • (38) 

Making use of 

and following out the same argument, we obtain the discriminants of [s^sl] 
and [si si] in the form 

If Xi is zero, the characteristic equation for si is 

\Si\ = Aq + Ag 5i . 

The equation is quadratic, and hence the collineation is a perspectivity. There- 
fore, Xi and (ii are respectively the invariants whose vanishing expresses that 
si and ^2 are perspectivities. From (38) and (39) we see, then, that the alter- 
nant of a perspectivity and any collineation is singular. 

If Xi and /t/i are not zero, A^^ is a combinant of the two systems 
XqSq + XiSi + \sI and [ioSo + (iiS^ + (i^sl. 

It must, then, express a property of the fixed triangles of those systems. What 
that property is, we shall see later. 

23. The alternant [s^s^] is a combinant of the net 

Xso + tiSi + vs^. (40) 

In forming it any two independent collineations may then be chosen. Let s be 
a singular collineation, x its singular point, and ^ its singular line. The alter- 
nant can be written 

SSl '~~' S^Sy 

where s^ is some other collineation of the net. Since sx is zero, the corre- 
spondent of X with respect to the alternant is 

x' = ss^x. 

Now, s transforms every point (and in particular s^x) into a point on ^. 
Therefore, the alternant transforms the singular point of any collineation 
of (40) into a point of the associated singular line. For varying Xj the 
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singnlar points and lines obtained are the fixed points and associated fixed 
lines in the collineation fis^ + vs^. Therefore, the fixed triangles of all the 
collineaiions of the pencil (is^ + vs^ are Pasch triangles of the alternant. 

The significance of the apolarity relations satisfied by the alternant is here 
suggested. In fact, two coUineations (one in points, the other in lines) that 
send a triangle into a pair of incident triangles are apolar. Now, if ^ is any 
collineation in (40), the triangle that s leaves fixed is sent by the alternant 
into an inscribed triangle. Therefore, the alternant is apolar to s and to all 
of its covariants. 

Two coUineations have in general a common pair of polar triangles. In 
terms of these they may be written 

5i = ;ii 61 tti + ^2 &2 Oj + ;i3 &3 Oj , 

Their adjoined forms and intermediate are respectively 

Hence, s^s^j s^s^ and s^s^ have a common pair of polar triangles, t. e., the 
common pair of s^ and s^ considered contragrediently. Since [s^s^] is apolar 
to each of those coUineations, according to Art. 10, it transforms the triad a« 
into one incident to P< . Taking any two coUineations and the associated inter- 
mediate belonging to (29), we obtain a pair of polar triangles such that the 
points of the first pass by the alternant into a triad incident to the second. 
These relations are therefore the geometric equivalent of the eight apolarity 
conditions. 

24. In Arts. 20-22 the entire theory seemed to hinge on the vanishing or 
non-vanishing of the discriminant of the alternant. It is our purpose, in the 
next place, to consider the geometrical interpretation of that invariant. 

For that purpose suppose a polarity c* to be apolar to s^ and s^ . Desig- 
nating the coUineations respectively by a a and fep, the conditions required are 

ac(ac) = hc{^c) = 0. (41) 

There are six equations in all, three of them linear in the coefficients of a a, 
three linear in the coefficients of &P, and all linear in the coefficients of c*. 
Therefore, if we eliminate the coefficients of c^ from these equations, we get an 
invariant of the third degree in the coefficients of a a and ftp whose vanishing 
is the necessary and sufficient condition for the equations (41), 
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Now, we have seen that a polarity apolar to a coUineation is apolar to all 
of its covariants, and that a correlation apolar to two collineations is apolar 
to their intermediate. Therefore, c* is apolar to the following nine collineations : 

^^0, <^i9 <^Ij <^29 <^ly ^1 ^> ^j ^- (42) 

Since the nine collineations are apolar to the same polarity, they must 
satisfy a linear relation; in fact, must satisfy three linear relations. There- 
fore, according to Art. 20, the discriminant of the alternant is zero. But the 
discriminant is of the third degree in the coefficients of a a and 6 p. Therefore, 
the vanishing of the discriminant of the alternant is the necessary and sufficient 
condition for two collineations to have a common apolar polarity. 

If a polarity is apolar to a coUineation, there are two cases to be considered, 
according as the polarity is singular or is not. 

If the polarity is singular, either it consists of the square of a point or its 
adjoined form consists of the square of a line. In both cases, if the polarity 
is apolar to a coUineation, its fixed triangle contains the double element. 
Hence, if a singular polarity is apolar to each of two collineations, their fixed 
triangles have an element in common. In that case all the collineations of (42) 
have a fixed point or line in common. 

In general, however, if a polarity is apolar to a coUineation, the fixed 
triangle (or, a fixed triangle) of the coUineation is self -con jugate with respect 
to the polarity. If two triangles are self -conjugate with respect to the same 
polarity, they lie on a conic. And, conversely, if two fixed triangles lie on a 
conic, they are self -conjugate with respect to a polarity, which is consequently 
apolar to their associated collineations. Therefore, we see that the vanishing 
of the discriminant of the alternant is the necessary and sufficient condition 
for any two collineations formed linearly from those of (42) to have fixed 
triangles lying on a conic. 

25. As we have seen, the conditions for a polarity c* apolar to a a and fe^ 
are 

(ac) ac = (Pc) Fc = 0. 

Multiplying these equations by fep and a a and writing in the variables to avoid 
confusion, we have 

(ac)i(pc)(a^)-(pa)(cf)t(6>7) = 0, 

{^c)\{ac){h^)-{ab){c^)\{ayi)^0. 

If f and ri are equal, by subtraction we get 

] (a6) (pc) {a^)-{i^a) (ac) (fe^ j (c^) ^0. (43) 
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Comparing this with the form 

i(a6)ap— (pa)feair;S 

we see that in the present case the product of the alternant with c^ is a corre- 
lation having no particular coincidence conic, i. e., a null-system or line. 

Suppose for the moment we designate the alternant by dl. The equation 
(43) is then 

(dO(Sc)(cO=0, (44) 

where f is any line whatever. Let ^ be a fixed line of the alternant. We 

then have 

(^>7)8 = X>7, 

which, substituted in the preceding equation, gives 

{dYi){Zc){cYi)=X{YlcY = Q. 

Hence, the fixed lines of the alternant touch the conic of c^. 

If again we follow out the argument of this article with y^, the double 
product of c* with itself, we obtain, as correlative to (44), 

{Yd){xZ)(xY)=Q, (45) 

where x is any point whatever. Taking a? as a fixed point of the alternant, 
it follows as before that the fixed lines of the alternant touch y*. 

Now, we have found that when c^ is apolar to s^ and s^ , it is apolar to a set 
of nine covariants. Therefore, all the alternants that can he formed of those 
covariants are singular j all their fixed lines are tangent tOj and all their fixed 
points lie on, c*. 

It was shown by Study that the fixed points of the alternant of two binary 
collineations consist in the common harmonic pair of the fixed points of those 
collineations. The fixed triangles of two ternary collineations are not in general 
polar with respect to a conic. If such is, however, the case, we have just seen 
that the fixed lines of the alternant are tangent to, and the fixed points lie on, 
that conic. 



A Geometrical Application of the Theory of the 

Binary Quintic. 

By Florence P. Lewis. 



Introduction. 

If five points on a non-degenerate conic are given, certain curves arise 
from the polarization of the binary quintic determined by them. These are 
covariant curves of the five points. It is the object of this paper to discuss 
certain of these curves, and sets of points and lines associated with them. 
Similar processes may be applied to the quintic of five points on the cubic norm 
curve in space. A brief treatment of the covariant forms of the binary quintic 
from this standpoint is given in § 7, and the results are correlated as far as 
possible with those already obtained in the plane. 

For the algebraic theory of the quintic, reference is made to Salmon's 
"Higher Algebra'' and to "Algebra of Invariants" by Grace and Young. The 
notations of both works are used. 

^1. A Pencil of Conies. 

Let the quintic be represented on the base conic N, and let the reference 
triangle be formed by the tangents to N at the points given by the canonizant 
Cg ,=0. The quintic may then be written in Salmon's canonical form, 

f^a,t'+a,{l-tr-a,, (1) 

and the conic in the form 

Xo=t^, x,= {l-tr, x,=l. (2) 

Any point of the plane, in terms of the parameters of points of contact of 
tangents from it to JV, is 

^0=^2, a?i=(l-«,)(l-y, x,=l; (3) 

and any line of the plane, in terms of its intersections with N^ is 

fo=«i+*2-2, ^i=-{h+t,), ^2=h + t-2t,t,. (4) 

The point (1, 1, 1) is given by the Hessian of the canonizant, the C^ g 
^aialal\t^+ (1 — ty+l\ of /. Every quadratic determines at once a point and 
a line of the plane, these being pole and polar with respect to N. 
42 
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If the quintic be polarized thus : 

aohtltl+a,{l-t,) {l-t,y{l-t,r-a,=0, (5) 

the locus of the intersection of tangents at t^ and t^ for a fixed t^ is a conic 
whose equation is 

Vi4+«i(l— ^)^— «2^=^0. (6) 

By varying t^ we obtain a pencil of conies apolar to JV (in lines) and on the four 
points it Va^\ ztVoT^ dzVa^T These four points are a set orthic to N. 
When <2=^8> ^^^ conic t^ meets N^ and the points of intersection are given by 
the quartic polar of t^ as to /. f, is a root of /=0 when, and only when, point 
ti of N is on conic ti of the pencil. If t^ is a root of the canonizant (i e., 
f,=0, 1, oo ), the corresponding conic degenerates into lines meeting at a refer- 
ence point; hence, the reference triangle ABC (Fig. 1) is the diagonal triangle 




of the base-points of the pencil. Since the roots of the Hessian of / are 
double points of quartic polars, there are six members of the pencil tangent to 
Nj and their points of contact are the points H=0. No member has double 
contact unless an invariant of / vanishes. Two values of t^ (given by C2^^=0) 
have quartic polars which are self -apolar ; the corresponding conies are apolar 
to N both in points and in lines.* 

Conies of the pencil and points of N are in one-to-one correspondence. 
We can construct geometrically the point corresponding to a given conic, and 
vice versa. The point (1, 1, 1) is given by the quadratic (7^2=0; its polar 
lines as to all conies of the pencil pass through the point Q(a^S af^ a^^) given 
by the quadratic ^2,2^^1^2(1 — t) +aQa^t—aQait{l — t) =0. The polar of Q as to 
any member of the pencil therefore passes through (1, 1, 1), and its coordi- 
nates are 

* W. F. Meyor, *'Apolarit[lt und rationale Gurven," p. 150. 
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>7o=*i> >7i = l— 'ij >72 = 1. (7) 

If the conic t^ is given, we construct this line >; and take its polar point with 
respect to the triangle DEF whose vertices are the canonizant points on N. 
This point is t^ . The proof follows at once from consideration of the degen- 
erate members. For, it has been seen that the f/s of the degenerate conies 
are 0, 1, oo , which give the points D^ Ej F on N; and the polar of Q as to the 
degenerate conic on A is the line -4— (1, 1, 1)—Dj whose polar point as to the 
triangle DEF is D. By the fundamental theorem on projective correspond- 
ences, since the construction holds for three members of the pencil it holds 
for all. It is obviously reversible. The points C2,2=0 and C^^^^O are mutually 
related to the pencil. 

The above correspondence of point and conic is easily verified analytically. 

§ 2. Rational Quartic K of Class 3. 
Let / be polarized thus : 

a,tlt'+a,{l-t,y{l-ty-a,=0, (8) 

and consider the locus of the line joining the roots of the quadratic in t. We 
obtain a rational line cubic K whose equations are 

L=aotl, ^^=a,{l-t,y, 5,= -a,. (9) 

£ passes through a given point XQ=t2t^, x^=: (1— '2) (1— ^a)? ^2=1> provided t^ 
satisfies 

aot%ts+a,il-ty{l-t,) (l_«3)-a,=0. (10) 

This is the cubic polar of t^t^ as to /, and cubic polars are all cubics apolar to 
the canonizant. Hence, the necessary and sufficient condition that three t's be 
parameters of lines on a point is that they be apolar to C3 3. The curve has 
three cusps ; for, if t^ , tj be taken as two roots of Cg^ j=0, the cubic polar becomes 
a perfect cube, the cube of the third root. Hence the points A^BjC are the 
cusps. Since Cgg is the cubic polar of Cj^ji the cusp tangents meet at 6^2=0 
or Q of § 1. For a given t^ the line ^ is identical with the polar of point 
t^ on N as to the corresponding member of the pencil (6). 

By differentiating the functions ^ of (9) we obtain the equations of K as 
a point quartic : 

^o=«i«2(l— OS a;,=aoa2<S X2=aQaJ.'^{l—t)\ (11) 

The line equations of N are 

^o=(l-0, ^1 = ^, ^,= -t(l-t). (12) 

Hence, the quadratic of points of contact of tangents from a given point t^ of 
Jfto^ is: 

a.Oj(l-*,)*(l-0 +a,aJ,\t-%a^t\{l-t,)H{l-t) =0. (13) 
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This is the Hessian of the cubic polar of t^ as to /; namely, 



a,t\t'+a,{l-t,y{l-ty-a, 



'2« 



The curve K may therefore be regarded as produced from N by a transforma- 
tion T which sends the point t of N into the intersection of tangants at the 
Hessian of the cubic polar of t as to /. Hence, to find the parameters of the 
intersections of K and N^ we ask for a point t^ such that the Hessian of its cubic 
polar is a perfect square ; that is; we look for t^t^ such that t\t\ is a quartic 
apolar to /. If / be written symbolically, this covariant is found by elimination 
of ij between (at^y{atY=Q and {at^Y{atY=0. f factors out of the eliminant, 
and the remaining factor is a C^^^. Now the Hessian of the cubic polar 
{at,Y{aty is |a/3|«(a«i)^(/3<,)2(aO'(/30. Equated to zero, this function gives 
a convenient representation of the curve, ty^ being the parameter and a point 
of the curve being given by the two values of t. K cuts N when the two V^ 
are equal. This gives 

<^4.8-ki3|My«l*krl 1/3^1 M)*(^0*(yO*(«0*=o, . (U) 

where all of the symbols refer to the quintic. The roots of C^^g occur in four 
pairs, and the square of each pair is a quartic apolar to /. Taking t^ and t^ 
of (5) as a pair, it is evident that the points of the plane determined by these 
four quadratics are the base-points of the pencil (6). 

The common lines of K and N have as parameters the six Hessian points 
of /, and their points of contact with N are the roots of the Steinerian. This 
follows at once from the fact that the lines of K are cut out by quadratic polars 
of points t as to /. To find the double line of Kj we recall that parameters of 
lines on a point form cubics apolar to Cj^j; hence, the parameters of the double 
line are given by the Hessian of C^y^ i.e., C^^^^ala\a\{t^—t+l)=(i. A root 
of this is — 0), and the corresponding line of K is the line (a^^j a^y a^). Hence, 
the double line of K is the polar line of C^^^ as to the triangle ABC. 

K in X coordinates is 

8 8 

2af al^rfiil — 2I^ala^a^o[^^X2 =0. ( 15 ) 

§3. The Involutory Quadratic Transformation T. 

Mention was made in the preceding section of a point transformation T 
which transforms N into the quartic K. This transformation may be arrived 
at in three ways. It is : 

(a) The transformation which sends any point x of the plane into the 
point y given by the Hessian of the cubic polar (as to /) of the quadratic of x. 

(b) The transformation which sends x into a point y such that the 
quadratics of x and y from a quartic apolar to /. 
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(c) The transformation which sends x into the intersection of its polar 
lines as to the pencil (6) of § 1. 

That (a) and (b) are equivalent follows from the fact that a quadratic 
and the Hessian of its cubic polar as to / obviously form a quartic apolar to /, 
and that when two roots of an apolar iquartic (which are not roots of Cg^3=0) 
are given, the remaining two are uniquely determined. The matter may be 
stated thus : If, of two quadratics Q^ and Q^ , Q^ is the Hessian of the cubic 
polar of Qi as to a quintic /, then Q^ is a factor of the Hessian of the cubic polar 
of O2' -^^ ^^ instance, we note that the cubic polar of Cj^j is Cs.bj whose 
Hessian is Cg g- The cubic polar of Cg g is C^^^j whose Hessian must therefore 
contain C^ 2 as a factor. 

To show that (a) and (c) are equivalent, we derive a formula for (c). 
The conic (6), when polarized, gives 

«o'i^oyo+«i(l—^)^i2/i— ^2^22/2=0. (16) 

If y be given, this line for all </s passes through (a^^)"^, i=0, 1, 2. Hence, 
(c) is the transformation 

^<=(«iyi)"~S i=0,l, 2. (17) 

Now let t^t^ be roots of the quadratic of re, and form the cubic polar 

ao*iM*+«i(l— '1) (1—^2) (1— 0*— «2 aiid its Hessian a^a^ (1— <i) (1— U (1—0 
+aoa2tit^t—aQaitit^t{l—t^){l—t^){l—t). If the roots of this quadratic ia t 
are t^ and t^ , we find as the corresponding point of the plane 

yo~M4=«i<*2(l— '1) (1— '2), 
t/i= (1— fs) (1— ^4) =floMi'2. 

y2=«oMi'2(i— ^) (1— '2)- 

Using (3), this reduces to 2/0=^1^2^1^21 3/i = ^o^2^o^2> 2/2=^0^1^0^1 > ^l^^ch is iden- 
tical with the form (17). 

From (c), the fixed points of T are the base-points of pencil (6). From 
(b), a fixed point determines a quadratic t^t2 such that tltl is apolar to /. It 
was shown in § 2 that t^ , t^ are then intersections of K with N ; that is, K cuts N at 
the points of contact of tangents to N from the fixed points of T. That A^B^C 
are the singular points of T is obvious from the fact that Cg g (whose roots 
taken in pairs give A^B^G) is apolar to /. For, if *i , <2 > h ^^e roots of C, 8=0, 
t^tj^^t is apolar to / for an arbitrary t ; that is, the point A transforms into 
any point of the line BC. From (c), it may be seen that corresponding points 
Xj t/ as to T are base-points of the involution cut on the line xy by the conies (6) . 

§ 4. Rational Quintic and a Theorem Concerning its Double Points. 

If we polarize / as follows : 

aoft<+a,(l-<,)*(l-0-a2=0, (18) 
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and consider the locus of the intersection of tangents to N at ty and tj we obtain 
a rational curve with parameter t^ of order 5 and class 8. This quintic is 
the locus of the intersection of the tangent to N at t^ with the corresponding 
line of K\ for, the t^ and t which satisfy {at^y{at) =0, (18), are apolar to the 
quadratic {at^Y^aty (8) which, determines the line t^ of K. When t^ is a root 
of /=0, the equations {at^y{at) =0 and {at^) (aO*=0 are both satisfied by t^\ 
hence, two points of on the tangent to N at t^ have come into coincidence at 
^1 , and is therefore five times tangent to N at the points /=0. This accounts 
for ten intersections and ten common lines. To find the remaining six common 
lines, let h and 5 be a pair of corresponding roots of Hessian and Steinerian 
of /, and let the tangents at these points on N meet at R. Since the quartic 
polar of 5 as to / has a double root at h^ Rs is tangent to at R, and the six 
lines are accounted for. Moreover, since h^s is a quartic apolar to /, the point 
h is transformed into Rhj T (using § 3,(b) ), and i? is a point of K. It has 
been seen (§2) that Rs is the tangent to K at R. and K are therefore six 
times tangent at the points 22, and their common tangents at these points are 
tangent to N. 

has six double points with parameters which are pairs of solutions of 
{at^)*{at)=0 and (aij (a<)*=0. Elimination of t^ gives a Cg^^y which obvi- 
ously contains / as a factor. The remaining factor C^, jg is the product of the 
six quadratics which determine the points. Since the number of constants used 
to determine them is not twelve but ten, this set of six points are subject 
to two invariant conditions. Concerning them we will prove the following 
theorem : 

If P is a double point of 0, there exists a point y on N and on line PQ, 
such that the conic Cy of (6) is tangent to PQ at P, a^id the line rjy (7) passes 
through P. y is the polar of the two parameters of P as to C3 j and satisfies 
a certain Ce.e=0. {Q is point 0^,2=0^ as in § 1.) (19) 

To prove this, let t^ , t^ be the parameters of P, and let y be determined as 
the polar of t^t^ with respect to Cj 3. Since i^ and t^ are a pair of solutions of 
(a<i)*(af2) =0 and {at^)^{ati) =0, the cubic polar of t^t^, as to / is t^t^y; that is, 
the lines of K having parameters <i, <2, y pass through P. Since the cubic t^t^y 
is apolar to itself , we have t^t^t^t^y apolar to /, or {at^y{at2y{at)=0 when 
t=y. But this is the condition that the conic Cy should pass through P. 
From the fact that the cubic polar t^t2y is apolar to C3 g, it follows that yjy 
(which is the polar line of y as to triangle DEF) passes through P. Now t^y 
is the polar of Q as to conic Cy; and line Ky (which has been shown to pass 
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through P) is the polar of y as to Cy (§ 2). Hence, the points Q and y are on 
the tangent to Cy at P, which establishes the theorem.* 

The six parameters y are roots of a covariant Ce. 6=^6,1^1, 5""^. s- This 
follows immediately from the theorem, as will be shown in the following section. 

§ 5. Curves on the Double Points of 0: Cubic ft and Rational Cubic V. 

The theorem (19) of the preceding section gives certain curves on the 
double points P of and having interesting relations to the system of covari- 
ants of /. 

Since the points P are points of contact of tangents from Cg^g to members 
of pencil (6), consider the locus of such points. This is a non-rational cubic 
curve n on the four base-points of the pencil and tangent at these points to 
the lines joining them to C2.2 j which latter point is on the curve.f ^ is apolar 
to N and cuts it in C^^e— [A ^a.sl^- 1*^ equation is 

2ao^(a?i— a?2)=0. (20) 

The curve passes through -4, B, C; the tangents at these points and the tangent 
at C2,2 nieet at C^^^ ^^ t^® curve. On any line through C2.2 there are two 
points of the curve which by the transformation T are interchanged (§ 3,(c) ) ; 
hence, ft is by T transformed into itself. C2,2 and C^^^ are symmetrically 
related to the pencil. Interchanging their roles, we have a second cubic on 
AjBjCj (7e.2, C'2,2 aiid the four base-points; these nine points are therefore the 
base-points of a pencil of cubics each of which transforms into itself by T. 

For convenience^ the coordinates of certain lines which are readily ex- 
pressed in terms of the parameter f of a point 8 on N are given here : 



(21) 



>7, it will be recalled, is the polar of S as to triangle DEFj and the polar of 6*2,2 
as to conic t of pencil (6) ; f is the polar of (7^ 2 as to the same conic. The 

* In the above digcusBion we considered a pencil of conies correlated to points of a conic A'. Join- 
ing points of N to 0(C2,2 = 0), we have a (1, 2) correspondence of conies of the pencil and lines on C2, 2 • 
When a conic touches its line, the point of contact is one of the six points P. When C2, 2 is replaced by 
an arbitrary fixed point A of the plane, the six points of contact are (presumably) a general sot of six, 
since the number of their coordinates is now 12. Placing A at C2^2 produces the specialization peculiar 
to the double points of O. 

t Salmon-Fiedler, " Geometric der hoheren ebenen Kurven," p. 269. 
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equation of Q is obtained by eliminating t between the equation of 97 and that 
of conic f of (6). 

Any two of the above lines intersect in a point whose locus is a rational 
curve. The following combinations are noteworthy : 

(a) (1) (2) : Conic N. 

(b) (1) (4) : Quintic 0. 

(c) (2 ) (3 ) : Cubic ^ with double point at C,, ^ • 

(d) (2) (4) : A quintic with triple point at Cg.g. 

(e) (3) (4) : Quartic © with triple point at (7^,2 • 

(f) (3) (5) : Conic F on A, B, (7, Cg,^ and Ce.J. 

That (c), (d) and (e) pass through the double points P of follows at 
once from the theorem (19). When < is y of the theorem, the lines (2), (3) 
and (4) meet at P; hence, the determinant of the coordinates (2), (3) and 
(4) is the sextic whose roots are the six y's. This sextic is reducible to 

The cubic V is defined by lines (2) and (3), from which its parametric 
equations are at once obtained. Elimination of t gives 

Wm^i(^o-^i)'-^2(^o-^2)'I =0. (22) 

Since >7 always passes through C^^^y ^^^ ^^^^ (2) passes through this point 
when t satisfies [(7^,2, C2,2]^ = C'8,2=0, V has a double point at C^^^ ^'^^^ the 
parameters Cg 2=0. It cut N in C^^^=0 (the points /), Ey F) and in Cg 3 
= [C'2.2> ^8,8]^=0- *7 passes through Cg.g when t satisfies [C^^^j C'3^8]*=C'6,i=0« 
Hence, V passes through Cg.g with C^^^ as parameter, ft and V have three 
intersections at Cq^^ and C2,2j and their remaining intersections are the six 
points P. ft and a given point C2.2 on it determine these points, since C^ 2 and 
Ay By C are thereby given; varying the position of €2^^ on the curve gives cx) ^ 
such sets. 

*Let / be represented by Ci,6= (aty= (et)»= (a*)»= (j;ty. Then C2,t=\a8\*(ai) (St). Let the 
canonizant be represented by (pi)*. Then (/3*)*=<78,8= [C2,2, Ci,6]*=|aa|*|ai'j|ai'|a*)». C6,i = [Cs.8, 
C2.2]*=[(i3*)% \ad\*iai)idt)y = \ad\*\afi\\dp\{pt). Also let (7M = 7o + 7i*i = 0, 7 being real. The three 
lines 11, K and 8C2,2 cut from N the three quadratics (/5*i) (i8*)« = 0, (a*a)*(aO" = and |aa|*(at,) (8t) (yi) 
= respectively. The three lines meet in a point when the three quadratics are in involution; %.€., when 
the determinant of the coefficients of t vanishes. The condition to be satisfied by t^ is 

03*0 /3o' 2/3w3x ft» 

(ail)* o.« 2a«tti at* =0. 

W(^t^) f«7o i:o7x + i:x7« fi7i 
Since (7*1) =0, \py\=:(pti) and \ay\=i(ati)» Expanding the determinant and dropping the subscript 

from ti , 

m*{atyipt)m\ap\{\py\Ua\ + |a7lU/3|} =0. 

Using the identity |ai3| (dt) = \ad\ (fit) — \pS\ (at), 

Since f = 8, the second and third terms cancel. The first and last terms give C*s, 8 — C5, 1 Ci, 5 =: 0. 
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The locus of points of contact of taugents from S to the corresponding 
conic of (6) is a septimic on the points P. Its equation is 

8 

gotten by eliminating t from (6) of § 1 and line (4) of the present section. 

§ 6. Quartic © with Triple Point. 
The locus of the intersection of lines (3) and (4) of §5 (21) is a rational 
quartic 0. It has certain projective peculiarities which will be discussed. 
The parametric equations of are : 

^x=t[a^-a,t^], I (23) 

x,=t{l-t)[a,{l-ty-a,t^]. ^ 
Elimination of t gives the form 

Xa,x,{x^—x,y=0. (24) 

To obtain a symbolic expression, we recall that line yj cuts N in the quadratic 
polar of t as to C^^^; line K cuts from N the quadratic polar of < as to / (§2). 

If we writeC8,8=(h)'and/=(a*)'=(/30*=(yO'=(50', the point x of the 
curve is given by the Jacobian of the quadratics in t'j {^t) {^t'y and (3<)*(3f')*; 
that is, W{^t){Hy{^t'){H')=0. SinceC,,8=|ai3|*|ay||/:;y|(yO', this be- 
comes |a|(Ji*|ay| |/8y| |3y| (3i)^(y*) (5^') (y<')=0, where t is the parameter and 
the two f ^s are points on N whose tangents meet at point t of the quartic. 
>7 always passes through C^^^l ^^^ ^ passes through this point when [(7e 21 /]* 
sCy^^rrO. Hence, the curve has a triple point at C^^ with parameters C>j^^=0. 
The tangents at the triple point are the lines rj having these parameters. 

The vertices of the reference triangle ABC are on the curve, and its sides 
make sections which break into harmonic pairs.* This is seen at once from 
the equations (23) . It is natural to ask for the number of triangles thus related 
to the curve. The contra variant of the general ternary quartic (arc)* which, 
when equated to zero, gives the locus of lines making sections such that g^^O^ 
is |aj3^|^||(Jy^|*|yaf |^=0.t When the quartic has a triple point, this breaks 
into a cubic * and the triple point counted three times. In the present case, 
the question asked above is most conveniently treated by the use of the polar 
conic of a point on the curve, as will now be shown. 

The necessary and sufficient condition that a binary quartic with distinct 
roots have 5^3 =0> ^^ that it contain as a factor the quadratic polar of each of 

*The four points on a line section of a rational quartic are not in general projective with the 
binary quartic of their parameters; but when the curve has a triple point, the parameters are projective 
with lines on the triple point, which are again projective with the points of a line section. 

t Clebsch, ** Vorlesungen fiber Geometrie/' p. 280. g^ in Salmon's notation is the Cz, o of the quartic. 

43 
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its roots. To prove this, let the quartic be written {at) {^t) (yOS where a and 
/? are real and y symbolic. For the quadratic polar of (at) we have 
[ {at) {fit) {yt)^ {at)'] =2|^a| |ya| (a^ (yO + \ya\'{at) {fit) 

= {at)\2\fia\\ya\{yt) + \yamfit)\. 
Since |j3a|=^0, {fit) becomes a factor when, and only when, \ya\ \yfi\ =0; i.e., 
when {at) {fit) is harmonic to {yt)\ Hence, the polar conic of a point t on the 
curve cuts it in points whose joins with t make harmonic line sections. This 
holds for the general rational quartic. If the curve has a triple point, three 
intersections of conic and curve are at the triple point (which proves that the 
contra variant of the preceding paragraph contains the triple point three times) ; 
two are at t and are to be disregarded, since the line section made by the tan- 
gent has a double root; the remaining three, when joined to t, give the lines of 
the cubic 4> on that point. We ask that a point t^ with two of these points, say 
<2 and fg J form a mutually related set ; i. e., if t^ gives t^ and t^ , t^ shall in the 
same way give t^ and t^ , etc. Now the polar conic of a point y as to © is 

8 8 

^^yoiy^—yi) (^2— ^i)'+2ao^o(^2— ^i) {y^—yiY=^' (26) 

Let the functions (23) of i, and t be substituted for y and x respectively. 
After cancellation of the triple-point parameters and a factor {t — t^)' corre- 
sponding to the point of contact of conic and curve, the result factors thus : 

[aoM(< + <i-«i)+«i(l-*i)(l-0(M-l)+«2(l-<i-0] 

'[aMti + t2-'i)-<^Mt + h)+(io(^i{t + t-2t,t)]={i. (27) 

Let these factors in order be denoted by ^^ and ^2 • ^1 is recognized as the 
quadratic polar of t^ as to 

C,,^,= [G,^z.C,^zy = <<^\<^Wot'{^^^ (28) 

which is a self-apolar quartic. For the binary quartic {at)^^{fit)^^{yt)^j 
the condition that {at^)'{at^)'={i, (a*i)^(a*8)'=0 and (a<2)^(a*8)'=0 be simul- 
taneously true is |ai3|*(y<i)^=0;* hence, the necessary and sufficient condition 
that ^1 and the roots of its quadratic polar be mutually related for every t^ is 
that (a<)* be self-apolar. (29) 

Since Cjo, 4 is self-apolar, we have proved a characteristic property of : 
Through any point of the curve are two lines making harmonic sections 
with the curve and such that the line joining two of their further intersections 
also makes a harmonic section. 

There are thus 00 ^ triangles of the kind sought. These will be called <^ 
triangles. On each side of such a triangle are two further intersections whose 

* Since U and *, are roots of (a«i)*(a*)* = 0, we have <,*, = ^-J'^', ^+ e, = "^^°,f'f^^*^\ Elim- 

inate *,and t, from (ot,)*(a*,)*= [/So'M. + i8o/3i (*» + 1,) +/3i«]«=:0. The result is ||8a|»|/37|Ma*i)*(7<i)*=0, 
which must be \afi\*{ytiy since (at)* has no other Cs, 4 • 
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parameters must satisfy ^2=0. ^^ is the polarized form of ^22^^1^2(1 — 
+ aoa2*— ^0^1^(1 — 0- For each i^ this factor gives a unique line of <l> and 
could be used to obtain a parametric representation of *. 

We consider next the involution on cut out by conies on its triple point.* 
The base-points of this involution are given by a quintic covariant of / which 
we call/ and whose covariants are indicated in like manner. The points /=0 
are cut out by a covariant conic on the triple point. Since a conic consisting 
of two lines on the triple point cuts out two arbitrary points, C; g is the canoni- 
zant of 7. (Invariant factors are neglected when the function is to be equated 
to zero.) Line sections of are quartics apolar to /. Since a root of the 
Hessian of a quintic is a triple root of an apolar quartic, 11=0 gives the 
parameters of the flex-points, and S=0 (the Steinerian off) the further inter- 
sections of the inflexional tangents with the curve. When a line section for 
which 5^8=0 has a double root, it has a triple root, and the line is a flex-line. 
We therefore obtain the flex-parameters by putting t = ti in ^^ and ^2- It 
follows that H is fC^^fi^^^^j where p is an invariant function or numerical. We 
now have these relations between the covariants of / and of / : 

Since C2,2 is the Hessian of Cy^g (§3), / is such that its Hessian contains its 
C^2 ^s a factor. Referring to the syzygy 

6niO'—9iT^—j{4:jB+6ra) =0 
derived by Dr. A. E. Landry, f it is evident that when ; (the canonizant) does 
not contain r (C^^j) ^s ^ factor, i.e., when the discriminant of the canonizant 
does not vanish, 5=0 is the necessary and sufficient condition that H contain 
r. Hence, J?=0. (This B is the invariant of degree 8.) 

It may be verified at once that the section made by the line (1, 1, 1), which 
is the polar of the triple point as to the triangle ABC, is C^Q^^=0. We have 
thus four points of inflexion on a line. The remaining flexes are given by 
(72,2=0- We wish now to show that the flex- tangents at these points meet on 
the curve. Recurring to the expression ^j, (27), it ban be shown that i^ with 
the roots <2 ^^d t^ forms a cubic apolar to both Cg.g and C7 g. It is necessary 
first to prove a theorem on apolar cubics. 

When two binary cuhics are apolar j their Jacohian is a self -apolar quarticj 
and triads apolar to both cubics are made up of a point and its quadratic polar 
as to the Jacobian. 

*Cleb8ch, " Vorlesungen," p. 4fil, 

t"A Geometrical Application of Binary Syzygies," Transactions of the American Mathematical 
Society, Vol, I (1909), p. 106. 
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Let the cubics be {aty and {fitYj where |a/8|^=0. Their Jacobian is 
|a/3| {aty{^ty. If <i is a root of a cubic apolar to (a^* aiid (/30S the other 
two roots are given by the Jacobian of the quadratics (a^i) {aty and {^t^) {^ty; 
namely, \aP\{ati) {^t^) (at) (fit). We wish to prove that this quadratic is 
the same as the quadratic polar of i, as to \a^\(aty{^ty. Polarizing 
\afi\ {atyifity twice, we have 

. (1) \a^\\^{at){at,)m{^tj + {aty(pt,y+{at,y{^ty\=^^ 

We have identically : 

(2) (oit){fit,)^\afi\\t,t\ + {^t){at,), 

(3) {oLt,){^t)^\a^\\tt,\ + i^t,)iat). 

Substitute in the second and third terms of (1) after multiplying (2) and (3) 
by (at) (fit^) and (at^) {^t) respectively. The result, after simple reductions, is 

(4) 6|ai3| (at) {at,) {^t) (/?<,) + |a^|«|M|*=0. 

Since |aj3|^=0, this reduces to its first term, and the second part of the 
theorem is proved. To see that the Jacobian is a self-apolar quartic, it is 
suflScient to note that the roots of a cubic apolar to two cubics are in an involu- 
tion and to apply (29). 

Now Cg^g and Cy g are apolar, and Cjo.* is their Jacobian. We have thus 
proved that the oo ^ cubics which give vertices of 4> triangles are the self-apolar 

pencil Cs^s+^C-j^s' (30) 

The product C^ gC's.i is a member of this pencil; for, [Cg g, Cg^gl^^C'g^i 
and [Cy^g, ^2,21^=0. Hence, the triangle C^^ 2^5.1 is a * triangle. Since the 
polar conic of a point of inflexion is the flex-tangent and a line on the triple 
point, two <!> lines through a flex-point coincide with the flex-tangent, which is 
therefore a side of the <I> triangle. Hence, when two flex-points are vertices, 
the flex-lines must meet at the third vertex, which is a point of the curve. We 
have now proved a second important property of : 

The six inflexions break up into sets of four and two; the four are on a 
linCj and the tangents at the remaining two meet on the curve. The param- 
eters of the two sets are given by Cio,4=0 and C^^^^O respectively. 

The intersection of the two flex-lines, the point Cg^ i on ©, is on the line join- 
ing Cg^a and Ce^2 as points determined by quadratics on N; for, [Cg.gCs.sl^— ^'5,1, 
which says that the line >7 of Cg^j passes through point C2,2- Lines through 
Cg^i on cut the curve in three further points which form a pencil C-f XC, 
where C is a cubic and C its cubic covariant. 

We consider now tangents to at vertices of a <I> triangle. Tangents at the 
reference points are easily seen to meet at point G^^2i tangents at the vertices 
C2. 2^5,1 ^^^t at Cfi 1; and tangents at the triple point Cy^, (a <!> triangle with 
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coincident vertices) meet there. It will be shown that the tangents at vertices of 
each <!> triangle meet at a point, and that the locus of such points is the straight 
line joining C^,^ ^^^ ^6.2* Beginning from the converse standpoint, we find 
the sextic of points of contact of tangents from a point x of the plane. The 
tangent at y on the curve is 

8 8 

32ao2/o(y2— 2/i)'(^2— ^i)+2aoa:o(2/2— J/i)'=0. 
Substituting for y the functions (23), the result reduces to 

3C8.8C2.2«o«i«2[^o'+^i(l— 0— ^2] +Cr,z[^ot%+ai{l—t)%—a^^] =0, (31) 
which gives the points of contact of tangents from x. When x is on the join 
of Cg 2 (or 1, 1, 1) and C^^z (^o~S (^T\ a^^), we have x~aT^+fiy t=0, 1, 2. Sub- 
stituting these values of x in (31), the sextic becomes 

3aoa,aA8G2.2 [~ + ^- ^} +^7.a[*«+ (l-O^-U 

In terms of covariants this is 

3C3.,[C2,2C5. -Cr,3]+/ti(aoa,a2)"'^7,8=0. 
Since G^^^C^^^=C^^^C^^ 1—^7,8 , w« obtain 

or 

3Cl,Ai-[3-(aoa,a2)-VC,,o]C?,8=0. 
The factors of this are of the form C'2,2^'5.i+'^^7,3' which is identical with the 
pencil (30) giving the vertices of 4> triangles. Hence: 

The six points of contact of tangents drawn from a point of the line Cj^jCj ^ 
break into two sets of three^ and each set forms a 4> triangle. 

It is interesting to note that <!> triangles may be obtained by drawing the 
lines of £■ (§2) from a point on the line Cg 2^2,2 ^^^ taking their intersections 
with the corresponding lines yi {% 5, (21) ). For, if the line K is made to pass 
through i»^=ar^+^, the resulting cubic is 'io,Qa^afi^^^—fiC>j^^j which is again the 
pencil (30). Triads of this pencil on N are points of contact of triangles cir- 
cumscribed about N and inscribed in the conic F on the five points Aj By (7, C^^ 2 
and Cg 2- For, the conic on the vertices of triangles whose sides touch N at 
C8,8=0 and C7 8=0 is on the Hessian point of each cubic. The conic F cuts N 

i^ ^10.4= re's. 8 > ^7,8]^- 

The triangle C^^fi^^^ on (formed by the two flex-lines which meet on the 
curve and the line joining their flex-points) is a natural triangle of reference 
for the curve. Let the triple point be the unity point as before, and take the 
line joining the flexes as a?j=0. The curve may be generated by the inter- 
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section of a line on (1, 1, 1) with a correlated line on (0, 1, 0), the intersection 
of the flex-lines. The coordinates of the variable lines may be taken as 

£: a««, -b.i ^^^^ 

The curve is then written 

x,=b{l-t), x,=:at'-bt, x,=at'{l-t), I 

The reference scheme uses eight coordinates, and the ratio a : b gives the nine 
necessary to determine the curve. Since three line sections are known, the 
fundamental quintic to which all line sections are apolar is readily found : 

f=a(t'—5t*+10t^)—b{10t^—5t + l)y 
from which B=Iq=0 is verified. The conic on the points 7=0 is 

a^+6a^+xl'{-3xi{xQ+X2) —14:X^^=0. 
The parameters of the four flexes on a line were given by the Jacobian of 
cubics of any two 4> triangles. We now have Cg.g^Cy 3=af* — b and Cj^g^s.i 
= t{l—t). The Jacobian is b — 2f + 2a<*— a<*, which is again cut out by the 
line (1, 1, 1). This verifies, (what could be seen otherwise) : 

The line on four flexes is the polar of the triple point as to all <^ triangles. 
Moreover, the conic on 7=0 is tangent to this line. 

<!> is now 00^0(^1+^2)* — ^f2(fo+fi)*=0, and the locus of self-apolar line 
sections is 4^o^i— (^1+^2) (^o+fi) =0. Parametric equations of * are obtained 
• by making use of the fact that when t^ is a vertex of a 4> triangle the quadratic 
of intersections other than vertices on the opposite side is the quadratic polar 
of ti as to Cy^g. This is proved by consideration of the values fi=0, 1, cx) . 
The quadratic is at^t^ — 6=0. Using (33), the line joining the two points on 
given by this quadratic is found to have coordinates 

fo=-6(l-0, ^,=t{at-h), ^,= _a<«(l-0, 
the subscript having been dropped from t^ . These equations express a side of 
a <!> triangle in terms of the parameter t of the opposite vertex. 

We can now prove 'a property of the six points of the curve other than 
vertices on the sides of a <I> triangle.* It has been seen that the two points 
on one side of the triangle are given by the quadratic at^t^ — 6=0. Calling the 
roots t and — f, we write in line coordinates the points t and — < of given by 
(33). The product of these points is rational in t^. Eliminating t^ by means 
of at^ — 6=0, we have, for the points on the side opposite t^j 

* This property is made the basis of the discussion of the curve by R. A. Roberts (Proceedings of 
the London Mathematical Society, Vol. XVI) . 
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a^otl{at,-h)-ab^lt,{l-t,y-b^,{at-b) 

+ 2^,^,abtl{l-t)-2^,^,abt,{l-t,) =0. (34) 

We wish to show that three such degenerate line conies are members of a 
pencil when t^ , t^ and ^3 are vertices of a 4> triangle. <i , t^ and t^ must satisfy 
an equation of the form C'g.gC's, 1+^^7.8^^- ^ ^^® present notation this is 
at^ — 2,t^+Xt — 6=0. The conditions are therefore (the s'q being the symmetric 
functions of the three fs) s^^s^ and s^=b/a. The second condition is used to 
eliminate b from (34). After division by a^, the result is 

eA{t-s,)-eM'^^hy-mr-s,)+2k^,t\{^^^ 

The matrix of three such conies, when 5^=52, vanishes identically, and the 
conies therefore belong to a pencil. Hence : 

The six further points of the curve on the sides of a <b triangle are six 
points on four lines. 

% 7. The Binary Quintic Represented on a Rational Cubic in Space. 
Let the p* in space be written in points : 

x^=t^j x^=U^, x^=3ty a;j=il, (35) 

and in planes : 

^0=1, ^i=-«, ^,=t^ ^z=-t\ (36) 

Any point of space in terms of parameters of planes from it to the curve is 

^Q—hj ^i = ^2> ^2=^1 > ^8=1; (37) 

and any plane in terms of its intersections with the curve is 

fo=l> si= i^i> 52=4^2> 58= ^8 J (38) 

where s^ , s^ and 53 are the elementary symmetric functions of three t's. 

Let the quintic be written in canonical form as before (§ 1, (1)), and let 
the canonizant points .4, J?, C (t=0, 1, 00 ) determine a plane n and a point p. 
From (37) and (38) it is seen that the condition that two cubics be apolar is 
the same as the condition that the point of each lie on the plane of the other. 
Since a cubic is self -apolar, p is on n. n is the plane x^=x^, and p has coordi- 
nates (0, 1, 1,0). 

From any point of n are three planes of p^ whose intersections with n are 
lines of a rational plane cubic. At A, B and C the three planes coincide ; hence, 
the curve has three cusps and the intersection of the cusp-tangents is p. It 
is a rational quartic in points. Since the intersection of two consecutive planes 
of p' is the tangent line, the same curve is the locus of the intersection of tan- 
gent lines of p* with n. It is obviously the section of the developable quartic 
surface which p^ determines, and is independent of the ratios a^ia^ia^. To 
find its double line, we look for a line of n which contains two planes of p*. 
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The bisecant line from p meets p*.in the Hessian of the canonizant cubic. 
Since these two ^'s and any t are apolar to Cg^s^ the planes of these points and 
any plane of p' meet on tc; that is, the two planes meet on n and give the 
double line. The points of contact are cut out by the two tangent lines to p*. 
The parameters are given by C^ 2=0- 

A transformation of the plane is determined by quartics on p* apolar to /, 
as follows : let tj^jt^t^^ be apolar to /, and let lines t^t^ and t^t^ meet tc in P and 
Qy respectively ; then P and Q are corresponding points of the transformation. 
Thiat this transformation is one-to-one and involutory is clear from the fact 
that from a point of the plane but one bisecant line can be drawn, and that the 
two values of t thus found uniquely determine the second pair in the apolar 
quartic. It is the same transformation as is gotten by taking the cubic polar 
of t^t^ as to / and finding the intersection of planes of p* at these points. Since 
cubic polars are apolar to Cg.s? the point so found will lie in n. To express 
analytically this transformation, we take as reference triangle the triangle 
ABC J and as unity point the transform of p. If the bisecant line from P of n 
meets p' at t^ and t^ , the transformed point Q is given by the cubic 

a,t%t,+a,{l-ty{l-t,){l-t,)-a,=0. 
The coordinates of Q are therefore 

(JOo=s^=—a,{l—t,){l—t^)+a^/ 

x,=x,=s,=-3a,il~t,){l-t,)A (39) 

a?8=«oM2— «i(l— ^) (1—^2) 
Now the bisecant from p gives points C^2=^ ^^ P*; *• ^-i *i *^d t^ satisfy t^—t 
-|-1=0. Using these values in (39), we find rro = ai— ag, x^ = x^=3aiy x^^a^—a^. 
This is the transform of p, and is to be taken as the unity point yQ=y^=y^ in 
the plane. Since the space coordinates of ^, J5, and C are known from (35 )> 
the transformation from space to plane is readily found : 

x^=x^=3a^y^, a^y^=x^j x^=x^, ^ (40) 

^8=^i2/i— «oyo» ^22/2= (^1—3^0). 

Applying this substitution to the equations (39), we find for Q\ 

2/o=M2, 2/,= (l-^)(l-y, 2/,=l. (41) 

It is thus proved that if the bisecant line from P meets p^ in f ^ig > *^^ trans- 
formed point Q is at the intersection of tangents tj^n ^o ^^^ conic yo=^S 
y^= (1 — t)^y 2/2 = 1- The position of the conic is determined by the reference 
scheme as described above. The coordinates of P in terms of t^t^ are found 
from the equations of two planes on the chord t^t^ of p'. Changing to y coor- 
dinates by (40), we find for the intersection of the chord with n: 
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yi= [aoMJ^S y[= Wl-t,) il-t,)r\ y\= [a,]-^ (42) 

Comparison with (41) shows that P and Q satisfy (17). Hence, the transfor- 
mation of the present paragraph is identical with the quadratic transformation 
Tof%Z. 

When t^ = t2 9 P traces the quartic K and Q the conic N (see § 2, following 
(13) ). Point p named by its tangent to N is C2.2=0, and its transform (1, 1, 1) 
is Cg j=0 as before. If from the fixed points of T in 7f the bisecants are drawn 
to p*, the four quadratics {at^y{aty=:Oy (af)*(a*i)^=0, or C4^8=0 (14), are 
obtained. The quadric cone formed by projecting p' from a point t on it cuts 
71 in a conic on ABC which is the transform of line t on N. 

The rational plane quintic (§ 4) was defined as the locus of the inter- 
section of a tangent to N with the corresponding line of K {^2). For this we 
may now substitute the following : Given p* and a plane cutting it, inscribe any 




Fig. 2. 

conic in the triangle ABC of the three points in the plane ; correlate points of 
conic and cubic in such a way that the point of contact of the conic with the side 
BC corresponds to A on p*, etc. ; the plane t of p* and the tangent to the conic at 
the corresponding point t meet at a point whose locus is 0. The number of 
coordinates used in the plane is 8 for the triangle and p, and 2 for the conic. 
The binary quintic is not mentioned, but it is at once recovered through the fact 
that p gives Cj^g on N, and (1,1,1) gives (by its bisecant) Cg g on p*. 

Certain relations between the points given by the Hessian and Steinerian 
covariants on p* and A" are of interest, (a) Let h and 5 be a pair of corre- 
sponding roots of the Hessian and Steinerian of / on Nj and h' and s' the 
• points having the same parameters on p^ (See Fig. 2.) By the definition of 
K {^2) the line of K having h as parameter is tangent to iV at S; and it has 
been shown in the present section that a line t of K is the intersection of n 
44 
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with the plane t of p^ Hence, the six planes of p* at the points H=0 cut the 
plane of the canonizant in six lines of a coniCj and the points of contact are the 
points S=0 of a correlated quintic on the conic. (/?) The tangent to p* at h' 
meets n at JB, the point with parameter h on K. This point has been shown to 
be the intersection of tangents to iV at 5 and fe (^ 4, first paragraph). If we 
join s' to a variable point t' on p*, the line meets n in a conic whose transform 
by T is the line Rsj as was shown above ; this is in accord with the fact that 
the cubic polar of s't' always has a root at h\ When f=h\ the cubic polar has 
a second root at h\ and the point determined on n by this cubic is on the inter- 
section of two consecutive planes at h' ; that is, the point is R. Now the chord 
s't' meets n in the transform by T of the point given by the cubic polar of s't'. 
Since h^s is a quartic apolar to /, the transform of 12 is ^ on N. Hence, chord 
s'h' contains h. If the points h on N were given^ we should obtain the pairs 
s'h' by drawing bisecants to p* from them; the planes of p* at points h' will then 
determine points s on N. (y) Since Rs is tangent to N and Ky the conic into 
which Rs transforms by T is tangent to K and N: to N Sit hy and to K at the 
transform of s. Therefore, six conies on ABC are tangent to K and N; the 
points of contact on N are at J7=0, and the points of contact on K are cut out 
by tangents to p^ at S=0. 

Two parameters ti , t^ on p* give a cubic polar whose plane (named by t^ , tj) 
passes through p. The locus of the intersection of chord t^t^ with plane t^t^ is 
a surface ft whose points are in one-to-one correspondence with the points of 
71, the point t^t^ of the surface being made to correspond to the point y of (41). 
(It will be recalled that this y is the transform by T of the intersection of 

chord t^t^ with n.) Let 

t,+t,=a,, t,t^=a,. (43) 

Equations (41) are equivalent to 

Two planes on the chord are 

Sx^—a^x^+a^x^ =0,1 * 

—x^+a,x^—a^j^=0.j ^ ^ 

Using (10) with change of subscripts and (38), the plane t^t^ is found to be 

«o<y2^o+«i(l— <yi+<y2) (— a^o+^i— a?2+^)— O2a;8=0. (46) 

Elimination of Cj and a^ from (45) and (46) gives the equation of the surface. 
To express analytically the above-mentioned correspondence between points of 
ft and 7f, we eliminate a^ and a^ between (44), (45) and (46). Or, eliminating 
X from the equations (45) and (46) and (a;^)=0, then using (44), we find as 
the equation of the point of ft corresponding to y : 
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=0. (47) 



3y2 —iyo—yi+y^) Vo o 

«oyo— «iyi ^uVi — ^i^i «iyi— 2/22/2 

so ?1 S2 S8 

The coeflScients of the f 's in this equation are the coordinates of x ; that is, we 
have x^=fi{yoj y^ 2/2) > where /^ are homogeneous cubic functions of y. The 
transformation from plane to surface is then such that a plane section (x^) =0 
is the map of the plane ctibic (/f ) =0. 

The four cubics A(t/oy yu 2/2) =0 have six points in common; they are in 
fact cubic adjoints of (§ 4)- To see this, we recall that the parameters of a 
double point of are subject to the conditions (a<i)*(a<j) =0 and {at^)*{at^) =0. 
If ii and t^ are roots of (j3f)*=0, this is equivalent to the requirement that 
{fity be contained as a factor in its cubic polar \afi\^(aty. In Salmon's nota- 
tion this becomes 

ao^M'+«i(l-«,) (1-^2) {l-ty-a^^p{b,+2b,t+b^t^) {c,-\-c,t). 

Eliminating c^ , c^ and p from the four equations to which this identity gives 
rise, and substituting for the &'s their equivalents in terms of the point y 
determined by the quadratic, we obtain four equations in y which a double 
point must satisfy. These are precisely the four cubics found above. 

The surface ft contains p^, and this curve is the map of ; for, if t^ and t 
satisfy (afi)*(ai) =0, the cubic polar of the quadratic tt^ contains t^ as a fac- 
tor, and the intersection of chord M^ with plane f i^ is the point t^ on p\ The 
corresponding point tt^ of 7f is on by definition of the curve. 

Surface ft meets n when chord t^t^ meets plane t^t^ on n. Let chord t^t^ 
meet 7t at P as before. The plane t^t^ {i. e., the plane cutting p* in the cubic 
polar of t^t^) contains Q, the transform of P by T, and p. Therefore, the sur- 
face meets n when P and Q are in line with p. The locus of such points is the 
plane cubic ft. (See § 5. Point C^,^ of § 5 is p.) Making x^=X2 in the equa- 
tion of tiie surface and using the transformation (40) gives equation (20) of 
§ 5. That Ay B and C, the fixed points of T, and p are on this curve is seen at 
once from the present standpoint. The double points of were given by quad- 
ratics which are factors in their cubic polars. If t^t^ is such a quadratic on p^, 
the plane of the cubic polar contains the line t^t^\ P and Q are then on the sec- 
tion of the plane with 7t, which says that the double points Q are on curve ft. 
Since the line t^t^ just referred to lies in its plane, it is a line of the surface ft. 
Six lines of the surface are thus accounted for. The six conies and fifteen 
lines determined by the double points of map into the remaining twenty-one 
lines. 
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A theorem proved by Stahl* states that adjoint cubics of a rational quintic 
which are on two fixed points ij and t^ of the curve meet further at the inter- 
section of tangents to the perspective conic with the same parameters. In the 
above mapping process, the point of n whose parameters with respect to the 
conic N are t^ and t^ , was made to correspond to the third intersection with ft 
of the chord t^t^ on p*. StahVs theorem follows at once from the fact that 
cubics on two fixed points of map into plane sections on a fixed chord of p' 
which have necessarily the same third intersection with ft. 

§ 8. Further Consideration of Rational Quintic of % ^. 

The quintic was defined as the locus of the intersection of tangents to 
N at points t and V when {aty{aV) =0. It was seen that the parameters of 
its double points satisfy {aty{aV) =0 and {aVy{at) =0, from which, by elimi- 
nation of t\ we obtain G^yG^^^^=0. The first factor is accounted for by the 
fact that is five times tangent to N at the points /=0 (§4). The parameters 
of the double points then satisfy a G^.^^=Q. 

To express this G^^ ^ in terms of the irreducible system, we let and oo be 
two of its roots. Then / takes the form 

/^ao«^+10a,<»+10a3<«+a5. (48) 

C4^,j must be of the form C|^6+^C'2,2C1,fi* We determine X so that this shall 
have roots 0, oo when ai=a4=0. In symbols, 

Putting t=0 gives for the determination of X: 

whence, when ajai = ajoo = , ^ = — § . Hence, 

^4, 12= ^, « — §^2. 2 ^, 5 • (*9 ) 

The above form (48) of / isolates one of the six double points by giving 
it the parameters (0, oo ). Certain properties of the curve are easily discussed 
from this standpoint. We take N in the form 

x^=t\ x, = 2ty x^=l. (50) 

The triangle of reference is now formed by two tangents from a double point 
to N and the line joining their points of contact. The equation of the conic 
on the remaining five points is found as follows : The adjoint cubics, found by 
the method of § 7 (paragraph following (47)), now take the form 
oLoXQ+a^x^ Sia^x^+a^x^) Sia^x^+a^x^) a^x^+a^x^ 
x^ —X, x^ 

x^ — Xi Xq 

Vo Vi Vt % 



=0. (51) 



**'Zur Erzeugung der ebenen rationalen Gurven," Mathemaiiache Annalen, Vol. XXXVIII (1891). 
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By proper choice of the >7's, this will break into a conic and a line on the double 
point (0, 1,0) ; for convenience, we make it contain Xq as a factor. The result- 
ing equations for the vi's are 

4ag>78— a5>7o=0, 6a8>78— a6>7i=0, >72=0, 

from which is obtained the conic 

6ttoa8a^+ (aotts— 16a2a3)a;f +6a2a5a|— 24a|irij;2 

— 24ala;oa?i— (20a2as+aoa6)a?o^2=0. (52) 
The product of the tangents from (0,1,0) to conic (52) is found to be 
^o[6aoas(aoa5— leagttg) — 144a|] +a^[6(Z2a5(aoa6— IGajaj) — 144a|] 

+a?o^j[32ala|— ajal— 4aoa2a8a6] =0. (53) 

To find the cubic adjoints with double point at (0,1,0), we make the polar 

conic of this point, as to cubic (51), degenerate into two lines of the form 

aa^ + bxQX^+cai=zO. The resulting two conditions on >7< give >7g=>7j=0. The 

pencil of rational cubics is 

>7i [<X^o{(X'Cp^O—^(h^2) —^l^li^OLs^O + 0^5^2) 1 

+>72[^(a6^2— 2a8^o(— ^o^i(ao^o+4oha^2)] =0. (54) 

Two members of the pencil have a cusp at (0, 1, 0) . To find the cusp tangents, 
we require that the polar conic 

be a perfect square. Elimination of rj^ and rj^ between this quadratic and its 
discriminant gives for the cusp-lines : 

2a^flL^+a^a^x^2+2a^a^(4=0. (55) 

There is a simple relation between these lines, the tangents to at the same 
point, and the tangents to N. The equations for are now : 

XQ=^a^t* + 6a^t^+a^tj 

x, = -aot'-2a,t'+2a,t^+a, , I (56) * 

a?2 = — aQt* — Gaji*— 4a8<. 
The line equations are found from these by differentiation, and the values <=0, 
cx) give for the tangents to at its double point : 

{4a^^+afiX^) {aoXf,+4:a^x^) =0. (57) 

The same pair of lines are obtained by differentiating (55) partially with 
respect to Xq and x^ . Hence, the tangents to are the harmonic conjugates of 
the tangents to N with respect to the cusp-lines of cubic adjointSj all six lines 
being drawn from the same double point of 0. 

From the standpoint of the space cubic p* (§7), the above result is inter- 
preted as follows : The six double points (1, 2, ,6) of map into six lines 

*Thi8 is found as the intersection of line t of ^ with the corresponding line i of JT. See §4. The 
coordinates of the lines are respectively (1, — *, t*) and (at*(at)*, a^y^{ai)*, Oi"(o<)'). 
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of the surface Q ; and the conies C^ yC^on five of the six points map into 

six lines, the two sets forming a double six. Let point 1 give line a^ , meeting p^ 
at t^t^y and let the corresponding conic Cj give line b^ (which does not meet p'). 
The cusp-directions (55), being the double lines of the involution of tangents 
to cubic ad joints, transform into the points of a^ on the parabolic curve of £1. 
Any line on point 1, in particular the tangent t^ to iV, transforms into a plane 
section on 6^ . Since the transform of N is the section of fl with the develop- 
able surface determined by p*, the point of contact t^ on N becomes the third 
intersection of tangent t^ to p^ with ft. Hence, interpreting / on p* without 
regard to N: 

If *i, <2 «^6 « Po>i^ of associated roots of C^^^^j (49), and give chord a, o/p^, 
and if 6j is the corresponding line of the double six on ft, the line t^ of p* meets 
il in a further point P such that the plane b^P cuts a^ in the harmonic con- 
jugate of ti as to the parabolic points of CI on a^. 

The five lines from (0, 1, 0) to the remaining double points are found by 
elimination of x^ from the cubics in the brackets of (54). The result is 

al^ + 2aQa^xiXi—8a^4^l + Sala^a:l—2a^a^XQxl—alxl =0. (58 ) 

The lines to the five points /=0 on ^^ are found by eliminating t between /=0 
and a?o=^^ ^2=1- 

ao4+20aoaja?Ja2+100a|rrga;^— lOOafic^— 20a8a6a;o^J— ala;J=0. (59) 
Quintics (58) and (59) are apolar. That is, the six points have the property 
that lines joining one to the other five are apolar to lines joining the same 
point to a set of five fixed points in the plane. 

We now have C2.2=3a2*^+ (aoa5+2a2a80+3a3. The point C^^^ therefore 
has coordinates 

a;o=3a|, a?i= — (aoa5+2a2a3), a?2=3a|. 
The cubic polar of the quadratic (0, oo ) as to / is Sa^t^+Sa^t. Two roots of 
this are (0, oo ), and the third is the y of §4. The point y on ^ is therefore 

iCo=a|, a;i = — 2a2a,, a;2=a2- 
Comparison with the coordinates of C^^^ shows that these points are in line 
with the double point (0, 1, 0), which agrees with the theorem of § 4. We have 
also the coordinates of the following lines : 

Polar of Cg, 2 as to A^ : 6a| , (aottj + 2a2a8) , 6oJ . 

Polar of (0, 1, 0) as to conic (52) : 12a|, (— aoag+ieajag), 12a|. 
These lines meet on a?i=0, the polar of (0, 1, 0) as to N. Now the line C^^^ is 
determined by a co variant of / and is therefore independent of the choice of 
the double point to be used as (0, 1, 0). Hence: 
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The intersections of the polars of each double point as to Nj and as to the 
conies on the other five^ are six points on a line. 

The line on which the above six points lie (i. e., the polar of Cg g as to N) 
is a covariant line of which appears also in the case of the general rational 
plane quintic. It makes the unique line section apolar to all line sections.* 
Since is defined {at)^{at') =0, a point of the curve falls on the line C^ 2=0 
when quadratic tt' is apolar to C2,2- Hence, the parameters of points on this 
line satisfy [/, C^^^l =C'V5=0. In the present notation we have 

C\ 5«ao (aoa5+ 2a2a3) t'+6 (aoa|-4a?) t'+2a, (aoa5-16a2a3) t^ 

— 2a8 (aottg— IGagag) t^—6 (a^g— 4aS) t—a^ (aottg + 2a2a3) . 
The apolarity of this with the line sections x~Oy (56), is easily verified. 

Parametric equations for the conic Cj on double points 2, 3, 4, 5, 6 may 

be found by use of a corollary to Stahl's theorem on the rational quintic (see 

end of §7). The corollary states that C^ and the perspective conic N are in 

triangular relation. Consider triangles with vertices on C^ and sides touching 

N. We name a point of Ci by the t of the point of contact on the opposite 

side of the triangle. Ci is given by equation (52) . Line Xq=0 cuts Ci in points 

whose equation is 

(aoa6-16a2a3)^l+6a2ag$?+24^,^,=0. 

To find points of contact of tangents from these points to N^ write ^o=l> 

^1= — ty ^2=t^. The resulting quadratic gives the parameters of the points of 

Cj on Xq=0. The quadratic x^=0 is found similarly. The tangent to N at 

<=1 is Xq — x^+x^=0. The tangent at a variable point i, x^ — x^t+X2t^=0y 

meets this at x^^=t,x^=l + t, X2=l. Substitution of these values in (52) gives 

the quadratic of the section Xq—x^+x^=0 with Cj . From this, using quadratics 

Xq=0 and x^=0 already found, the section x^=0 is determined. The equations 

for Cj thus found are 

Xq= (ttoag— leaattg) «^— 24a|< + eagag ^ 

a;i=24a^f*+(52a2a3-aoag)i + 24a|, [ (60) 

x^=6aQa^t^—24:alt+ (aottg— 16a2a3). 
That these quadratics are not to be multiplied by factors independent of t is 
verified by substitution in (52). 

The polar of the sixth double point (0, 1, 0) as to C^ is 12{ayvQ+alx^) 
— (a^ag— 16a2a8)fl?x=0, whence the quadratic of points of contact of tangents 
from this point is 

* If the general rational quintic is represented by gB^=zf^(t), a line section | apolar to all line 
sections must satisfy [ft, eo/o + €i/i + Wt]' = 0. The conditions on {, namely ^i(/», /i)' + la(/o, /t)" = 0, 
6,(A, «* + {.(/», /a)'' = and eo(/., /•)• + !»(/., /i)* = give 6, :{»: ^, = (/x, /,)":(/„ W ':(/•, /OS which is 
unique when the /'s are general. * 
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f^[12a|(aoa5-16a,a3) -6 • 12aoa|] 

+ t[{aoa-15a^a,) (52a,a3-aoa5) + (24)«a|a|] 

+ ri2a|(aoa5-16a2a3) -6 • 12a|a6] =0. 

The discriminant of this quadratic is the function whose vanishing is the con- 
dition that the six points lie on a conic. 

To find the quintic of the five double points on C^ , we find the intersections 
of Ci with any two adjoint cubics. The two sextics in t will have a quintic 
factor in common, which is the required quintic. This is found to be 

F(0=ao(a,a5+8a2a3)<«+12(aoai-8ai)<*+16a2(aoa5-19a,a3)<« 

+ 16a3(aoa5-19a2a3) t^+12 {a,(A-8al)t+a, (aoa6+8a2a3) . 

F{t) is apolar to f=aot^+10a^t''+10a^t^+a^. 

The six double points of are completely determined as the fixed points 
of a certain (3, 1) correspondence. Let / be written a^t^+aiil — t)^ — ag, and 
take N in the form a?o=^^ a?i= (1 — OS ^2=1> as in § 1. Let t^t^ on N give point 
2/, and let ^3,^4, t^ be roots of the cubic polar of t^t^ as to /. Lines of N at points 
hy^49 h form a triangle whose vertices are three points x corresponding to y. If 
<3 and t^ were given, we should find y as the intersection of the quadratic polars 
of these points as to / ; hence, one x gives one y, and the correspondence is 
(3, 1). From the fact that a double point of belongs to a quadratic which 
is a factor in its cubic polar, x and y coincide at the six double points and only 
there. . The coordinates y must be rational functions of the coordinates x. 
Let X belong to the quadratic t^t^ . The lines cutting out the quadratic polars 
(i.e., the lines of K (§ 2) having these parameters) are 

a^tly ai(l— <J«, — a^, 
whence 

Since x^=t^ti, x,= {l — t^) (1 — t^), ^2=1, and 2:o"~^x+^2=^s+^> ^^^ transfor- 
mation takes the form 

flcVo = ( — iCo + ^1 + a^z) '—OOiXi , 

The conies y<=0 are on the point (1, 1, 1). Sets of three points x correspond- 
ing to one y are three variable intersections of this net. 
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The Quartic Curve and its Inscribed Configurations. 

By ET. Batbman. 



§ 1. Introduction. 

Whereas the geometry of a planar cubic curve can be regarded as fairly 
complete, that of the quartic is far from being so. It is true that the present 
knowledge of the properties of the curve is very extensive, as may be seen 
from the admirable article by G. Kohn and G. Loria in the "Encyklopadie der 
Mathematischen Wissenschaften'';* but there are several important questions 
which have still to be answered. Some of these are mentioned in Ciani's recent 
report, t At present the most useful form for the equation of a general quartic 
is that obtained by regarding the curve as the envelope of a family of conies t 

X'S, + 2^8^ + S, = 0, 

where >l is a variable parameter. This form, however, is unsuitable for a dis- 
cussion of the invariants and covariants of the curve. A canonical form con- 
sisting of the sum of the fourth powers of five linear functions can not be used 
for this purpose, for Clfebsch § has shown that the equation of a quartic curve 
can be thrown into this form only when the invariant B (the catalecticant) 
vanishes. The sum of six fourth powers is a possible form, || but the equation 
of the general quartic can be reduced to this form in oo' ways. It is easy to 
deduce from this equation that three comers of the hexagon given by the six 
linear forms form an apolar triad with regard to the quartic, and that the sides 
of two such hexagons touch a curve of the third class ; but the equation is not 
adapted to a simple discussion of other geometrical properties of the curve. 
It has been found by experience that it is convenient to have a number of 
typical forms for the equation of the curve, each form being appropriate for 
the study of the properties of the curve relative to some inscribed configuration. 

* Bd. Ill 2, Heft 4 (1909), pp. 617^70. 

t «Le curve piane di quart' ordine," Oiomale di Matematiche, t. 48 (1910), pp. 259-304.- 
t G. Salmon, "Higher Plane Curves," Dublin (1862), p. 196. 
§ Crell^a Journal, Bd. 59 (1861), p. 125. 

II Rosanes, Crelle'a Journal, Bd. 76 (1873), p. 329. Scherrer, "Progr. Frauenfeld," p. 17. Scorza 
Annali di Matematioa (3), t. 2 (1899), p. 329. 

45 
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In some cases the existence of the configuration implies that the quartic curve 
is not general. Such cases are studied here in detail so as to prepare the way 
for the determination of the relations between the invariants which correspond 
to each particular case. A complete system of rational invariants of the general 
quartic curve has not yet been obtained in a form which is easy to use ; but, 
thanks to the labors of Salmon,* Clebsch,t Maisano,t Gordan,§ Caporali, || 
Pascal If and Emmy Noether,** considerable progress has been made. In par- 
ticular, Pascal has obtained criteria for certain types of degeneration, and 
Noether has constructed a relatively complete set of forms. Drs. Morley and 
Conner ft have found the relation which connects the invariants A and B when 
the curve contains oo ^ configurations of fifteen points lying by threes on twenty 
lines, while Caporali has obtained some of the relations which are characteristic 
of certain other special types of curves. 

A result of considerable importance for the invariant theory has been ob- 
tained by writers on Abelian functions of genus 3. tt It follows from the 
work of Biemann and Schottky that the invariants of a quartic curve can be ex- 
pressed rationally in terms of six fundamental quantities which can be regarded 
as irrational invariants of the curve. In particular, the twenty-eight bitangents 
can be represented by equations in which the coefficients are rational functions 
of the six fundamental quantities. §^ Cay ley has shown that the quartic curve 
possesses a double point when the irrational invariants are connected by a 
certain relation. The Abelian theory has been further developed by Klein, || || 
Wirtinger,1[1I H.F.Baker*** and J. E. Wright. ttt Frobeniusftt has obtained 
similar results by algebraic methods. In his second memoir he starts with 

* "Higher Plane Curves." 
t Loc. cit, 

t Oiornale di Matematiche, t. 19 (1881), p. 198. 
§ Math. Ann., Bd. 20 (1882), p. 487. 
II "Memorie di Gieometria/' Naples (1888). 
n Napoli Atti (2), t. 12 (1905), p. 1. 
** Crell^a Journal, Bd. 134 (1908). 

tt American Journal of Mathematiob, Vol. XXXI (1909), p. 263. 

tt B. Riemann, " Werke," 2d edition, p. 487. H. Weber, "Theorie der Abel'schen Funetionen vom GSe 
schlecbt drei," Berlin (1876) . F. Schottky, " Abriss einer Theorie der Abel'schen Funetionen von drei 
Variabeln," Leipzig (1880) ; also Acta Mathematica, t. 27 (1903). Berlin Berichte (1910). 

§§ See also A. Cayley, "Collected Papers," Vol. XI, p. 221; Vol. XII, p. 74. R. de Paolis, Mem. 
lAncei (3), 2 (1878). 

nil Math. Ann., Bd. 10 (1870). 

1I1[ "Untersuchungcn fiber Thetafunktionen," Leipzig (1895). Math. Ann., Bd. 40. 
*** "Multiply Periodic Functions," Cambridge (1907). 
ttt American Journal or Mathematics, Vol. XXXI (1009), p. 271. 
ttt CrelWa Journal, Bd. 99 (1886) ; Bd. 103 (1888). 
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Hesse^s method * of deriving a general quartic curve from a net of quadrio 
surfaces touching eight associated planes. He uses the symbol fa^yn to denote 
the determinant formed from the homogeneous coordinates of four of these 
planes, and shows that the thirty-five ratios /^xm^ • /0123 ^^^ ^^ expressed 
rationally in terms of the sixteen ratios fxpys : /oi2a> ('^ = *> 5, 6, 7), in which 
the suflSxes j3, y, 8 can denote any three of the numbers 0, 1, 2, 3, and the 
numbers 0, 1, 2, . . . . , 7 are used to denote the eight associated planes. Now, 
these sixteen ratios form an orthogonal matrix, on account of the existence of 
relations of the type 

Xha0yha'0'Y = O, (X = 4, 5, 6, 7 ; a :#= a', ^:#=^', y^^/), 

and can consequently be expressed rationally in terms of six fundamental 
quantities with the aid of Cayley's f ormulsB for the coefficients of an orthogonal 
linear transformation, t Frobenius remarks, however, that it is more con- 
venient to retain the quantities ^^, in spite of the relations between them, 

/0128 

and to regard these as the fundamental irrational invariants of the quartic. 

He shows in particular that, if a^a^ , (a, ^ = 0, 1, ,7 ) , are twenty-eight linear 

forms which, when equated to zero, give equations of the bitangents, we have 
relations of the type 2 f^ysx Xa\ = 0, connecting the forms belonging to four 

bitangents of an Aronhold system. The summation extends over the values 
of X which differ from a, ^, y, 5. 

An important consequence of this result is that, if we know- the equations 
of seven bitangents of an Aronhold system, we can determine a set of irrational 
invariants. Now, the properties of a quartic curve in relation to an Aronhold 
system of bitangents may be discussed very conveniently with the aid of a 
(1, 2) transformation X in which the lines of a plane X' correspond to a net of 
cubics through seven fixed points in a plane X. A point P' in X' consequently 
corresponds to a pair of points P^ , Pj in X, and when these come together, 
P' lies on a quartic curved which is called the limiting curve (Grenzkurve, 
Uebergangskurve) || of the transformation. The seven base points in the plane X 
correspond to seven bitangents of the limiting curve L, and these bitangents 
form an Aronhold system. It is important to notice that in many cases these 

* Crelle'a Journal, Bd. 49 (1855). 

t CrelWa Journal, Bd. 32 (1846), p. 119. "Collected Papers," Vol. II, p. 133. 

t A. Clebsch, Math. Ann., Bd. 3 (1871). M. Noether, Erlangen Berichte, 10 (1878). Mttnchen Ahh, 
(1889). R. de Paolis, loc. oit, G. Frobenius, loc, oit, L. Cremona and G. Battaglini, Atti R. Ace. d. JAnC' 
(3), II, p. 152. 

§ S. Aronhold, Berlin Berichte (1864) . 

II Also called the synoptic curve. Miss C. A. Scott, Quarterly Journal, Vol. XXIX. 
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bitangents can be derived from the seven base points by a correlation between 
the two planes, and so the work of calculating Frobenius's irrational invariants 
is much simplified. 

In this memoir we shall endeavor to prepare the way for a discussion of 
the conditions that a quartic curve may be of a particular type by looking for 
a (1, 2) transformation which has the species of quartic curve as limiting curve. 
The appropriate transformation has already been found in a number of cases. 
It is known, for instance, that the quartic curve L has a double point when 
three of the base points lie on a line or when six lie on a conic. * L consists 
of two conies when six of the base points are at the corners of a complete 
quadrilateral; it consists of four straight lines when six of the base points 
are consecutive in pairs and the lines joining the three pairs meet at the 
seventh base point. The conditions on the seven f)oints usually take two or 
more alternative forms, for it should be noticed that the limiting curve L is 
unaltered when the net of cubics in the plane X is transformed into another 
by a quadratic Cremona transformation with base points at three of tlje seven 
points. 

We shall prove in this memoir that the Liiroth quartic arises from a 
(1, 2) transformation in which the seven base points have the same polar lines 
with regard to a conic and a cubic. When the cubic breaks up into three 
straight lines, the desmic quartic is obtained ; this gives a simple verification 
of Schur's theorem t that the desmic quartic is a particular case of Liiroth's 
quartic. 

The known fact that Liiroth's quartic can be derived from eight asso- 
ciated points which are the poles of a plane with regard to a cubic surface, | 
is next used to obtain a construction for seven points which have the same 
polar lines with regard to a conic and a cubic. The desmic quartic arises when 
the plane meets the cubic surface in three lines. 

A (1, 2) transformation is next set up by mapping the chords of a twisted 
cubic in space on the points of a plane. The two points in which a chord meets 
a fixed quadric then correspond to the point in the plane which is associated 
with the chord. The (1, 2) transformation between two planes is finally ob- 
tained by mapping the quadric surface on a plane by stereographic projection, 
using one of the points in which the quadric is met by the twisted cubic as 
vertex of projection. 

* AIbo when two of the points come together. 

t Crell^a Journal, Bd. 95 (1883). 

t W. Frahm, Math. Ann., Bd. 7 (1874). E. Tflplitz, Math. Ann., Bd. 11 (1877). 
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A transformation which gives rise to a desmic quartic is obtained in this 
way. The representation also leads to a notable property of a quadratic com- 
plex of lines which contains all the lines joining five points on a twisted cubic. 
It also leads to the consideration of a type of uninodal quartic containing oo * 
configurations of ten points lying by threes on ten lines, and to a new proof of 
the theorem * that a plane section of Weddle's surface contains oo * configura- 
tions of fifteen points lying by threes on twenty lines. 

The method, due to E. Godt t and E. Timerding, t of deriving a quartic 
curve, and in fact a (1, 2) transformation, from a general Cremona quadratic 
transformation between the lines of a plane is next studied ; and quadratic 
transformations are found which give rise to the Liiroth and desmic quartic 
respectively. 

Klein's quartic is next obtained as the limiting curve of a (1, 2) trans- 
formation ; and a set of eight associated points in space, from which the curve 
can be derived, is deduced from this result. The known equations of the 
twenty-eight bitangents of Klein's quartic are obtained by a simple method. 

Dr. Coble § has extended the known reduction of the equations of a point 
conic and line conic to the sums of three squares. His extension relates to a 
point quartic and a line quartic. Two sets of six conies take the places of the 
sides and vertices of the common self -polar triangle, and each quartic is conse- 
quently represented as the sum of the squares of six quadratic forms. Now, 
it seems natural to try to extend other simplified forms of the equation of a 
conic to a quartic curve. An extension of the equation of a conic referred to 
a circumscribed triangle leads to the known form 

of the equation of the general quartic curve. The corresponding generalization 
of the equation of a conic referred to an inscribed triangle leads to the problem 
of reducing the equation of the general quartic to the form 

This problem is shown to be equivalent to that of finding a triangle which is 
inscribed in a given cubic and circumscribed to a given conic ; and, in general, 
this problem possesses a limited number of solutions. In a special case, how- 
ever, 00 ^ quadrilaterals can be circumscribed to the conic and completely in- 

* H. Bateman/ Proo, London Math. 8oc., Ser. 2, Vol. Ill (1905) . Morley and Conner, loo. cit. 

t "Dissertation," GKSttingen (1873). Clebsch-Lindemann, << Vorlesuogen/' p. 1007. 

t Math. Ann., Bd. 53 (1900), p. 103. 

§ Trans. Am. Math. 8oo., Vol. IV (1903). 



362 Bateman: The Quartic Curve and its Inscribed Configurations. 

scribed in the cubic. I have shown that in this case the corresponding qnartic 
curve is a desmic quartic. 

It is known that Caporali's quartic possesses oo ^ sets of twenty-four points 
with the property that each set can be dividend into a group of three quartets 
such thfkt any two quartets belonging to different groups lie on a pair of lines. 
Npw, I have discovered a second type of quartic curve containing oo ^ sets of 
twenty-four points possessing the same property, but these configurations of 
twenty-four points have other properties which differ from those possessed 
by the configurations inscribed in Caporali's quartic. 

The parts of the thesis which have been reserved for later publication 
are devoted to the following topics : 

1) The analytical study of Hesse's configuration. 

2) Discussion of the case "D'' with the aid of elliptic functions. 

3) A set of eleven points in a space of four dimensions with the property 
th^t each point is the vertex of a quadric cone passing through the 
other ten. 

4) A new property of the four-nodal cubic surface. 

5) A dif^ram showing the twenty-eight bitangents of ^ quartic curve, 
with their symbols in Hesse's notation. 

§ 2. LUroth's Quartic. 

Liiroth* has shown that a quartic curve which passes through all the 
intersections of five lines is not general, for it is the covariant S oi a, quartic 
of Clebsch's type, i. c, a quartic whose equation can be expressed as the sum 
of five fourth powers ; and since this type of quartic depends on only thirteen 
constants, it follows that the equation of Liiroth's quartic involves only thirteen 
independent constants. Liiroth has shown, moreover, that when one pentagon f 
is known to be completely inscribed in a given quartic curve, there are oo ^ pen- 
tagons with the same property, and their sides all touch a conic, t 

A particular (1, 2) transformation which has the Liiroth quartic as limiting 
curve may be obtained as follows : 

Let a point P correspond to the two points Q, Q' in which the polar of P 
with regard to a conic C^ meets the polar conic of P with respect to a cubic Cg. 
There is evidently a (1,2) correspondence between P and Q; for when Q is 
given, P is the point of intersection of the polar lines of Q with regard to the 

* Math. Ann., 6d. 1 (1660), Bd. 13 (1878). 

1 1 use the word ''pentagon" here to mean the figure formed by five lines; it has ten vertices. 
t See also Darboux, ** Sur une classe remarquable de courbes et de surfaces alg^briques/' Paris 
(1896), p. 186. W.K.Clifford, "Math. Papers," p. 206. 
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conic and the cubic. To find the locus of P when Q and Q' come together, we 
take the equations of the cubic and the conic in the forms * 

(aa;*)=0, (6a;«)=0, {x)^0, 

where the symbol (aa^) is used to denote the sum of four terms with different 
suffixes. The four lines x^^ x^y x^^ x^ = are the conmion tangents of the od * 
conies apolar to C^ and Cg ; they form a quadrilateral whose six corners lie on 
the Hessian of Cg. Let (y^, y^^ t/g,, yj be the coordinates of P. Its polar with 
regard to C^ is (byx) = 0, and its polar conic with regard to Cg is (ayx^) =0. 
When Q and Q' come together, the line QQ' touches this pola^ conic at the 
point Q {z^y ^2J ^8> ^i)j ^^^ so its equation must be equivalent to (ayzx) = 0. 
Since (x) = 0, we must have a set of relations of the type 

a,y,z, = X b,y, + ^, (r = 1, 2, 3, 4)- 

Using the relations (z) sO, {byz)= 0, we find that 

Hence, 

\ a J\ay/ "~ \aJ 
Putting ( — ^j + (-\ a^y^^Oy and using the symbol [c] to denote the sum of 
five terms with different suffixes, we see that the locus of P, when Q and Q' 
come together, is the Luroth quartic — 1 = 0. Since the equation of the 

Hessian of Cg is T — j = 0, it appears that the Hessian JETg touches the Luroth 

quartic L at the six comers of the quadrilateral. 

This indicates a method by which a suitable Cg can be determined when L 
is given. Since there are oo ^ pentagons completely inscribed in L, it appears 
that there are oo ^ suitable Cg's. 

Eeturning to the transformation, we notice that, if P describes a straight 
line i^y) =0, the two corresponding points Q describe a cubic curve whose 
equation is obtained by eliminating t/i , ^2 > 2/8 > Pi from the four equations 
(y)=0, (^y)=0, {byx)=0, {ayx')=0. 

It is easy to see that the equation of the cubic can be derived from that of the 
line by writing 

* A reduction to these formB is given by R. A. Roberts, Proc, London Math, Boc, Ser. 1, Vol. XXI 
(1889), p. 62. 
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yi = ajih^x^xl — a2b^xlx^ + a^b^xlx^ — a^h^x^xl + a^b^x^xl — a^b^xlx^, 
2/2 = ^i&8^8^i — ^s&i^la^i + a^b^xlx^ — a^b^x^xl + a^b^x^xl — a^b^xlx^y 
y, = a^b^x^xl — a, 62^1^2 + ^1^4 ^1^4 — a^b^x^xl^ a^b^x^xl — a^b^x\x^y 
y^ = a^b^x\x^ — a^b^x^xi + a^b^x\x^ — a^b^x^x\ + a^b^x\x^ — a^b^x^xl^, 
and these are the equations of the transformation. 

The cubic curve corresponding to a given line t can be generated by the 
points of intersection of corresponding members of a pencil of conies and a 
pencil of lines. The conies are the polar conies of points on t with regard to 
Cg , and so pass through the four poles of t with regard to Cj . The lines are 
the polars of points on t with respect to C^, ; they all pass through T, the pole 
of t with respect to C^. This point T evidently lies on the cubic Tg corre- 
sponding to <, and the four tangents from T to r, are the polars with respect 
to Cg of the four points in which t meets L. Hence^ the invariant of Tg , i. e., 
the cross ratio of the four tangents which can be drawn to it from any point 
of the curvCj is equal to the cross ratio of the four points in which r meets L. 

The four cubics y^ = 0, 2/2 = 0, ^s = 0, ^4 = all pass through the seven 
points which have the same polar lines with regard to C^ and Cg. These 
seven points are the base points of the (1, 2) transformation; and their corre- 
sponding lines, i. e., their polars with regard to Cj, are by a well-known 
theorem bitangents of the limiting curve L. Hence, we have the following 
theorem: 

The seven points which have the same polar lines with regard to a conic C^ 
and a cubic Cg are such that these polar lines form an Aronhold set of bitangents 
of a Liiroth quartic. 

It appears from this result that the seven points can not be chosen arbi- 
trarily; they depend on thirteen independent constants instead of fourteen. 
This would not be expected d priori^ because an arbitrary cubic and conic give 
fourteen arbitrary constants. 

It is not easy to find the relation between the seven base points. At Prof. 
Morley's suggestion I have considered the cubic Cg and two points as given, 
and found the locus of the other five. 

Take the two given points and the intersection of their polar lines with 
regard to Cg as corners of the triangle of reference. The equations of C, and 
Cj then take the forms 

^ = ax^ + by^ + cz^ + 3fy^z + 3gyz^ + 3kzx^ + 3lx^y + 6nxyz = 0^ 
^^Xx^ + bgy^ + cfz^ + 2fgyz = 0, 
where X is arbitrary. The possible conies Cj all have double contact at two 
points on the line a? = 0. 
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A point {XjyjZ) has the same polar line with regard to C, and Cg, if the 
three derivatives of ^ are proportional to the three derivatives of i^; hence, 
it lies on the two cubic curves 

f{gy + cz){lx^ + by^ + gz^ + 2fyz + 2mx) 

= g{by + fz){kx^ + fy^ + cz^ + 2gyz + 2nxy)j 

Xx(lx^+by^ + gz^ + 2fyz + 2nzx) 

= g{by + fz){ax^ + 2nyz + 2kzx + 2lxy). 

The first equation does not contain X, and so represents the required locus 
when two points and Cj are given. The locus is a cubic curve which circum- 
scribes the triangle of reference and passes through the four poles of a? = 
with regard to O, . It also passes through the two points in which the polar 
conic of one of the given points meets its polar line. Since the term in xyz 
is absent from the equation, it appears that the comers of the triaiigle of 
reference form a conjugate triad; i. e., the mixed polar of two points passes 
through the third. It is clear that this cubic locus is the cubic r, corresponding 
to the line a? := in the transformation. The associated point T is the point 
yz=zO^ z^Oj and this point is coresidual to the seven base points of the trans- 
formation. 

If in the previous notation the equation of Cg is (aa?') =0, where (a?)sO, 
and {yij yt9 yzj yjy (^i > ^2 > ^« > ^4) ^^® ^^^ *^^ given points, the equation of the 
locus is 

(axy^) (ax^z) (ayz^) = (axz^) (ax^y) (ay^z). 

This equation was obtained by Professor Morley. 

Returning to the previous work, we notice that as >l varies the second 
equation represents a pencil of cubics which pass through four fixed points on 
Tj , viz., the two given points and the two points in which the polar conic of one 
of these points meets its polar line. It appears, then, that the different possible 
sets of five points associated with the two given ones and C, are cut out by a 
pencil of cubics through four fixed points on r,, and so form an involution on t^. 

^ 3. Derivation of the Desmic Quartic from a (1, 2) Transformation. 

Let us now consider the case when the cubic Cg consists of three straight 
lines. Taking these lines as sides of the reference triangle and using the 
equation of the conic in the form 

F = (a, 6, c, /, g, hjixy t/, zy = 0, 
we find that the polar conic of a point P (X, T, Z) with regard to the cubic is 

Xyz + Yzx + Zxy = 0, 
46 
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while the polar line of P with regard to the conic is Ux + Vy + Wz = Oy 
where U = aX + hY + gZ, V = hX + hY + fZ, W = gX + fY + cZ. 
The line touches the coyiic if 



\/xu+ Vtv + ^Tzw = 0. (1) 

This, however, is Humbert's equation for a desmic quartic curve.* It evidently 
represents a quartic curve having the lines X = 0, T = 0, Z = 0, Z7 = 0, F = 0, 
TF = as bitangents. Now, when Z = 0, we have 6r* = cZ*; hence, it appears 
that the points of contact of the three bitangents X = 0, r = 0, Z = are the 
comers of a complete quadrilateral whose sides are the lines 

Humbert has shown that there are altogether six triads of bitangents of the 
curve which possess this property. The lines Z7 = 0, F = 0, Tr = form 
another of these triads. 

It should be mentioned that since a, 6, c, /, ^, h are quite arbitrary, the 
equation we have obtained represents the general desmic quartic, and so we 
have the result that the desmic quartic may be derived from a transformation 
associated with a conic C^ and a cubic Cj which consists of three straight lines. 
This gives a simple verification of Schur's theorem that the desmic quartic is 
a particular case of Liiroth's quartic. This result may also be deduced from 
Humbert's remark that the sides of the quadrilateral formed by the lines (1) 
meet the quartic again in coUinear points. This remark also enables us to prove 
that there are more than one system of pentagons completely inscribed in the 
desmic quartic; for, if we can show that the quadrilaterals belonging to two 
triads of bitangents do not touch a conic, we can be sure that the pentagons 
derived from these quadrilaterals by adding an associated line, belong to 
different systems. Now, in the case of the two triads of bitangents whose 
equations have already been obtained, the sides of the two quadrilaterals are 
given by 

XVa±rV6±-Z'Vc = 0, f7V6c^^±FVca— 5f^±TFVa6 — /i« = 0. 
Conies touching the sides of these quadrilaterals have equations of the types 

lX^ + mY^ + nZ^ = 0, JiU^ + iiV^ + vW^ = 0, 
respectively. 

These equations are the same only if 

Xgh + fihf + vfc = Xga + (ifh + vcg = Xah + (ihb + vgf = 0; 
• *jf 

g'h'{f*-hc)+ahfgich-fg)+cahf{bg-hf)=0. 

* Liouville'8 Journal, t. 6 (1890), p. 423. 
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Since this equation is not generally satisfied, we must infer that there are 
different systems of pentagons associated with the two triads of bitangents. 
Now, Humbert has shown that there is an equation of the form (1) associated 
with any two of the six triads of bitangents ; hence, we are led to the conclusion 
that there are at least six different systems of pentagons completely inscribed 
in the desmic quartic. 

To determine the nature of the involution on the conic touching the sides 
of all the pentagons of one system we use Darbqux's method. Let y^ = xz be 
the equation of the conic; then the equations of the five sides of a circumscribed 
pentagon may be written in the form 

a]x + 2a,y + 21 = 0, (5 = 0, 1, , 4). 

If now we put 

_ alx + 2a,y + z . . . . 

where /(a) = (a — aj (a — Og) (a — Og) (a— a4), the condition (a?)^0 is satisfied. 
The equation of a desmic quartic derived from a cubic C^ consisting of the 
three lines (a?*) = and the conic C^ whose equation is (6a;*) =0, is easily found 
to be 

(h'x)(^^={by. 

Taking (&*a;) = to be the line Oo, and noticing that (6) is arbitrary since any 
multiple of {x) can be added to {b^x) without altering the equation of the 
quartic, we find that this equation takes the form 

1 alx + 2a,y + z (ilx + 2aQy + z 

Introducing Darboux's coordinates x : 2 y : z = 1 : 6 + ^ : d^j we find that the 
equation may be written in the form 

1 a, — tf olq — 6 1 a, — ^ a^ — ^ 
HencCj the pencil of quintics giving the parameters of sets of five tangents 
which intersect on a desmic quartic is of the form 

where fiis a variable parameter. 

The desmic quartic is also obtained when the cubic Cg and the conic Cj 
are represented by the equations 

a^ + y^ + z^ + 6mxyz = 0, ax^ + by^ + cz^ = 0, 
respectively. 
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The polar conic and polar line of (X, T, Z) are now 

X{x^ + 2myz) +Y {y^ + 2mzx) +Z {z^ + 2mxy) = 0, 

aXx + bTy + cTz= 0, 

respectively. The conic touches the line if 

a^X^ (YZ — m^X^) + bn^^zX — m^Y^) + c^Z^ {XY — m^Z^) 

+ 2bcYZ{m^YZ — mX^) + 2caZX{m^ZX — mY^) 

+ 2abXY{m^XY — mZ^) =0, 
or 

[{a^ — 2mbc)X+{b^ — 2mca)Y+{c^ — 2mab)Z]XYZ 

= m^[a^X^ + b^Y' + c^Z'—2bcY^Z^ — 2caZ^X^ — 2abX^Y^]. 

This, however, is one of Hnmbert's equations for a desmic quartic. The lines 
X = 0, Y = Oj^Z = are bitangents whose points of contacts lie at the comers 
of the quadrilateral formed by the four lines 

Va X ± V6 r ± y/'cZ = 0. 

It appears, then, that if we want the (1,2) transformation to give rise to a 
desmic quartic, it is not necessary for the cubic C^ to break up into three lines. 

^ 4. Derivation of the (1, 2) Transformation from Eight Associated Points 

and vice versa* 

Let a point P whose coordinates are (X, Y, Z) relative to a fixed triangle 
in a plane E be made to correspond to a quadric surface whose equation is 

X8, + Y8, + Z8, = 0, (1) 

where S^y S^j S^ are of the second degree in the homogeneous coordinates 
Xj y, Zy t. As P varies, the quadric always passes through a set of eight 
associated points Aqj A^y . . . .y A^. 

Let the two generators through Aq of the quadric corresponding to P 
meet a fixed plane M in two points Q, Q' and consider the (1, 2) transformation 
by which P is derived from Q. As P describes a straight line, Q and Q' describe 
a cubic curve ; viz., the projection of the biquadratic common to a pencil of 

quadrics through A^y A^y . . . .y A^. If ^i ? > «? are the projections of 

A^y . . . .y A^ on the plane M when Aq is taken as vertex of projection, the net 

of cubics through a^ , y a^ is the image of the net of lines in the plane E. 

The points Q and Q' come together when the quadric corresponding to P is a 
cone, and then by Hesse's theorem the locus of P is a quartic curve which is 
the limiting curve L of the (1, 2) transformation. 

* The leading ideas of this section are due to Hesse, Clebsch and Frobenius. See the memoirs 
cited above. 
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If the quadric (1) is always the polar quadric of P with regard to a cubic 
surface 8^j the eight associated points are the poles of the plane E with regard 
to 8^ J and L is a plane section of the Hessian H^ of the cubic surface. Now^ 
when the equation of S^ is written in Sylvester's canonical form (arc)' = of 
the sum of five cubes, the equation of H^ is (l/ax) = 0, and it appears that 
any plane section is a Liiroth quartic. 

The Liiroth quartic can be derived by Hesse's method from eight associated 
points which are the poles of a plane with regard to a cubic surface.^ 

The condition to be satisfied in order that three quadrics through eight 
associated points may be polar quadrics of three points with regard to a cubic 
surface is discussed by T6plitz.t The invariant A must vanish, t It appears 
that neither the cubic surface nor the three poles are uniquely determined 
, when A = 0. The plane of the three poles and the five planes associated with 
the canonical form of 8^ osculate a twisted cubic. § Dr. Coble has shown, with 
the aid of Toplitz's invariant, that when six of the eight points are given, the 
other two lie on a quartic surface. 

To deduce an equation for Liiroth's quartic from Frahm's result, we take 
four poles of the plane E as vertices of the tetrahedron of reference. If, now, 
the equation of the cubic surface is 

(a, 6, c, d, /, g, h, ft, I, w, w, a, v, ^, «;, y, p, g, r, ^la?, y, z, ty = 0, 

the polar planes of the comers of the reference tetrahedron coincide with the 
plane X + r + Z + r = 0, if 

a = ? = A; = «, m = b = f = Vj h = g = c = Wf a = ^ = y = d. 

The equation of the polar quadric of an arbitrary point (X, T, Z, T) of this 
plane is now found to be 

X[{s—p)yz+ {a—q)zx+ {a—r)xy+ {a—d)xt+{r—d)yt + {q—d)zt] 
+ T[{b—p)yz+{s—q)zx+{b—r)xy+{r—d)xt+{b—d)yt+{p—d)zt] 
+ Z[{c—p)yz+{c—q)zx+{s—r)xy+{q—d)xt + {p—d)yi+{c—d)zt]=0. 
This represents a cone if 

[X{s-p) +T{b-p) +Z{c-p)]^ [X(a-d) +T{r-d) +Z{q-d)]^ 
± [X{a-q) +Y{s-q) +Z{c-q) ]* [X(r-d)+T{b-d) +Z{p-d)]^ 
±[X{a-r)+T{b-r)+Z{s-r)]i[X{q-d)+Y{p-d)+Z(c-d)]i = 0. 

* W. Prahm, Math. Ann., Bd. 7 (1874). 

t Math. Ann., Bd. 11. See also H. 8. White and Miss K. G. MUler, Bull. Amer. Math. 8oo., Vol. XV 
(1909), p. 347. 

% Cf. Salmon's "Geometry of Three Dimensions/' 4th edition, pp. 209-210. 

§ A. C. Dixon, Proo. London Math. 8oe., Ser. 2, Vol. VII (1909), p. 150. TSplitz, Zoc. cit. 
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Hencej this is an equation for a LUroth quartic. The six lines obtained by 
equating the square brackets to zero are bitangents of the curve. 

The tangent plane to the quadric (2) at the point X = Y = Z = or Aq 

is easily found to be z|| + T |^ + Z || = 0, where F^ {a-d)x^+ {b—d)y^ 

■\-{c—d)z^ + 2{p—d)yz + 2{q—d)zx + 2{r—d)xy = Q\ and this is the polar 
plane of (Z, T, Z, T) with regard to the quadric cone F = 0. 

Hence, if we make the plane M the same as E^ it appears that the point P 
corresponds to the two points Q, Q' in which its polar plane with regard to the 
cone meets the section of its polar quadric with regard to 8^ . 

Let C2 be the section of the quadric cone and Cg that of the cubic surface S^ 
by the plane E ; then the tranf ormation is clearly derived from C^ and C^ by the 

method of ^ 2. The seven base points a^^ a^^ , a^ consequently have the same 

polar lines with regard to C^ and C3; hence, we have the following theorem: 

If we project from one of the eight poles of a plane with regard to a cubic 
surface, the other seven poles project into seven points which have the same 
polar lines with regard to a conic and a cubic. 

Taking each of the eight poles in turn, we find that there are eight Aron- 
hold systems of bitangents of a Liiroth quartic which possess the property of 
being the polar lines of seven points with regard to a conic and a cubic. We are 
not justified yet in asserting that every Aronhold system of bitangents possesses 
this property. 

To obtain a set of eight associated points Aq, . . . ., A^ when a^ , , a^ 

are given, we proceed as follows : It is known, that eight associated points are 
the vertices of two tetrahedra which are self -polar with regard to a quadric* 
Consequently, if one of these tetrahedra be chosen as tetrahedron of reference, 
the coordinates of the vertices of the other can be represented by 

where the relations of the type 

ux,x, + vy,y, + wz^z, + ktJ, = 0, (ri^s), 

are satisfied. By using the known properties of an orthogonal matrix, we may 

deduce from these six relations of the type 

4444 44 

2 a,a;,<, = 2 a^y.f, = 2 a,«,<, = 2 a,t/^^, = 2 a,«,a;, = 2 a,rr,t/, = 0. 
1111 11 

Now let t = be the plane containing the seven points a^, . . . ., ay, and let 
three of these points be at the comers of the reference tetrahedron. The 
coordinates of the other four may then be represented by 

* Hesse, "Analytische Geometrie des Raumes" (1861), 3d edition, Leipzig (1876), p. 214. 
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K, t/i, 2^1, 0), (a^j, y^, z^, 0), {x^, 1/3, z^, 0), (rr,, y,, ^,, 0). 

When these are given, our six equations determine the ratios of (a^, Og, a,, a4) 
and of (<i, <2> 's> h) uniquely. Hence, when a^, . . . ., ay are given, we can 
calculate Frobenius' irrational invariants for the associated quartic curve, and 

if we know the relation between a^, ,07 for a particular type of quartic, 

we can (theoretically) find the corresponding relation between the eight 
associated points. 

§ 5. Derivation of a (1, 2) Transformation by Mapping the Chords 
of a Twisted Cubic on a Plane. 

Let the polar planes of a point P with regard to a pencil of quadrics meet 
in a line Z. This line meets a given quadric 8 in two points Q, Q' which may 
be said to correspond to P. If, moreover, P is restricted to lie in a certain 
plane X, there is generally only one position of P for a given position of Q, 
for the polar planes of Q with regard to the quadrics of the pencil intersect in 
a line I which meets Z in P. There* is consequently a (1,2) transformation 
between the points of the plane X and the points of the quadric 8. If P moves 
along a straight line, the corresponding line I generates a quadric surface which 
meets <? in a biquadratic C4 • This curve C^ passes through six fixed points 
A^j . . . .y Aq on 8j viz., the points in which 8 is met by the twisted cubic K^ 
which is the locus of the poles of X with regard to the quadrics of the pencil. 

If now we project the points of /S on a plane T, taking A^ as vertex of 
projection, the biquadratics C^ project into cubics through seven fixed points, 

viz., the projections of A^j j A^ and the two points where the generators 

through A^ meet Y. 

The two points Q, Q'j and consequently their projections on the plane F, 
come together when the line I touches 8 ; and then the locus of P is a quartic 
curve L, the limiting curve of the (1,2) transformation between the two planes 
X and r, or between X and 8. The twenty-eight bitangents of L are derived 
from the six points -4, ,...., Jg, the twelve generators through these points and 
the ten pairs of plane sections of 8 which pass through the six points. The curve 
on 8 which corresponds to L is the intersection of 8 with the Weddle surface 
which is the locus of the vertex of a quadric cone through -4^ ,...., -4^ ; for Geiser* 
has shown that this surface is also the locus of a point Q such that ^,, . . . ., 
-^6, Qj Q' form a set of eight associated points. Now, this is what happens in 
the present case ; for when Q and Q' coincide, the 00 ^ lines through P correspond 

* Crelle'a Journal, Bd. 67 (1867). 
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to 00^ quadrics through A^^ , A^^ Q, Q\ and since 8 also passes through 

these points^ it follows that the eight points form an associated set. 

To find the equation of L, we shall suppose that the pencil of quadrics is 
given by the equation 

(a + X)x^ + {b + X) y^ + {c + X) z^ + {d + X) t^ = 0, 

where ;i is a variable parameter. If (X, T, Z, T) are the eoordinates of P, 
the line common to the polar planes of P has coordinates proportional to 

{h—c)YZ, {c—a)ZX, {a—b)XY, {a—d)XT, {b—d)¥T, {c—d)ZT 

and generates a tetrahedral complex. The condition that this line should touch 

the quadric 8 is of the fourth degree in X, T, Z, T. If, in particular, the 

equation of 8 is 

Ix* + my^ + nz^ + pt^=i 0, 
the condition is 

lp(b—cyY^Z^ + mp{c—aYZ^X^ + np{a—byX^Y^ 

+ mn{a-dyX^T' + nl{b—dyY^T^ + lm(c-dyZ^T^ = 0. 
If 

I = (a—b) (a—c) {a—d) , m = {b—a) (b—c) (b—d), 

n = {c—a){c—b){c—d)^ p = (d—a) (d—b) {d—c) ^ 

the equation becomes 

(6_c) (a^d) {Y^Z^ + X^T^) + (c-a) (b-d) {Z^X^ + Y^T^) 

+ {a—b) (c—d) (X^ 72 ^ ^2^2) ^ 0, 

and represents a desmic quartic surface. The curve L, being a plane section 
of this surface^ is a desmic quartic curve. 

If in the general case the equation of the plane X is 

the equations of the twisted cubic K^ are 

^ n i: r 

^'y-^'^-a + X'b + X'c + X'd + X' 

where X is a variable parameter. Taking two points on the cubic with 
parameters % and /£, we see that the coordinates of the line joining them are 
proportional to six quantities of the type 

{d — g) gr 

P^ - (a + X) {a + (i) {d + X) (d + fi) • 

Comparing these with the coordinates of the line Z, we see that this chord of K^ 
is the line I corresponding to a point P with coordinates (X, Y, Z, T) of type 
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^{a — b){a — c){a — d)' 
and this point lies in thej)lane X. Hence^ a point P in the plane X corresponds 
to a chord of the twisted cubic K^ . A tangent of the twisted cubic corresponds 
to a point Pq of a certain conic C^ obtained by putting ;i = ji^ in the above 
equations. If a point P moves along a tangent to Cj, the correspoudijig chord 
I always passes through a fixed point on K^. Hence, a point on K^ is associated 
with a tangent to Cg, the chord joining two points on K^ with the point Qf inter- 
section of the two associated tangents. 

It is now evident that the six bitangents of L which correspond to the 
points A^j A^y . , . .J A^ are tangents to the conic C^ ; they therefore form a 
Brianchon set. 

It should be noticed that the polar planes of a point on JSTj with regard to 
the pencil of quadrics meet in a line which lies in the plane X and touches the 
conic C2 , this is why A^ corresponds to a line and not to a single point. An 
interesting theorem may be obtained by considering the cas^ when the chords 
joining five points on K^ all belong to a quadratic complex R^ . It is clear 
from the expressions for the coordinates of a line I that the points in the 
plane X corresponding to these chords all lie on a quartic curve C^ . Now, 
these points are the ten points of intersection of five tangents to C^ ; hence, it 
follows that the curve O4 is a Liiroth quartic. Making use of the fact that 
there are 00 ^ pentagons circumscribed to C'g and inscribed in C^ , we obtain the 
following theorem : 

If a quadratic complex R^ and a twisted cubic K^ are such that a set of 
five points can be found on K^ whose joining lines all belong to R^ , then ao * 
such sets of five points on JST, can be found. 

There is a similar theorem for a complex of degree n and sets of 2 « + 1 
points on a twisted cubic. It should be remarked that the quadratic complex R^ 
can not degenerate into the complex of tangents to a quadric surface; for 
a quadric surface can not touch the ten lines joining five distinct points. We 
have no reason to believe, however, that the complex is of a special type, for 
I have not yet succeeded in finding a relation between its invariants.* It is 
clear that, if one set of five distinct points can be found whose joins belong to 
a quadratic complex, there are at least 00 ^ others ; for we may take any one of 
the 00 * twisted cubics on the five points, and there will be 00 ^ sets of five points 
situated thereon. We can expect that there are oo ^ such sets of five points. 

* In the dissertation I suggested that the quadratic complex may be of a special type and contain 
00 * sets of five points whose joins belong to the complex. 
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If we reciprocate with regard to one of the fundamental linear complexes 
of R^j we find that when sets of five points exist whose joins belong to Bj, 
there are also sets of five planes whose lines of intersection belong to 2?^, and 
the sets of points and planes are equally numerous. 

It is evident, from what has gone before, that if we reciprocate with regard 
to one of the quadrics of our pencil, the points on the Luroth quartic C^ corre- 
spond to the planes joining some point on K^ to the lines joining the different 
pentads of points on K^ . Now, these lines generate a ruled surface flg having 
K^ as a fourfold curve, and our theorem tells us that the tangent cone to R^ 
from any point of K^ is the reciprocal of the Luroth quartic C^ with regard to 
some quadric of the pencil. It can also be shown that any plane section of R^ 
can be derived from C^ by a suitable quadratic transformation. Let Y be the 
plane of the section ; then the transformation under consideration is obtained 
by finding where the line I corresponding to a point P in Z meets Y. Now, if 
Sy S" are two quadrics of the pencil, there is a correlation between P and the 
line p in which its polar plane with regard to S meets Y ; similarly, there is a 
correlation between P and the line p' in which the polar plane with regard to 8' 
meets Y. If p and p' meet in Q, there is a quadratic transformation* which 
sends P into Q. The base points in the plane Y are the points where this 
plane meets K^ . 

We shall now make further use of this quadratic tranformation. Let 
A^j A^y . . . .J Aq be six arbitrary points on K^. The lines joining them corre- 
spond in X to the points of intersection of six tangents to the conic C^ , while 
they meet the plane Y in fifteen points lying on the section of the Weddle sur- 
face having 4^ , ^ Aq as nodes. This section is a quartic curve which also 

passes through the three base points in which K^ meets Y. The quadratic 
transformation consequently sends it into a quintic curve C\ with three nodes, 
and this quintic passes through the fifteen intersections of the six tangents to 
Cg . Now, Darboux has shown that when a quintic Cg and a conic C^ are such 
that a set of six tangents to C^ intersect in fifteen points lying on Cg, there are 
00 ^ such sets. Transforming this theorem, we are led to the conclusion that 

there are oo ^ sets of points Bj , , Bg ^^ ^s whose joining lines cut out 

a configuration of fifteen points on a plane section of the Weddle surface 
having A^j . . . ., A^ as nodes. This result has been known for some time.t 

It should be noticed that the correspondence between a point P of the 
plane X and a chord I of the twisted cubic K^ enables us to map the Weddle 

* T. Reye, Zeitschr, fUr Math. ii. Phya., Bd. 11. "Geometrie der Lage," 3d edition, Part II, §25. 
t H. Bateman, Proc. London Math, 800,, Ser. 2, Vol. Ill (1905), p. 288, F. Morley and J. R. Conner, 
American Joubxal of MAxnEMATics, Vol. XXXI (1009), p. 2G3. 
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surface TF on a plane by making P correspond to the pair of points in which 
{ meets W. The qo' plane sections of W are then represented by trinodal 
quintics which pass through the fifteen intersections of six tangents to the 
conic C2 . 

The result that there are 00 • trinodal quintics through the fifteen points 
is unexpected, as the method of counting constants suggests only oo*. The 
result may, however, be verified as follows : Let x :y : z = 1 :d :d^ he the 
parametric representation of the conic C^ ; then, if a, , 02 , . . . . , ^e ^re the 
parameters of the points of contact of the six tangents, and jS^ , ^^t i^s ^^® 
three arbitrary parameters, the equation 

n(e-a.) n(^~a.). 

1 1 



in Darboux coordinates (0,4>) represents a quintic curve* which passes through 
the fifteen intersections of the tangents to C^ at the points a^ . . . ., a^ and has 
double points at the points of intersection of the tangents at the points 

The theorem can evidently be generalized as follows : 

There are 00" curves of degree 2n — 1 which pass through the n{2n — 1) 
intersections of 2n tangents to a conicj and have double points at the \n(n — 1) 
intersections of n tangents to the conic. 

Let us next consider a set of five points B^y B^j . . . .j B^ on the curve K^ . 
If { is any chord of K^ , the twisted cubics that pass through 5, , £?2 > . . . . , ^5 
and meet I generate a surface of the fifth degree 8^ having K^ as double curve. 
This surface has been discussed by Clebsch, t who shows that it can be repre- 
sented on a plane in such a way that the images of the plane sections are 
Luroth quartics passing through a fixed point T and the ten intersections of 
five lines. The surface S^ meets a plane T in a quintic with double points at 
the three base points in which K^ meets Y. This quintic Tg contains a configu- 
ration of ten points which lie by threes on ten lines, viz., the points where the 

joins of B^j , B5 meet Y; for, since B^y . . . ., fig are triple points of S^j 

the lines joining them lie entirely on the surface. 

The quintic Tg is transformed by our quadratic transformation into a Liiroth 
quartic C^ passing through the intersections of five tangents § to the conic Cg. 

♦ Cf . Darboux, loo, oit, 

t Cf. A. C. Dixon, Quarterly Journal, Vol. XXVI (1803), p. 212. 

i Math, Ann,, Bd. 1 (1860), p. 263; Bd. 4, p. 249. See also Sturm, Oeometrischen Verwandtachaften, 
Bd. 4, p. 315. 

I The fact that the ten points in which the joins of five points in apace meet an arbitrary plane 
can be transformed by a quadratic transformation into the ten intersections of five lines, has been known 
to Dr. Morley for some time. 
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Now, since there are oo ^ configurations of ten points on C^ which lie by fours 
on five tangents to Cg , it follows that there are likewise x ^ configurations of 
ten points on Tg lying by threes on ten lines. Hence^ any plane section of 8^ 
contains oo ^ configurations of ten points lying by threes on ten lines. 

If the plane Y passes through the line I, the curve Tg breaks up into the 
line I and a quartic with a double point. Hence, we are led to the conclusion 
that a quartic with a double point can sometimes contain oo ^ configurations of 
ten points lying by threes on ten lines. The corresponding Luroth quartic has 
A double point. 

The skew cubic which generates S^ cuts out a series of triads of points on 
Tg which, together with the three base points cut out by JT,, are all conjugate 
triads* with regard to a certain conic Fg. Hence, any such triad of points 
lies on a conic through the three base points, and so transforms into a set of 
three coUinear points on C^. These points are, moreover, coUinear with a 
fixed point on C^ , viz., the point corresponding to the line /. To see this, we 
have only to remark that any generating cubic of S^ lies on a quadric through 
K^ , and this quadric contains the line Z, since it is met by it in three points. 
The conic through the base points which contains the triad of points cut out 
by this generating cubic consequently passes through the point in which I 
intersects F, and so transforms into a line passing through a fixed point T 
of the Luroth quartic C^ . 

When the generating cubic touches the plane Z, the associated line will 
touch the Liiroth quartic. Hence, the ten tangents from T to C^ are derived 
from the ten generating cubics which touch the plane Y. Now it is clear that 
the ten points of contact of these cubics lie on the conic r2 , and are in fact the 
ten points in which Tj meets Tg . Transforming this result, we find that the 
points of contact of the ten tangents from T to C^ lie on a quartic curve with 
three biflecnodes which lie on C^ . It follows from the plane representation of 
the surface S^ that the point T can be regarded as an arbitrary point on the 
Liiroth quartic C^ ; hence, we have the following theorem : 

If tangents are drawn to the curve from an arbitrary point T on a Luroth 
quartic^ the ten points of contact lie on a quartic curve with three biflecnodes 
situated on the Luroth quartic. The lines joining these nodes touch the conic C'g, 
and form with the two tangents from T to C^a set of five lines intersecting in 
ten points on the Luroth quartic. — 

* T. Reye, « Gcom^trie der Lage," Vol. I (1886) , p. 225. A. C. Dixon, Quarterly Journal, Vol. XXIII 
(1889). G. Humbert, Journal de VEcole Poly technique, Cab. 54 (1894). 
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It is clear that the three biflecnodes can be found at once when T, C^ and C^ 
are known. The second part of the theorem follows at once when we consider 
the set of five points on K^ consisting of the two points in which it is met by I 
and the three points in which it is met by Y. 

§ 6, Derivation of a Quartic Curve from a Quadratic Transformation 

between the Lilies of a Plane. 

E. Godt * and E. Timerding f have shown that the general quartic curve 
can be derived from a quadratic transformation between the lines of a plane 
by considering the locus of points which lie on their corresponding conies, t 
Let AyB,C\ A'jB'jC be the two sets of fundamental points of the trans- 
formation^ (f>>7>f)> (?'>>?'>?') t^® coordinates of a line referred to these 
triangles ; then a point whose equation is 

corresponds to a conic whose tangential equation is 

^. + ^. + ^, ^- 

The point equation of this conic is 



Let 

a?' = a^jr -f &iy + Ci«, y' = a^x + b^y + c^Zi z' = a^^ + b^y + c^z 

be the relations connecting the two systems of point coordinates; then the point 
(a?, y, z) lies on its corresponding conic if 



y/'x^a^x + b^y + c^z) + y/ y {a^(x> + b^y + c^z) + y/ z {a^x + \y + c^z) = 0. 
Comparing this equation with the equations obtained in §§ 3 and 4 for the 
quarti^^d of Liiroth and Humbert, we can easily find the equations of quadratic 
transformations which lead to these quartics. 

§ 7. Klein's Quartic Considered as the Limiting Curve o/ a (1, 2) Transformation. 
The general equation of a cubic through the seven points P„ with coordinates 
x, = b'% y, = B\ z, = 8'% (i; = l,2, ....,7), 
where 6^ = 1, is 

l;{x'-yz^) +yf{y^-zx^) +^{z^-xy^) =0. 

♦ ''DtemrUtion," G(Jttiilg«A (1873). Clebsch-Lindemann, " Vorleaungen," p. 1007. 
t Math. AnA., Bd. 53 (1000), p. 193. 

t This method of generation and a number of others are included in a general scheme studied by 
Gaporali, Memorie di Oeometria (1888), and Segre, Annali di Mat, (2), t. 20 (1802). 
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Consider the transformation 

X Y Z 



^ ^ ^ ^ (1) 

x^ — yz^ y^ — zx^ z^ — xy^^ 

which makes a line ^X + riY + ^Z = correspond to a cubic curve through 
the seven points P,. It is evidently a (1, 2) transformation whose Jacobian 
is the sextic curve J = x^y + y^z + z^cs — 3 x^y^z^ = 0. 

To find the limiting curve of the transformation, we must eliminate {x,y,z) 
from this last equation and the equations (1). We easily find that 

Xz + Yx + Zy = 0, (2) 

and J = is equivalent to Xx^y + Yy^z + Z z^x = 0; consequently 

X Y Z X Y Z 

or " 



z(x^z — y^) x{xy^ — z^)y{yz^ — x^)' zY xZ yX' 

Hence, 

Y2 ya 72 

^+|, + ^ = 0, or X'Z + Y^X + Z^Y = 0, 

the equation of Klein's quartic* Hence, the limiting curve L is a Klein quartic. 
The line joining the two points {x, y, z) corresponding to a given point 
(X, Yy Z) is represented by the equation 

Xz + Yx + Zy = 0. 

There is evidently a correlation connecting this line and the point (X, Z, Z), 
which will be denoted hereafter by Q. li Q lies on L, the two corresponding 
points P are consecutive and the line joining them envelops the curve whose 
tangential equation is 

If P, P' are the two consecutive points, P lies on the curve J, and the line P P' 
may be called the principal direction at P. A curve which crosses J at P in a 
direction diflFerent from the principal one, corresponds to a curve which touches 
the limiting curve L at Q.f For instance, a line which meets J in six distinct 
points generally corresponds to a rational cubic touching L in six distinct points. 
To find the equation of this cubic, we take the equation of the line in the 

form 

^x + y!y + ^z = 0. (3) 

* Klein-Fricke, " Vorlesungen tiber die Tlieorie der ellipiinchen Modulfunktionen," Leipzig (1892), 
pp. 675, 678, 701. Math. Ann,, Bd. 14 (1879), p. 428. Haskell, American Joubnal of Mathematics, 
Vol. XIII (1890) . IL F. Baker, "Multiply Periodic Functions," p. 269. E. M. Radford, Quarterly Journal, 
Vol. XXX, p. 263. 

t'De Paolis, loc, oit. 
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This equation and (2) give 

Now, Xy^ + Yz^ + Zx^ = 0; therefore 

X{^¥-^Xy + Y{^Z-nYy + Z{nX-^Zy = 

is the equation of this cubic. The coordinates of the double point are evidently 
X = ^j Y = l^j Z = ri\ this point is evidently associated with the line (3) in the 
correlation already mentioned. 

A line (3) which passes through one of the base points P^ corresponds to 
a rational cubic which breaks up into factors. One of the factors is the line 

f^T + 6''^ + r'X = 0, (4) 

associated with the base point P„; this line is a bitangent of L. The other 
factor is a conic 

^5.^2X2 + ^^-Y^Y^ + 6«'f*Z2- (>72 + 2f lyc^") YZ 

which touches the quartic L in four points. If the line passes through a second 
base point P^ , the conic breaks up into a bitangent 

corresponding to P^ and a second bitangent 

^6,-2^ ^2 X + f^'-^'^yj^r + «''"'' ^'z = 0. 

Since 

k^'^^ri^'^U^ =0, ^f^'' + >7f'' + ^e^'' = 0, 

the equation of this last bitangent may be written in the form 

(f'' — 6")'^+ (e''' — 6^")'^ + €''«" (€"' — «"')' Z = 0. (5) 

The quartic curve L has seven bitangents with equations of type (4), and 
twenty-one with equations of type (5). Other equations for the bitangents 
and quadritangent conies have been obtained by Klein. It should be mentioned 
that many writers have used a different system of coordinates in studying the 
properties of the curve.* 

A set of eight associated points in space from which Klein's quartic may 
be derived by Hesse's method, is easily deduced from our set of seven points. 
If we take four of the points at the corners of the tetrahedron of reference, the 
other four points may be represented by 

(1,-0,1+6,26+1), (1+6,1, 1,-i), (-0,-1,6,6+1), (6,1+6,1,6), 
where 6 = e* + 6* + c® and ct)nsequently 6* + 6 + 2 = 0. 

* See, for instance, A. Wiman, Stockholm Bihang till Handlingar 21 (1895), N. 3. A. B. Coble, 
American Joubnal of Mathematics, Vol. XXVIII (1006), p. 333. 
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§ 8. Reduction of the Equation of a General Quartic to a Special Form. 

Salmon* lias remarked that the general quartic curve can be obtained as 
the locus of the poles of the tangents to a conic Cj with regard to a cubic C, , 
or as the envelope of the polar conies of points on C^ with regard to C^ . 

Let x = d^j y = 20f z = l be the parametric equations of C^ ; then the 
equation of the polar conic with regard to C^ of a point on C^ with parameter 
ig represented by 

A^f{6)^e's, + 2es, + s, = o, 

and the envelope of the conic is the quartic curve Q^SqS^ — SI = 0. 

Jf we use Darboux coordinates (d, ^), where x = dip^ y = ^ + ^i z = l are 

the coordinates of an arbitrary point P and (6, ^) the parameters of the points 

of contact of the two tangents from P to Cj, it follows that the polar conic 

of P, viz., 

N^fiS,^)^ e^S, + (6 + ^)S, + S,^ 0, 

passes through the poles of the two tangents through P to C^ with regard to C,, 
and therefore the points of contact of the two conies f{6) =0, /(^) =0 with 
their envelope Q. 

The conic N consists of two straight lines if P lies on the Hessian H ot C^^ 
and then the two lines intersect in. the correspoding point P' on H. The con- 
dition for this is that H {Xj t/, z) = 0, or JET [fi^, d + ^^l] =0, where H is 
homogeneous and of the third degree. 

We are now led to ask the following question : Can we find three comes 

A^f{e)=0, B^f{^)=0, C = /(4)=0, 

such that the points of contact with Q of each of the three pairs BCj CAj AB 
lie on two straight lines ? 

The question is evidently equivalent to the following : Can we find a triangle 
which is inscribed in H and circumscribed to C^f 

The answer seems to be that we can generally find two proper triangles of 
the required type. For, if we eliminate '^ from the equations 

E[H, + A^, 1] =0, H[^^, ^ + 1^, 1] =0, 
by means of a determinant, using Sylvester's method, we are led to an equation 
of the ninth degree in 6 and of the ninth degree in ^. The first three rows of 
the determinant contain only Q ; the last three rows contain only ^. It is clear, 
then, that {Q — ^Y is a factor of the determinant. Rejecting this factor, we 
are left with an equation of the sixth degree in 6^, d + ^, 1, which, when 
written in the form F (rr, t/, z) = 0, represents a curve of the sixth degree. 

* ^Higher Plane Curves." See also Gerb^Hi* fiend. Palermo (1803) ; Giani, fiend, Lotnhar4Q (1805). 
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The curves F = 0, JET = intersect in eighteen points, but these do not all 
give rise to proper triangles. Jf RS is a common tangent of F and C^, 
R being on F, and T is a point in which the other tangent from R to C^ meets 
Cgi RRT must be regarded as a degenerate triangle fulfilling the conditions,* 
and so R is one of the points of intersection of F and H. Since C, and H 
generally have twelve common tangents, there are generally twelve points of 
type R. 

The points of intersection of C^ and H do not give rise to degenerate 
solutions in this case (cf. Clifford, loc, cit.). Since we have only accounted for 
twelve intersections by means of degenerate cases, we must conclude that there 
are six other intersections which give rise to two proper triangles fulfilling 
the conditions. This number agrees with the well-known result for the case 
when the cubic H consists of three straight lines.f Our argument is not quite 
conclusive ; it would be more satisfactory if the algebraic work could be carried 
out in detail. 

There is an important exceptional case in which oo ^ complete quadrilaterals 
can be inscribed in H and circumscribed to C2 . Darboux t and Clifford ^ have 
shown, in fact, that if one complete quadrilateral is circumscribed to Cj and 
completely inscribed in ff, then 00^ such quadrilaterals can "be found. This is 
to be expected, because a quadrilateral inscribed in H and circumscribed to C, 
gives four triangles fulfilling the conditions, and this is more than the proper 
number ; consequently there must be an infinity of triangles. 

It will be convenient to call this exceptional case the case " D,'' and to refer 
to the special type of quartic which arises from it as a "D'' quartic. It will be 
shown presently that this quartic is a desmic quartic. 

In the general case the result we have just obtained may be used to reduce 
the equation of the general quartic curve to the form 



^1^2 3/12/2 «1^2 

Let us write x^x^ = f (^, i^), y^y^ = f (i^, fl), z^z^ = f (0, ^) ; we can then find 
constants a, ^, y ^^ch that 

a!/i!/2^i^2 + i3^i«2^i^2 + y^i^2yiy2 — ^o^', — /Sf. 
To see this, let us put fi'o = l, S^ = tj 8^^t^\ then the above identity holds if 

* Gf. GliiTord'A proof of Poncelet's theorem, "Math. Papers/' p. 17. Clifford makes a few remarks 
on the present problem, but arrives at a slightly different result. 

t Salmon's "Conic Sections," p. 273. The reciprocal theorem is given. 

X hoc, oiU 

§ "Math. Papers," p. 205. 

48 
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a{t+ey {t+^) it+'^) +^{t+^y {t+^) (t+e) +rit+^y (t+O) («+t) = o. 

Now, this equation can be satisfied by putting 

and it is easy to verify that we have identically 

^ (^-^) (^-d) («-♦) {S,8,-Sl). 
HenCBy the equation of the general quartic curve can he expressed in the form 

{^ — '^)yiy2^i^2+ i^ — ^)^iZt^i(^2+ (^ — 4>)^l ^2^12/2 = 0- 
If we change the arbitrary constants in x^y^z^f the equation may be written 

It is clear that the quartic curve passes through the four points of intersection 
of two pairs of lines such as X^ Xg = 0, Y^Y^ = 0, and that the three pairs of 
lines give rise to twelve points. 

The conies Aj B,C now have the simple equations 

Y,Y, + ^,Z, = 0, Z,Z, + X,X, = 0, X,X, + Y,Y, = 0, 

and it is easy to verify that each of these conies touches Q in four points. 

It should be noticed that the four points in which A cuts X^ X^ = 0, the 
four points in which B cuts Y^ Y^ = 0, and the four points in which C cuts 
Zi Zg = 0, all lie on the conic 

X,X, + Y,Y, + Z,Z, = 0. 

This may be written in the alternative forms 

_^i^2 4. ^1^2, J- J?]A. — n 

{al-3a,a,)S,-2a,8,+ {al-3a,) S, = 0, 
where 

§ 9. Configurations of Sixteen Points Inscribed in a Quartic Curve of Type D. 

If, in the case D, d, ^, 4'> X ^^® ^^^ parameters of the points of contact 
with Cg of the sides of one of the quadrilaterals, we have six pairs of straight 
lines * 

x,x^^f{^,ii.)=0, y.y» = /(i|',e)=0, z,z,^ f (6,^) =0, 

u,u^^f{e,x)=0, v^v^ = f i^,x) = 0, w,Wt^f{ii,,x)=0. 
The equation of the quartic curve may be thrown into the forms 
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i1> — ^)yii/iZie2 + (4 — ^) ^i^fa^irr^ + (B — ^) x^x^if.y^ =0, 
{^ — 'i,)v,VtW^w^+ (4 — ;t)«'i«'2^i'^2+ U — ^)'»i%ViV2 =0, 
{ii,—6)w^WiU,Ui+ {0 — x) »i^i yiPs + U — '»i')yi«/2WiW2 = 0, 
{6 —^) u^u^ViV^ + {^ — X) v^v^z.Zj + U — fi) SiSj«i«« =0, 

or into the form 

where X, /z, v are subject to the relation X + fi + v = 0, but are otherwise 
arbitrary. It should be noticed that 

{^—^) {e—x)xi!c^u,u^+ {'4'—d) {<if—x)yiy2'"iVi + iB—i>) (ij'— a:)s,22w,Ws^o. 

It is clear that the quartic curve passes through the four tetrads of points 

in which the six pairs of lines i*iMj, v, Vj, ^i^^, x^x^, ViVn z^z^ intersect. 

From what has gone before it appears that the three diagonal points of each 

of these tetrads lie on the Hessian H. of the cubic curve 0, , while the six pairs 

of lines touch the Cayleyan F, of this cubic It should be noticed that we have 

the identities 

(«^ — ij/)«iMg+ {■^ — e)v^Vt + (6 — ^)Witt?2 = 0, 

(^_4,)«,M2 — («?) — %) 2/1^2+ (i^ — a:)«i«2 =o» 

(4 — d)t;,Vi, — (■«^ — ^)2,22 + {B — x)'^i^i =0, 

{e—^)w,w^— {B—x)XiXt + {i>—x)yiVi =^- 

Consequently we may write 

{■4>—e)ViV2 + {^—x)yiyi={'^—x)^i^2 — (d— <^)«;iW2= l, 
(4>— 4)«jM2 + {B—x)^i^t ^ (.^—x)yiy2— {■^—B)v^v^ =N, 

and the equation of the quartic curve takes the form 

or oL^ + pM^ + rN^ = 0j where <T + p + T = 0. 

The conies L, M , N are so related that the equations 

all represent pairs of straight lines ; their equations must consequently be of 
the form 

L^BC + AD = 0, M^CA+BD=0, N^AB + CD = 0, 

where A, B, C, D are linear functions of the coordinates. 
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The equation of the quartic curve may now be written in the form 

a {B^C^ + A^D^) + p {C^A^ + B^D^) + r {A^B^ + C^D^) = 0, 

which shows that it is a desmic quartic^ i. e., a plane section of the desmic 
surface studied by Stephanos, * Humbert, f Schroeter | and others. 
It should be noticed that an equation of the form 

px^x^u^u^ + qy^y^v^v^ + rz^z^w^w^ = 

always represents a desmic quartic, for with the aid of the identical relation (1) 
we may reduce it to the form (2) ; we may also reduce it to the form 

Fx^x^u,u^ = Gy^y^v^v^, 

which indicates that the curve passes through the sixteen points of the configu- 
ration. Hence, there are oo ^ desmic quartics through these sixteen points. 

§ 10. A Quartic Curve with oo ' Inscribed Configurations of Twenty-four Points. 

When the configuration of twelve lines touching the curve T is discussed 
with the aid of the parametric representation of this curve in terms of elliptic 
functions, <^ it appears that the twelve lines can be divided into three tetrads 
such that the points of contact of the four lines of a tetrad lie on another 
tangent to T. The three new tangents obtained in this way meet in a point T, 
and so it appears that the configuration of points and lines is identical with 
one whose reciprocal has been studied by Hesse. || As the point T moves along 
a straight line, the configuration of sixteen points derived from it with the aid 
of the curve F, describes a desmic quartic. 

Caporali has shown that Hesse^s configuration of twelve points and sixteen 
lines is associated with a second configuration of the same type and that each 
configuration is derived from the other by the same construction. He has 
shown, moreover, that the two sets of twelve points lie on a quartic curve Tf 
which contains oo ^ configurations of a similar type. This quartic is usually 
known as Caporali's quartic and depends on eleven arbitrary constants. 

* DarhowB*8 Bulletin, s^r. 2, t. 3 (1879), p. 424. 

t LiouvilWs Journal, s^r. 4, t. 7 (1891), p. 353. 

t CrelU^s Journal, Bd. 109 (1892), p. 341. 

§ Humbert, loo. oit. 

II 0rell&8 Journal, Bd. 36 (1848), p. 153. See also Dur^ge, <'Dle ebene Curven dritter Ordnung," 
Leipzig (1871) ; Caporali, "Memorie di Geometria,'' p. 338; Schroeter, CrelWa Journal, Bd. 108 (1891), 
p. 269; J. de Vries, Acta Math,, t. 12 (1888), p. 63; Martinetti, Aiii delV Aooad. Catania, ser. 4ft, t. 3 
(1891) p. 20; S. Nakagawa, Proc. Tokyo Math. Phys. 8oo., April, 1907. 

f Aco. di Napoli Rend., December, 1888, "Memorie di Geometria," pp. 336, 340, 349. Ann. di Mate, 
maiioa (2), t. 20 (1892), p. 274. See also Giani, Aco. di Napoli Rend. (3), t. 2 (1896), p. 126. The curve 
was first studied by Hesse as the Jacobian of a line, a cubic curve and its Hessian. 
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The two conjugate sets of twelve points are such that any quartet of one 
set and any quartet of the other set lie on a pair of lines. Two sets of twelve 
points which possess this property generally depend on twelve arbitrary con- 
stants. In Hesse's configuration some other condition is satisfied, and the nine 
pairs of lines through the quartets of points do not generally belong to a net 
of conies. 

We shall now obtain a type of quartic which contains oo ^ conjugate pairs 
of sets of twelve points with the above property and for which the nine pairs 
of lines do belong to a net. 

Going back to the leading ideas of <^ 8, we now consider the analogue of 
Darboux's theorem that if the sides of a triangle A intersect the sides of a 
second triangle A' in nine points lying on a given cubic curve JET, and both 
triangles circumscribe a conic Cg, there are oo^ pairs of triangles circum- 
scribing Cj whose sides intersect on H. The quartic curve generated by the 
poles of tangents to C^ with regard to a cubic curve C, having H as Hessian, 
will possess 00 ^ inscribed configurations of twenty-four points, viz., the poles of 
the sides of two triangles A, A', and these twenty-four points can be arranged' 
into two sets of three quartets possessing the property mentioned above.* 
The lines containing quartets of different sets touch the Cayleyan Tj of the cubic 
and belong to the net of conies which includes all the polar conies of C, . 

To obtain an equation for our quartic curve, let us consider Ihe case when 
one vertex of the triangle A' lies on the conic ; then two of the sides coalesce^ 
and the sides of the triangle A touch H at points on a line. Now let (aip*) =0 

be the equation of the cubic curve, f — j = the equation of its Hessian, the 

notation being the same as in "^ 2. The line x^ = meets the Hessian at points 
on the lines x^j x^^ x^ = Oj and the equations of the tangents at these points are 
respectively 

a^x^ + a^x^ = 0, a^x^ + a^x^ = 0, a^x^ + a^x^ = 0. 

Now, these tangents meet the Hessian ag^in at points on the line (ax) =0, 
and so may be taken as the sides of the triangle A. The four lines whose 
equations have just been given and the line x^ = all touch the conic Cj; also 
if (yi > ^2 > ys > 3/4) ^re the coordinates of any point P on the quartic, the polar line 

* If we take two triangles whose sides intersect on H but do not touch a conic, the poles of their 
sides with regard to (7, will form two sets of twelve points possessing the same property, but the twenty- 
four points do not generally lie on a quartic curve. This configuration clearly depends on twelve con- 
stants. I am inclined to think that there are two distinct types of configurations of twenty-four points 
with the above property. 
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of P with regard to the cubic, viz., {ay^x) = 0, must also touch Cj. Making 
use of the relation {x) ^ to get rid of x^ , we find that the six lines touch 
a conic if 

— a^a^a^ — a^a^a^)yt + ala^{a^ — a^){a^a^a^'\-a^a^a^ — a^a^a^ — a^a^a^)y\ 
+ a, a^ aj {a^ — a^) {a^ a^ a^ + a^ a^ a^ + a^ a^a^ — a^ a^a^ — 2 a^ a\) y\y\ 
+ a^a^a^{a^ — a^) {a^a^a^ + a^a,a^'\- a^a^a^ — a^a^a^ — 2 a^a\) y\y\ 
+ a^a^a^{a^ — a^){a^a^a^ + a^a^a^ + a^a^a^ — a^a^a^ — 2a^a\)y\y\ 
= CiAy\[a\y\{a^ — a^){a^a^a, + a^a^a^ — a^a^a^ — a^a,a^) 
+ a\y\{a^ — a,) {a^a^a^ + a^a^a^ — a^a^a^ — a^a^a^) 

+ «ly8(«i — «2)(«1^2«4 + ai«2«8 — «2»8«4 — «^8^1«4)]- 

It is clear from this equation that the curve passes through the vertices of the 
triangle y^y^y^ = 0, through the four points given by a^y\ = a^y\ = a^y\ and 
through a second set of four points given by equations of the type c^y\ = c^y\ 
= ^8 yS , the two sets of four points being situated on a conic whose equation 
is obtained by equating to zero the expression within the square brackets. 
It appears from the equation that a quartic of the present type depends on 
eleven arbitrary constants. 



On the Continuity of a Lebesgue Integral with Respect 

to a Parameter. 

By J. K. Lamond. 



Introduction. 

Let f{Xyy) be a function of two variables defined over a limited, two- 
dimensional, measurable point set which may be denoted by SI. Let S be the 
projection of 91 on the Z-axis, and through each point a? of 93 let an ordinate 
be erected. Each ordinate cuts a section ® {x) out of SI. When no confusion 
can arise, we denote this section simply by ®. If each ® is measurable, and 
f {Xj y) is L-integrable in the sense of Professor Pierpont,* the resulting 
function 

is a function of the parameter x. In the present paper I give sufficient con- 
ditions that 

lim J(rr) = /c(X)/(J^,y)rfy, 

and consequently that J (x) be a contintious function of x in S. 

It is understood that the integral signs used denote L-integrals. In case 
a Biemann integral is used, the sign of integration will be prefixed by the 
letter R. 



The upper measure of a point set 91 will be denoted by the symbol meas. SI 
or 91. If SI is measurable, its measure will be denoted by meas. 31 or 91. t 

§ 1. Proper Integrals. 

Theorem 1. J Let 0<f<N be L4ntegrahle in measurable SI, and let Sl^ 
be the points of 31 at which f>x. Then 

S^f^RSokd*. (1) 

Effect a division of the interval (0, N) of norm d by interpolating the 
points X] , ^2 , . . . . , x„_i . For uniformity let x^ = and x^ = N. Corresponding 

* " Lectures on the Theory of Functions of Real Variables/' Vol. II, §380. These will be referred 
to as " Lectures.*' 

t This is the notation adopted in " Lectures," Vol. II. 

X This theorem is similar to one given by W. H. Young in a paper " On the General Theory of Inte- 
gration," Phil. Trans., Vol. CCIV (1905). 
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to these points, we get the sets ^k.j^k^j . . . . , 2Iic^ each of which is measurable, by 
"Lectures/' Vol. II, §§ 424 and 408,2, and each of which contains the following 
ones. The sets (21^— Sl^J, (21k, — 21*.), , (21*^ — 21^ J are all measurable; 

and meas. {^k^—^k^+i) =21*1 — 21^4+1, (t = 0, 1, 2, , n— 1), by ^'Lectures,'' 

Vol. II, §352,2. 

But obviously any lower summation < the L-integral of / over 21 < any 
upper summation. Hence, 

• meas. (21^-21,,) +x, • meas. (21,, -2t,.) + . . . , +x._i • meas. (2r._,-2l,J 

X, • meas. {^k.—^k,)+x^ • meas. (21,^, — 21^.) + +x^ • meas. (2tK^_,— 2t^J. 

Hence, removing the parentheses, we have 

ft ft ft ft 

«i Sl«» + (x2 — *] ) 2l«, + + (x,_i — x,_i) 21,^ — x._i 2I«. 

ft 

Noticing that 21^^ = 0, this may be written 

V (x,+i - X,) 1.^1 < /, / <i{x,^, - X,) I., . 



Let now d = 0, and we have 

R5^kdx<S^f<R]Skdx. (2) 

ft *~ 

But since 21^ is a limited, monotone function of x in (0,^), it is integrable. 

Hence, (2) gives (1). 

CoROLLABY 1. Let M < f <0 be L-integrable in measurable 21. Let W^ be 

the points of 21 at which f<x. Then 

s^f = RSMkdx. 

CoBOLiiABT 2. Let f be an L-integrahle function of both signs in measur- 
able 2t, such that M < f <N. Let SI, be the points of 21 at which f>x, and SC^ 
be the points of 21 at which f<x. Then 

f,f = RSii:dx + RSo^i,dx, ' (1) 

= Sikdx + U"li,dx. (2) 

Let the points of 21 for which M </<0 be ^, for which 0<f<N he B, 
and for which / = be C. By "Lectures," Vol. II, §§ 428 and 408, 1 and 2, 
A, B and C ate all measurable. Hence, A — C is measurable. %={A — C)-\-B 
and meas. 21 = meas. {A — C) + meas. B. T?herefore, by "Lectures," Vol. 11, 
^ 372 and 390, 2, 
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But by "Lectures/' Vol. II, § 401, 

JA-C f = JAJ' 

These relations, with the results of theorem 1 and corollary 1, give (1). We 

get (2) from (1) by referring to ''Lectures,'' Vol. II, § 381, 2. 

Theobem 2. Let Xbe a proper limiting point of S. Let M<f<N be L-inte- 

grdble in each ®, S measurable^ in some V^{X)y'^ and let g{y) be L-integrable 

in measurable ® (X). Let the points of ® (X) at which g (y) <xbe ^i, and at 

ft ft ft 

which g {y)>x be^^. Let^'^, converge uniformly f to ^i in (M, 0), and let ©^ 

converge uniformly to ^^ in (0, N)y along the section x=Xy except possibly for 
the points of a null set 31 of values of x. Then 

lim /c(,) fdy= /c(X) g (y) dy. (1) 

For by theorem 1, corollary 2, 

S^fdy^Slkdx + SoKdx, 
for X in V^{7^). Pass to the limit a; = X, and we have 

lim/,(,>/dt/ = lim[/il;rf;e + /o^l,d*]. (2) 

ft ft 

for X in Vii{7J). For any x in Vji{7^) and for any x, S^ and ^^ are both less 

than or equal to A, where A is the projection of 91 on the T-axis. Choosing 
6 > 0, small at pleasure, we may enclose the points of (0, N) belonging to 91 

s p 

in a set of non-overlapping intervals Bj such that B < — ^. Let the remaining 

4A 

* Fff(X) denotes those points of » lying in the interval (x — g' ^ "^o)* ^^^ ** ^^^ vicinity of X, 
of norm d. This is the notation used in "Lectures." (See Vol. I, § 250.) 

t See "Lectures," Vol. I, §561. In this particular case, if, for each €>0, there exists a «>0, 
such that A ^ 

irK-0\|<€ (1) 

ft ft 

for each w in Vd{\), and for every k in (if, 0), we say that ff'/c converges to ^'^ uniformly along the 
section (d = \. 

If 91 is a null set of values of k lying in (if,0), there exists a division of (M,0) into two sets of 
intervals, A and B, such that A contains no points of 92 and the sum of the lengths of the intervals B is 
as small as we please. If for each e > 0, and for any A, there exists a d > 0, such that (1) holds for each 

ft ft 

w in Fff(X), and for every k in A, we say that S\ converges to ^'k uniformly along the section a=:\ 

except for the points of ^. If S'k converges to S\(X) uniformly along the section a?=X, except for the 

points of % we say that S'/c is a uniformly continuous function of x along the section xz=z\ except for the 

points of Jl, If %'jc is a uniformly continuous function of x along each section x=z\ of 9, except for the 

points of 91, we say that £'/c is a uniformly continuous function of x in^ except for the points of 91. 

49 
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parts of (0, N) be A. Then 

Hence, 

l^l<ILi + IM- (3) 

But the second part of the right-hand member of (3) is less than |. On the 
other hand, by hypothesis, 

for X in V^i^) and x in A. Hence, the first part of the right-hand member 
of (3) is less than |. Hence, | Z) | < e, for a? in Vs{^). Similarly, 

\D'\ = \f'^Kdx-Sikdx\ <6, 
for X in Vs{^). These results, with (2), give 

lim Snix) fdy=SM^Kdx + f^^,dx = /«(X) g (y) dy, 

by theorem 1. 

Corollary 1. Let f he L-integrahle in each 6, S measurable, in 93. Let 
ft ft 

©i and ©^ he uniformly continuous functions of x in 2), except possihly for a 

null set 9J of values of x. Then 

J i^) = S(ifdy 
is continuous in 93. 

Example 1. Let / be defined over a set 91, which lies in the rectangle 
0,0; 1,0; 0,2; 1,2, as follows: 



* 



-In m p 

f = — for x = -, y = ^j 
' 71 q n' "^ q 

= xy for rr = -, 0<t/=^?<l, 
= x[y — l) for X irrational, 1 < t/ =^ - < 2. 
Setting x = xy and solving for t/, we have y = -. Therefore, ©^ equals 1 — - , 

X X 

for x<x, and equals zero for x> x, where x is rational ; that is, of the form 

— . Setting x = x{y — l) and solving for y, we have y= 1. Hence, 6« 

n ^ 

* All fractions, here and elsewhere, are supposed to be irreducible. 
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equals 2 1 = 1—-, for x<Xj and equals zero for x>Xj where x is 

XX ' 

irrational. Thus ®« is a uniformly continuous function of x for any x, and 
hence, J (x) is continuous in S = (0, 1). 

Example 2. Let / be defined as in example 1 for x rational. For x 

X X x^ x^ 

irrational, and ^<y<^ + ly let f = xy — -^. Let x = xy — ^ . Then 

y = - + ?, and S« equals ^ + 1 — (~ "^ o) ^ ^ ~~9 ^^^ ^ ^ ^> and equals 

X Ji £t \X Jt/ X 

j5ero for x> x. Hence, J {x) is continuous in 93, as in example 1. 

§ 2. Improper Integrals. 

Theorem 3. Let ^ be a proper limiting point of 93. Let the improper 
L-integral * of f over each ®, ® measurdblej exist and converge uniformly t in 
some Vs (X), and let g (y) be improperly L-integrable in measurable ® (X). For 
any arbitrary but fixed values of a, ^, such as a, 6, let the points of ®„^ (X) at which 

g{y)^x be ^ab,kj fl^^^ o.t which g{y)>x be ^aft.*- Let ®afr,« converge uni- 
formly to ^ab,K *^ ( — ^>0), and let ^ab,K converge uniformly to ^ab,K *^ (0> &)> 
along the section x = Xj except possibly at the points of a null set 91 of values 
of X. Then 

lim /c^^) fdy=S^i\) SI iy) dy. 
»=\ 

For any x in V^ (X), ®„j, is measurable. Hence, by theorem 2, 

lim /«.,(,) fdy = S^..(\) SI (S/) ^y- (2) 

By "Lectures,'' Vol. II, § 146, passing to the limit a, 6 = oo in (2), we get (1). 

Corollary 1. Let the improper L-integral of f over measurable 6 con- 
verge uniformly in 93. For any arbitrary hut fixed values of a, ^, such as a, fc, 

ft ft 

^^' ^a6,ic ^^<^ ^ab,K &^ uniformly continuous functions of x in S, except possibly 

for a null set 9i of values of x. Then 

J{x) = S^fdy 
is continuous in 93. 

Wesletan Univebsity, Middletow^t, Conn., May, 1913. 

* The definition of an improper L-integral given by Professor Pierpont in "Lectures," Vol. II, § 426, 
is here used. The modification of the notation there employed to meet our present needs seems obvious. 

t The definition of uniform convergence for Pierpont improper integrals as given by me in my paper 
"Improper Multiple Integrals over Iterable Fields," Transactions of the American Mathematical Society, 
Vol. XIII (1912), p. 436, applies equally well to improper L-integrals. 



Geometry on Ruled Surfaces. 

By S. Lefschetz. 



1. The object of this paper is to prove a formula given by W. E. Story 
for the number of common points of two curves C^ and C^, of order a and b 
lying on a scroll 8,^ of order [i. He stated that 

[C,C,\=ba+a^-(ia^, (1) 

where [C^Cj,] designates the number of intersections of the two curves C^and C^, 
a and /3 the number of intersections of C^ and C^ with an arbitrary generator 
S^. He gave the proof himself for ^=2, 3, and F. B. Williams gave it for 
(i=4:j 5.* Of the two proofs here given, one is based upon a classical work of 
Severi, t the other is of a very elementary character. 

2. Before proceeding with our first proof, let us recall a few definitions 
introduced by Severi. Two curves C and D traced on a surface 8 will be called 
equivalent J and we shall write C = I>, if there exists on 8 an algebraic system of 
curves containing them both totally. From this definition it is easy to pass 
to the meaning of XC = X'Z), ^, X' being both positive integers, and finally to the 
meaning of 2 ^< 0^ = 0, the X's being integers. Severi proves that we can find 
on 8, p curves such that between them and any other curve C on 8 there is 
always a relation of the type 

The numbers (^, Xj, . . . ., Xp) are the characters of C with respect^o the base 
(Ci, Cj, . . . ., Cp). He also gives the so-called Bezout Theorem for a surface 
by showing that if for D we have 

1 
then 






In particular he states this for a scroll p = 2. We shall prove this here, by 



♦"Curves on Quintic Scrolls," American Journal of Mathematics, Vol. XXXIV (1912), p. 421. 
A complete bibliography is given there. 

t " Sulla totalita delle curve algebriche, Math. Ann., Vol. LXII, p. 124. 
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showing that, for /S^ , a base is found taking for C^ a generator and for C^ a 
plane section.* 

3. Let a:=iiv—h^ h<ii, and let A; be a positive integer. A surface of order 
ki^ going through k curves infinitely near C^, that is to say, through A; C^ , has to 
satisfy at most k{akv+l) conditions; and if it has to go through kh arbitrary 
generators of ^S^, it must satisfy at most kh{kv — ka+1) conditions, so that the 
number of linearly independent surfaces of order kv going through kC^j 
kh generators, and not containing S^ as a part, is not inferior to 

the unwritten terms containing A; to a power lower than 2. The coeflScient of 
k^ is positive it [jl>2. Hence, when k is above a certain limits kC^ has kh gen- 
erators for residual intersection. It is well known that for (i=2, any curve is 
either a complete intersection or has a generator for residual intersection, so 
that the above is true without any restrictions. In the notation of paragraph 

2, we have, therefore, 

kC^+khC,—kvC^ = 0. 

As kC^ and khCj^ are cut out by a surface of order kv and two arbitrary gener- 
ators have no common points, it follows that the kv intersections of a generator 
with the Si,, will be on kC^y so that 

ka=kv; .*. a = v, 
showing that the characters of C^ with respect to the base (C,, Co) are (k, kh, 
—ka). Similarly, Cj, will have characters (A;', k'h\ — Aj'/?), with a = aii~h, 
b=^li — h'. We also have 

[C,CJ=0, [C,CJ=1, [C,C,]=ti; 
hence, by Bezout's theorem for S^^ , 

[C^CJ =—h^—Wa+na(i= {a—a(x)P+ {b—^ii)a+(ia^=a^+ba—iia^, 
which was to be proved. 

4. The following proof is elementary. The coordinates of any point on a 
generator can be expressed thus : 

ic.-zzm,— ;iw,, (t=l, 2, 3, 4), 
where t/ii=m^(^i, ^^j ^g) and Wi=Wi(^i, ^2> ^a) ^re homogeneous functions of 
the £'s of the same order p, X is an arbitrary parameter, while them's satisfy 
a relation /(^i, ^^y fg) =0> representing in their plane a curve of order m and 
same genus p as /S^ . If a curve C^ meets an arbitrary generator in a points, 
it will be represented by an equation of the type 

^^X-+^^2.^-^+^^X-^+ .... +^,=0, 

♦In the paper previously cited, Severi refers the reader, for a proof, to his paper, "Sulle corrispon- 
denze tra i piinti," Torino Memorie, Vol. LXIV. This being of difficult access, we give below our very 
simple proof for the sake of completeness. 
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the ^'s being all homogeneous polynomials of same order a' in the ^'s. The 
curves ^^=0 will have in the f -plane a certain number a' of points in common 
with /=0. To find the order a of C^, we have to find the number of its inter- 
sections with a variable plane section : 

4 4 

The result of the elimination of X between the equations of the two curves is : 



of which we must find the number of variable intersections with /=:0. If the 
curves /=0, m^=Oy n^=0, (i=l, 2, 3, 4), have y common points, we have 

a=(a'+pa)m — ay. 
If the equation 

where the 4''s are of order fe' in the ^'s, represents a second curve Cj, of 
order 6, we have 

&=(6'+p/3)m— /3y. 

We obtain [C^Cj,] by eliminating X between the equations of the two curves. 
This gives : 

^0 ^l ^2 
^0 4>1 

^0 


4'o 4'l 4'2 
'^0 '^1 

1^0 


which represents in the f -plane a curve of order {ab' + fia') intersecting 
/ = in m{ab' + fia') points. From these we must deduce the points common 
to all the ^'s or the ^^'s and /. A point of multiplicity 9 for all the 0's and 
multiplicity r for / will count for 9r points in the intersection of / and ^^ , 
and for ^9r points in the intersection of / with R. A similar remark applies 
to the -J/'s, so that finally : 

=^{ma'-a') +a(mfe'— /?') 

= afi + ha—2(mp—y)a^. 
In particular, if C^ and C\ are two plane sections of S^, we have a = b=Hy 
a=^ = l. 

.'. [C,C,]=(i=2(i-2{mp-y) ; .'. 2{mp-y)=(i; .'. [C,C,]=ba+a^-(iaP, 
and the proof is complete. 



ii(^i,^2,^s) = 



^ 



=0, 



*a 



Lincoln, Nebb., October 26, 1912. 



Restricted Systems of Equations. 

(Second Paper.) 

By Abthub B. Coble.* 



The following is a continuation of a previous paper in this Journal.t In 
§ 3 incomplete restricted systems of defect one and two are considered, with the 
purpose of determining the index numbers of the residual M^ and M^ . The 
results suggest the formulae for the index numbers of a composite spread made 
up of an M^ and an M , with a common M^ , where 5 < 2, t<s. 

In § 4 the '* relative incidence numbers'' of an ilf^j(y) on an M^(a) are 
defined. They are utilized to determine a new type of index number attached 
to ilf^( a), called the " residual index numbers.'' In case M^ia) in S^ is regular 
or in case M^{a) is an M^^^{a), the residual ihdex numbers can be expressed 
by means of the ordinary index numbers a. The new index numbers are 
employed also to obtain the solution of some particular cases of the more gen- 
eral problems of the theory. 

Manifolds defined by matrices are considered in § 5. A simple proof of 
Salmon's formula for the order of a matrix is given ; the formula for the genus 
of the curve defined by a matrix is derived ; the third index number of the 
two-way defined by a matrix is determined, and all the index numbers of the 
manifold defined by the particular matrix with n rows and w+1 columns are 
obtained. 

§ 3. The Index Numbers of Residual Intersections and of Composite 

Manifolds. 

1. Given an M^{a) in 6'„, we have seen how the number, 0^, of points out- 
side of M^(a) and common to n spreads on M^(a) can be determined in terms 
of the orders of the spreads and the index numbers a. This number is merely 
the order or first index number of the intersection residual to M^{a). We are 
thus led to the following inquiry: Given n — s spreads on ^^(a) in 6'^, 5<r, 

* Written under the auspices of the Carnegie Institution of Washington, D. G. 
t Vol. XXXVI (1914), No. 2, pp. 167-186; referred to hereafter as "R. S.," I. The numbering of 
sections and theorems in this paper is consecutive with ** R. S./' I. 
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which meet in a residual M,(/3) which cuts M^{a) in M^i(y), how far can the 
index numbers ^ and y, as well as the relative index numbers (ay) and (/3y), 
be determined in terms of the w — s given orders and the r+1 given index 
numbers a! For the particular case 5 = 1 the answer to this is contained in 
the following theorem : 

(42) // n—1 spreads in 8^ of orders Xj, . . . ., \^i on M^{a) meet in a 
residual M^(^) which cuts M^{a) in M^iy) points^ then 5o+-4r-i=<^n-i> 
B^ = rCQ-=rA^. The index numbers of a composite spread consisting of an 
M^{a) and an M^{^) with Mq{y) common points are 

Ooj «!> >«r-«> a^i + ^o> ar+^1— (^+l)yo- 

Let us recall that the symbol A^ has been defined as follows : 
-4y=ay+a^i<ri+ .... +ai<Ty_i + ao<Ty, 
the <t's being the elementary symmetric polynomials in the given orders X. 
The B^ and C^ are similarly defined for the index numbers ^ and y. The 
formulae given above determine /Sq, /Sj, and yo= (ay)o= (i^y)o i^ terms of the 
orders X and the index numbers a. 

According to [(24), "R. S./' I] the theorem is true for r=l. Let us 
assume it to be true for all values of the dimension up to the given r. An 
w-th spread of order X on M^(a) determines 0^ points outside of M^{aL). 
This number 0, is X/3o— /o or, from [(7), "R. S.,'' I], is \a^^^—{A,+XA^^). 
Equating coefficients of the arbitrary order X, we find that J?o+-4r-i=^n-i ^^^ 
Cq=A^. Again, a spread of order fi on M^{^) cuts M^{a) in ilf^i(a'), which 
meets M^{^) inilfo(y) points. Then M^^(a') and M^{fi) together constitute 
a composite manifold ilf^j(c) which is a complete intersection, and O^i=0 
=Ha^^^—E^^ — (jtE,^. But according to (42), for the dimension r — 1, E^^ 
=A'r-2+BQy and E^^=A'r^i+B^ — rCQ. Furthermore, according to [(16), 
"R. S.,'' I], A'r-i+iiA'r^z=ft^f^iy whence O^iia^^^—iiA^^—ixB^—B^+rCo. 
'Equating coefficients of /ti, we find again that a^^j=A^i+BQj and further that 
B^=rCQ, which proves the first part of (42). 

TheM^(a) andMi(/3) constituteacompleteM^(5)for whichD^=0. Weknow 
that ^0=00, . . . ., 8r-2j ^r-tJ ^r-i = ^r-i + ^oi ^^^ ^^ assumc that 5^=a^H-/8i — x. 
Since D^=Ar+B^—x=Oj we see that rr=^^+5j = Co+rCo= (r+l)yo, which 
for this case at least proves the second part of (42). 

A proof which applies generally can be formulated by the aid of the fol- 
lowing lemma : 

(43) // n — r+k spreads of orders Xj, . . . ., \-r+k ^^ ^r{<^) ^^ ^n wtce^ 
in a residual M^_j^{^) which cuts M^{(i) in an M^j^^(Y)y ^^^ relative index num- 
bers of il/^t-i(y) ^5 io M^_j(/3) are {^y)i=Ai^j,^^y (i=0, 1, ,r— ft— 1). 
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Let r — k further spreads of orders t(/Xi , . . . ., ftr-k)* on M^{a) meet in 0^ 
points outside ilf^(a), where 

Since the spreads r{fi) cut M^_^(^) in the same number of points outside 

Noting that /3o=<r^__,+jb — J^, the lemma is proved by equating coeflScients of r. 
We need also the further fact : 

(44) The theorem (42) applies also to the case where a, ^, y are the 
relative index numbers of Af,.(a), M^{^)j and Mq{y) with respect to a manifold 
M^ containing them, provided <r^_, is replaced by wmt„_i, where m is the order ofM^. 

The proof of (44) parallels that of (42). Suppose, then, that the second 
part of (42) and of (44) also has been established for values of the dimension 
up to the value r. Let spreads a(^j, . . . ., ^„_i) on M^{a) and M^{fi) meet 
again in jjf^(a'), which contains M^{p) and which meets M^{a) in M^^{a"). 
According to (43), (a'a")<=^<+,. According to [(38), "R. S.,'' IJ, the rela- 
tive index numbers of M^{^)yOn the composite spread M^{x) made up of M^{a) 
and ilf^(a'), are {x^)q=^q and (xfi)^=^i+a^pQ. These relative index numbers 
can be determined by cutting M^{x) by r spreads p(v) on M^{^) from the 
equation Oi=p^(ao+ao) — («/3)aPi— («/3)i' The 0^ points are made up of 
pr^o— yo points on Af^(a), and of Pr^i— (a'/3)opi — (a'i3)i points on M^(a'). 
Since ^q= {xfi)o= (a'^)o, we find that (a'i3)i=^i+^o<^i— /o- For the dimen- 
sion r — 1, we have assumed that the relative index numbers of M^^{a") and 
M,{^) on MAa') are (aV')^,H- (a'/?) -ryo, (aV')^,+ (a'^)o, (aV')_3, • • • •, 
whence spreads r{ii^ ,...., /[£^) on the two meet M^(a') in 

OU=T^o-[(aV')_,+ (a'/3) -ryoJ 

-[(aV')_,+ (a'/?)o]r-(aV')_3r-....-(aV')or_, 

further points. This can be written as 

OU=<yn-rT.-r,ao-[^,+5-(r+l)yJ 

— [A^,+Bo]r,—A^_^r^— —A,r^^. 

Since this is also the number 0^ of points outside of M^ia) and M^i^) on the 
a{X) and T(^a) spreads containing them, we see that the last index number of 
the composite spread must be ar+/^i— (r+l)yo> which completes the proof of 
(42). A similar argument completes the proof of (44). 

* This notation indicates that ri , ri , . . . . are the elementary symmetric functions of the given orders. 

50 
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Further theorems of the following type : 

(45) The index numbers of a composite curve composed of three curves 
ilfi(a), il/i(/3), ilfi(y), with respectively ^oy Voy ^q points common to two and 
with points common to the three of which S^ have non-coplanar tangents 
and 5o have coplanar tangents^ are ao+^^o+yo ^^^ ^i+i^i+yi — 2^o— 2>7o — 2^o 

might be given ; but the number of particular cases increases rapidly with the 
dimension. 

2. Let us next consider the case where n — 2 spreads (r(X) on ^^(a) in 
S^ meet again in M^{^)y which cuts ^^(a) in M^(y). By taking a section and 
applying (42), we find that 5o+^<,=<r„_2 and Bi=Cq=A^. By applying the 
lemma (43), we find that (^y)i=^2> ^^^ from the symmetry that {oLy)i=B^. 
A further spread of order [x on ^^(a) meets M^{^) ia M^{y) and inilfj(5), 
which has Sq points in common with ilfi(y). Again applying (42), we find that 
Di+lxDQ=2eQ. Considering Mi{y) and M^{S) on the one hand as a complete 
intersection of ilf2(/3), and on the other as a composite curve, we have, accord- 
ing to [(17), *'B. S.,'' I] and (42), the index numbers iJt^o='Yo+K^ f^fii—f^^^o 
=yi+^i—2eo. By adding (a^+fi) times the first to the second, we get 
fjiB^=Ci+iiCQ+Di+lJiDQ—2EQj whence 0^=0. Collecting the above equations, 
we have 

(46) fio+^=<^n-2, B,=C,=A,, B,= {ay),, A,= {^y),, C,=0. 
From these we derive 

B,+Ao=a^^, B,+A-2Co=0, B,+A,~2C-[{fiy),+ {ay),]=0. 

The composite spread M^{a)j M^{^) is regular, and these equations show, 
according to [(9), "R. S.,'' I], that the index numbers of the composite spread 
are 

(47) ao+/?o, ai+A-2yo, 0L,+^-2y,-[{ay),+ {fiy),]. 

(48) // n — 2 spreads on M^ia) in S^ meet again in M^ifi), which cuts 
M2{a) in M^{y)j the index numbers fij y, (ay), (i^y), with the exception of 
either p^ or (ay)i, are determined in (46). The index numbers of the com- 
posite spread M2{a)j M^i^) with common M^{y) are given in (47). 

We have obtained (47) in the particular case of a composite regular inter- 
section. They are evaluated for the general case below. For the present they 
may be checked by thinking of the composite spread and of its parts as lying 
in an 8^+^ containing S^. According to [(13) and (34), "R. S.,'' I] the same 
formulae hold, as of course they should. 
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Next let us consider the residual intersection M^{p) when If^(a) is an 
M^{a). Using the same method as above, we find that 5o+^i=<''«-2> B^=2Cq 
= 2^2, (j3y)i=^8, €Q=Ai+fiA2. But in this case D^+ijiDq=3eoj so that 
Ci+A^=0. If a spread of order v on M^ifi) cuts M^{a) in Mj(>7), where 
>7o=rao, >7i = va^ — "^^ao, )72=va2 — v^a^+i^ag, and where, according to [(39), 
"B. S.,'' I], (^y)i=(ay)i+ryo, then M^irj) and ilf^C/?) constitute an M^{x), 
which is a complete manifold. Therefore Kn+vK^=Oj where 

Xi=va^—v^ao +/?i— 2yo 

3C2=va2— r«ai+i/«ao+^2— 2yi— [(ay)i+vyo+(/3y)i]. 
Thus we find that B^—2C,— [(^y),+ (ay) J =0 or 

fAo^ {B,+A,=a,^, B,=2Co=2A,, 

These equations lead to 

B,+A,=a,^,, B,+A,-3Co=0, B,+A,-3C-[{ay),+3{fiy),]=0, 
which proves that the index numbers of the composite spread M^{a), ^liP) ^re 
(50) ao, a,+/3o, a2+/3i-3yo, «s+^2-3yi-[(ay)i+3(/?y) J. 

The above argument by which the result for M^{a) is gotten from that for 
M^{a) can be applied similarly to obtain analogous formute for an Af^(a) from 
those for an M^^{a). Thus a readily formulated deduction leads to the 
theorem : 

(52) In S^jn — 2 spreads on M^{a) meet in a residual M^{^) which cuts 
M^{a) in il/, (y). The index numbers j3, y, (ay), and (j3y), with the exception 
of either ^^ or (ay)i , are determined in terms of a and the given orders by 

B,+A^=a^^,, B,= (r-l)C,= {r-ljA^,, 

-C,= {r-2)A={r-2){^y), B,+ (^-^y={ay),. 

The index numbers of the composite spread M^(a), i¥2(/?) with common M^iy) 
are 

ao, ai, ,a^3, a^2+^o» a,^i+^i— 2yo, ar+/?2— 2yi— [(ay)i + (2)(^y)i]. 

Only in the particular case r=n — 2 is the determination of fi^ made later 
(see the end of § 4). In fact, it seems probable that the orders and the index 
numbers a do not constitute, in general, sufficient data to determine /Jg . Further 
index numbers of M^ia) can be defined in terms of which (3^ can be expressed, 
but this is not done in this paper. 
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Let us obtain directly the index numbers of a composite spread M^{a), 
M^{^) with common Jfj(^). Spreads a{X) on the two meet in a residual 
Mj(y) which cuts 3f,(a) in Af,(»7), and 3f,(/?) in M,(0, and M,{^) in M^iS). 
From the first equation of (46) we get 

From each of the other equations of (46) we deduce three equations according 
as M^ia), M^i^), or M^iy) is looked upon as the residual manifold. These 
equations are 

■?o+>7o+3o=?o+ao<»i+ai=(^o+yo)<yi+^i+yi— ?o» 
2°. - ?o + '7o+^o='7o+^o<yx+i3i=(yo+ao)<yi + yi+«i— »7o» 



or < 






.Ui(?o+'7o) =?,+>? -230=0,. 
'<T2ao+<Tia, + aj= (y>7)i+ (/3^),, 
4°. (T,/3,+<r,/3,+^,= (a^),+ (yOi, 

<^2ro+Oiri +yt= (^Oi+ (a>7)i , 

5°. <T,(yo + «o)+<Tx(n+a,-2,7„) +x^.= (|3^),+ (|30 -2«o, 

.<Ji(ao+^o)+<yiK+A-2^o) +«;«/,= (y?)i+(y»7)i-25o, 
where rr^^ , etc., are the unknown third index numbers of the composite spread, 
Afj(|3), M^{y), etc. From 1° y^ is obtained. Equations 2° reduce to three 
which determine y^ , )7o , fo ii^ terms of a, , aj , /3o , /^^ , ^o > yo • Then from 3 ° 3, , 
fi, )7i are obtained in terms of ^o> J?©* ^o- From 4° (y>7)i+ (yOi is determined 
in terms of a-i, Pi, {o^)i, and (i3^)i; and, finally, from 5° we get x^p, which 
turns out to be a^+zSj— 23i— [(a3),+ (i3^)J. 
By adding 2° we find that 

ff,(«Xo+l»o+yo)+a.+A+y-2?o-2>7o-2^2=0; 
and by adding 3° and 4°, that 

6°. (T,(ao+^„+yo) +<Tj(a, + |3i+y,-2^o-2>7o-2^o) 

+ [a,+/?e+yj-2^ -2»7,-2^i-] (a,7)x+ (a^)i+ ((3^), 

+ (/SOi+(yOi+(y'7),|+65oJ=o. 

Since ^2(0^)? ^«(/^)> -^''^2(7) constitute a regular intersection, this shows 
that 

(52) The index numbers of M^{a)y M^{^)y M^iy) with curves M^{^)j 
Mi(ri)y ^1(3^) common to two respectively y and points Afo(^) common to the 
threCy are the coefficients of a in 6"^. 
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We get the same result by using the above formula for Xa^, taking Mz{a)y 
M^i^) as a manifold M^Cac), and M^{y) as the residual spread meeting M^{x) 
mMA^)=M,{^),M,(yj). For y,==y,,x,=a,+^,-2^,-[{a^,) + {fi^),],X,=^, 
+»7i-25o, (y^)i = (y>7)i + (K)i-2So, and {xX),= {an), + (fi^),. Hence, 

-[(ct>7)i+(a^)i+(/33),+ (/30i+(K)i+(y>7)x]+6«o. 
The theorems above can be generalized, as in (44), to apply to the rela- 
tive index numbers of the M^{^) residual to an M^{a) on an M^. 

§ 4. Residual Index Numbers. 

1. Given an M^j,{€) on an M^{a) in S^; then n~k — 1 spreads <t(X) on 
ilf^(a) meet in a residual Mj^^^i^) which has an Mj,{y) in common with M^{a). 
This Mj^iy) meets M^j^{e) in /^^ points, and we define the relative incidence 
number J [a€]^_t, of M^j^ie) as to M^{a) by means of the equation 

(53) /^;fe=(r^fc[a«Jo+(rr-i^i[a6],+<T^;t^[a6]2 

in terms of the orders X, the number /^j , and the earlier incidence numbers, 
[af]^jfc_i, . . . ., [afJo, which are similarly defined for successive sections, in 
particular [atJo being Sq. We shall prove that 

(54) The relative incidence numbers are independent of the orders of 
the spreads used to define them^ and they depend on the underlying dimension 
S„ just as do the ordinary index numbers. 

For if ^1 increase by one, its spread by an S^__j^ which cuts M^{a) in 
M^i(a), then the n — k — 2 spreads ^'(Xg, . . . ., \_jfc-i) on M^i{a) meet in a 
residual Mt+i(^) in S^^^ which meets jM'^_i(a) in Mi{y). This MJ.(y) meets 
M^t^i(f) in 

^^t-i=^^k-i[af]o+<T^i:-2[ae]i+ +<yi[ae]^jfc_2+ [afj^^^i 

points. Hence, I^^ is increased by /^t-i , which is precisely the increase in 
/^t of (54) due alone to the change in X^; i. e., [acj^^ is unaltered, and it is 
independent of the order \. If, however, M^(a) be supposed to lie in an 8^^^ 
containing aS^, we must use <t(1, \y ...., \_t_i) for the same Z^^. If 

[a6]<+ [aB]i^i= [ae]i be assumed true for i=l, , r— ft— 1, as it is for i=0, 

then [af]J!_;b+[a6]^;t-i=[af]f-f Here the [a^JJ refer to the relative inci- 
dence numbers in S^^^. Comparing these relations with [(13) and (14), "B. 
S.," I] , we see that the dependence of the relative incidence numbers upon the 
underlying dimension is the same as that of the ordinary index numbers. The 
generalization of this result analogous to [(17) and (36), "R. S.," I] is: 
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(55) // [a6]i are the relative incidence numbers of M^_j.{e) as to M^(a), 
the relative incidence numbers [aeYi of M^j^^ie) as to Af^, (a), the meets of 
M^j,{b) and of M^{a) with a spread of order g, are given by 

[asy, = q[aBh-qnas],^,+^[aBh^- .... + (-1) V^^[a6]o, 

(i=0, . . . ., r — k—1). 

We might expect the relative incidence numbers to behave like the ordi- 
nary index numbers, since the latter are a special case of the former. For if 
M^j,{e) coincides with M^(a), k is zero and I^ becomes the Cq=A^ of (42). 
Comparing A^ with the right-hand member of (53) and noting that, in this case, 
[a6]o=fo=aoj we have [af],.=a<. 

(56) The relative incidence numbers of M^{a) as to M^{a) itself are 
the ordinary index numbers of M^{a). 

We see from the definition that the relative incidence numbers of M^{e) 
and M^/(f') on Af^(a) are the sums of the respective relative incidence numbers 
of M^is) and of M^,{€') if a=a'; otherwise they are the same as those of the 
manifold of greater dimension. 

(57) // M^^{€) is the regular intersection of M^{a) and an M^__^ of 
order g, then [a6]i=ga,., (i=0, 1, . . . ., r — h). 

Since [af]o=fo=3«oj 1®* ^s assume that [ae^~qai for i— 0, . . . ., r—k—1 
and determine [as]^^. Let n — h — 1 spreads (t(X) on M^(a) meet again in 
^*+i(i3)> which cuts M^{a) in Af^^Cy)- I^ ^jb(y) ineets M^j^{b) in /^|. points, 
these points are the meets of M^{y) and Af,-t, and 

By applying (42) to a proper section, we find that 

Multiplying by q and subtracting, we have [af]^t=ga^t. 

(58) If M^j^{b) on M^{a) be cut regularly by an M„_; of order q in an 
M^j^_i{e'), then the relative incidence numbers of M^f,_i{e') on Af^(a) are 
[af']<=g[ac],, (t=0, 1, , r—k—l). 

This being true for [ae'Jo, let us assume it true for i = lj . . . ., r—k—l—l. 
If n — k — I — 1 spreads (r(X) on M^{a) meet in a residual Mf^^i^^{^) which cuts 
Mria) in il/jb+,(y), the Mfc+,(y) will meet M^j^is) in an M^iS) and M^f^^{6') in 
I'r-k^i points, where /^fc_,=g5o. From a proper section, 

Multiplying by g and using the assumed relations, we have 
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gio=^^*-i=<yr-t-i[af']o+<yr-t^i-i[af']i+ +<J'i[af']r-*-i-i + Q[af]r-fc-i- 

Hence, [ae']^j^i=q[ae]r^j^i. 

The theorem (58) for k=0 becomes, by the use of (56), the theorem (57). 
Either will serve as a basis for the following definitions of the residual index 
numbers of ilf^(a). 

2. If n—r — 1 spreads be passed through M^{a) in S^j they meet in an 
Af^+i(j3), which has in common with M^{a) the manifold M^{a) itself. The 
relative incidence numbers of M^{a) with regard to itself, [aa]^, according to 
(56), are the ordinary index numbers of If^(a), a<, which in this connection 
we will denote by a^f. Thus [aa] ~ao^^., (t=0, 1, . . . ., r). 

If n—r spreads a(Jl) on M^{a) meet in a residual M^{^) which cuts M^{a) 

in Afr-i(y)> 1®* [<^y]ij (^==0, , r — 1), be the relative incidence numbers of 

^r-iiy) ^^ ^r(<*)* If ^^® ^f tbe spreads, say that of order \j be multiplied 
by a spread F of order g, then il/^i(y) is increased by jM'^i(y'), the meet of 
F and M^(a), and [ay],, is increased by [ay']<, which, according to (57), is 
ga<=gao,<. But a^a^^t is increased by ga^^^, whence a^ ,., defined by 

(59) [ay]t=ai.<+<yiao,<+ao.<+i, (^=0, 1, , r— 1), 

is independent of the orders X and can be regarded as as index number attached 
to the manifold M^{a). The change in these index numbers due to a change 
from 8^ to S^^^ can be obtained from the corresponding change in [ay] 
[see (54)], in <r, and in ao.<. 

(60) The residual index numbers of the second rank defined by [ay] 
=a,^<H-(Tiao,<+ao,<+i, (t=0, . . . ., r— 1), in terms of M^^iy) are independent of 
the orders of the spreads which determine M^^{y). The change in them due 
to a change from S^ to S^^^ is expressed by 

In particular, according to (42), a^ o=0. For example, let M^{a) in S^ be 
the regular intersection of ^^'=0, ii"*=0. Then ao,o=^wi, ao,i = — /m(/+m), 
ao,2=/w(Pw+Zw+w«). Let w'f-'+w*f"""*=0, w7^'+w~/'^"*=0 be spreads of 
orders ^, fi on M^ia) which meet in ilf2(^), which cuts ^^(a) in M^iy). Then 

If\—l f\—m 
L^i 'r^_« =0. Accord- 
ing to (57), [ay]Q=lm{X+fi—l—m) and [ay'\^ = —lm{l+m){X+fi—l—m). 
Thus,a,,o=[ay]o— (^+/i4)ao.o— ao.i=Oanda,,i=[ay]i— (;H-f/)ao,i— ao.,=/^m«; 
i. e., ttj^o a^d ttj^i are independent of X, |w. 

The residual index numbers of the third rank of Af^(a) are defined as 
follows: Let n — r+l spreads a(^) on M^{a) meet in the residual M^^^{(i^^^) 
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which cuts MJa) in M,.^{y^^^) with residual incidence numbers [ay^^^]^.. Then, 
if a^^i be defined by 

(t=0, l,....,r-2), 

it is independent of the orders and is an index number of M^{a). For if \ 
be increased by 1 by adding a linear factor, M^^{y^^^) is increased by a section 

of the M^^iy') obtained from a'{\f , Jl„_^+i), [ay^^^]^ is increased by 

[ay' ]<, which by the definition of the numbers of the second rank is ai^^+crjao^^ 
+<^o,i+i' This change in [ay^^^], is balanced by the change in the a's on the 
right of (61), whence a^^^ is unaltered. 

The residual numbers of the (A;+l)-th rank are defined in terms of those 
of earlier ranks as follows: If n — r+k — 1 spreads a(^) on M^{a) meet in a 
residual iWr-t+i(i^^*"'^) which cuts M^{a) in M^j,{y^^^^)y whose residual inci- 
dence numbers are fay^*~*^], then a^.^^ is defined by 

(62) [ay<*-'>]<=ajt.<+ (<yia*^-i,<+a*-i.i+i) + (<ysafc~2.<+<yia*-2,<+i+aM.t+2) 

= (aib.<+afc-i,<+i+ +ao.»-+t)+<Xi(a^_i,i+afc--2,t+i + - • • • 

+ao.<+t»i) + +<yt-i(ai,<+ao.,.+0 +(T;t(ao.i), 

(A;=0, 1, . . . ., r; i=0, 1, . . . ., r—k). 

It can be shown, as above, that they are independent of the orders ^, and there- 
fore also of the manifold M^j,{y^^~^^). A somewhat more convenient form of 
the definition can be obtained by introducing the abbreviations 

^^..d=ac.d+<Tia,.d_i+(T2a,,4_2+ +<J'da,,o, and 

(64) The residualindex numbers of M^{a) of the (fc-f l)-f/i ranA, a^^^, 
(&=:0, . . . ., r; 1=0, . . . ., r — A;), are defined by 

in terms of the index numbers of lower ranks. They are independent of the 
orders ^ and the manifold M^j,{y^^~^^). 

To identify the two definitions, note that the coefficient of a^ on the right 

i+k t+k 

in (64) is S a, i+j^,.— S a, . ^+jt-M while in the original definition it is 
oi^i^i+ +ao. <+*-/• The difference between the two is 

i+h i+k i+k 

2 ^ui+k-i-i 2 a,_y .+4_,= 2 a,<+jt_y_|. 

l=i+h^i+\ l=k+\ i=<+jfc-^+i 

This last sum vanishes, since in each term the second subscript of the a is neg- 



(63) 



Coblb: Restricted Systems of Equations. 405 

ative. Note that in the definition (64) index numbers of rank greater than k 
formally appear^ but they cancel in the expanded formula. 

3. (65) The complete set of residual index numbers of a regular M^{a) 
in S„ , determined by spreads of orders X^ , , \-rj is given by 

a,^i=^ (-l)*^'7t_[2,2,-2,_,2,^J, 

where n^^^ ^^ ^^^ product^ and 2y the complete symmetric polynomial of degree 
jy formed from the given orders. 

Let n—r+k—1 spreads a {I) on M^{a) meet in a residual M^j,^^{^) which 
cuts M^(a) in Af^i(y). These spreads can be taken in the form 
i^x, |;ii-Xi_|_ -|-t(^— 'v^-^-' =0, 



where ti^'=0, , i*^'=0 cut out M^(a). Then M^^iy) is the regular inter- 
section of M^(a) by the spread defined by the matrix 



-jj'l — Xj »jh An-r 

€/ , . . . . y 1/ 



I^Im— r+ft— 1 — Xi ^ ^ ^ ^ ^<n— r+fc— 1 — X«»r 



=0, 



whose order, according to Salmon's formula,* is 

K-<rt_,2i+at_,2,-. . . . + (-l)*-'<T,2t_,+ (-l)*2t). 
From (57) and (64) we have, respectively, 

[ay<*-'>],= (<Tt-<Ti_i2i+ . . . . + (-l)»2t)o„ and 

Equating the terms in .c^^ , we find that 

(— l)''2,.a<= 2a,,<_,+^— 2 a^^t+y, <+|fe_, , (i=0, 1, , fc). 

Writing this equality for j=k, t=i, and again for j=k—l, t=i+l, we get, by 
subtraction, (— l)*(2;ba<+2t_ia^+i) =afc,<. According to [(11), "R. S./' I], 

a,= (-l)*7«,_2o a,+,= (-l)*^^n_2,+,, 

whence a;^, <= ( — 1 ) *+* ^„_^ (2jb 2<— 2fc_i 2<+i ) . 

4. In the above particular case of a regular M^{a) the relations 
ajk.<+a<+i,*-i=0, ak+i,i!=0 exist. Let us prove generally that 



* A simple proof of this formula is given in § 5. 
51 
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(66) The Jr(r+1) residual index numbers of M^{a) satisfy the follow- 
ing relations: «*.<+«<+!, t-i=0, and aj,^j^i=0. 

Let n — r+k — 1 spreads a{X) on M^{a) determine Afr-*(y^"^^^)> ^^^ 
n — k — 1 spreads r{ii) on M^(a) determine lfjt(y^'^*"'*>). If these two mani- 
folds on M^{a) meet in I^j, points, then we have from (53), if we use first 
M^j,{y^^^^) as M{e) and second Jlf|.(y<*^*~^>) as M («), the equations: 

Here the [ay^*~^^]^ are given by (64) in terms of the a% and the [oty^'^*"^^]^ are 
given in terms of the r's. Equating coefficients of <y,T,, we get 

r—t r^t I— # r—§ 

J=0 l=t+l 1=0 /=f--*+l 

where 0<<<r — Aj and 0<s<k. If in this equality f be increased by 1 and 
5 be diminished by 1, and the result be subtracted from the given equality, we 
get a^,,^,— at+i_.,^,^^_i = — a^.+,,.,.i+ar-t^,.fc-., where now 0<t<r—k—l 
and 1 < 5 < A. Thus two of the a's have a negative subscript and vanish, and 

ay.«+am+i./-i=0, (;=*;, , 1; m = r—k—l, , 0). 

5. There is one case in which the residual index numbers all can be 
expressed in terms of the r+1 ordinary index numbers. 

(67) The residual index numbers of an M„_^{a) in S^ are given in terms 
of the ordinary index numbers by the formula a^./=a^--ia|_i — <*A-2 0t|, where 
h=ly 2, . . . ., n — 2 and Z=0, 1, . . . ., n—h—2^ while a_i=0. 

Using the above notation for w— r=2, the spreads a{X) meet in a residual 
M„+t_i(j3) and the spreads t{ii) in a residual itffc+, (/?'). The two residual 
spreads meet in /Soi^o points, where 

^o=<y*+i— ^jb-M and 

These common points consist of the points common to the spreads a{^) and 
r{fi) outside of M^^{a)f and of the I points common to the M^j^^{y^^^^) and 
the itft(y^'-*-«>) on M^^{a). Here 

0=aj,^ir^_j^^—r^^f^^Aj^i—r^_j^Aj,— — r^ ^„_8— ^^_, , and 

By equating the coefficients of r in j3oi^o=0+7, we get 

a,_Mk--<yk^i)=-Ak^i+ [ay^*~*^]M (^=0, 1, . . . ., n-k-2). 
In this, after dropping the obvious equalities found from the coefficients of a^ 
and (Xi+i , we find from the coefficient of a^ that 
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«j-i ' <*it-i-i=— at+j-/+ajfc-/.i+at_,_,,,+i+ +ao.t-/+j> 

where ;=0, 1, . . . ., k—1. Putting k—j=h, we have 

(Z=0, . . . ., n~k—2', fe=l, 2, , A;). 

Allowing h to diminish by 1 and I to increase by 1 and subtracting, we get 
<»»,j=*»-i*i-i~**-2<'i> which is also true when ^=1 if a_i=0. 

As a verification let ilf,_i(a) be regular, being cut out by spreads of orders 
\,\. Then a^, ,= ( — 1 ) *+' ;if ;i| (2»_i 2,_i— 2»_, 2,) . But for this case we had 
found in (65) thatafc,,= (— l)*+'a,iXj(2fc2,— 2fc_i2,+i). To identify these, we 
notice by direct multiplication that 2»2, — '^hn-\^i+i='{WY~^^h-h i^ h,'<l. 
Hence, 2fc_i2,_i — 2»_i2,= (/liJl()*~*2,_fc,and the two expressions are reconciled. 

6. The generalized problem in restricted systems has, in the case of a 
common curve, the following solution : 

(68) // in S, an M,^{a^^>), , ilf,,(a«), where r,+ +^= (t— 1)«, 

have in common an Ifj(y), they meet outside M^iy) in 

0,=(4'> • a5*> • . . . . .a^o_y„a/n[£^^!^)_y^ points. 

Let spreads <j<*>(Xi<*>, . . . .,X^>J on Af„(a(»>) meet again in M,,(/?W), which 
meets M^iy) in /{*>=<T{*)yo+ [a<*V]i points, where /?i*>=7i(aw)-a^*>=«»-<4*>. 
All n of the spreads on M^iy) meet outside i>fi(y) in 

Cli=7ii7ti ni—yoio{'^+<fi^^+ +<»<")— yi points. 

The fti points are made up of the 0, points comnfion to ilf,^(a<'0, , Af„(a<*>) ; 

of the (jci— ao"')4*^ . . •<4'^—Ii'^ points common to M,,(i3W), 3f,.(aW), . . . ., 
Mr, (a^*) ) , etc. ; of the (?«,— <4'> ) («i— a?> ) a?\ . . . (4*^ points common to Mr, (/?(>> ) , 
ilf,.(/3w), M,.(a<«)), . . . ., 3f,.(a('>); etc.; .... ; finally of the {n,-<4'>) (j«.-ai«>) 
.... («<-oi'>) points common to 3f,.(i5">), . . . ., M,.(i3^*>). Thus 

+2 ! {n-ai')) (7f,-(4*>)ar . . . .<4« j + . . . . +n{n-a^'^). 
By using the identity 

re, a;, a;,= [ (a;,— y,) +yi] [ (ajj— yj) +y,] [ (a;,— y,) +y<] 

=yiy« — y<+2(a'i— 2/1)^2 — yi 

+2(a;,— y,) (a;,— yj)^, y<+ +»«(a5i— ^i). 

we find that 
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Therefore 0.=aW>. • • .ai'>-y,{— t^— • • — ^^'}-y- 

This formula for 0^ is like the usual formula, except that in forming a^ 

Ta^Vli ra^*V1i 

the given orders are replaced by — ^ ^-^ = — ). .^Z i^ . 

The relative incidence numbers [a*y]i can be replaced by relative index 
numbers according to the following theorem, but the formula for Oj then loses 
its resemblance to the original formula. 

(69) For an itfi(y) on M^(a), yo= (ay)o= [ay]o «^^ Yi= (ay)i+ [ayli • 
Only the last equality needs proof, the others being a matter of definition. 

Let n—r spreads a{X) on M^{a) meet in a residual M^{^) which cuts M^{a) 
in ilf^i(e), which in turn meets M^{y) ^ ^i=<''iyo+ [»y]i points. Then r 
further spreads r{n) on ilfi(y) determine an lf„_^(f) which meets M^{a) and 
M^(^) in Ox points outside of M^{y). Here 

Oi=<y,.^^r-yo(<yi+^i)— yi= Kr^o— yo'J'i— (ay)if + 1t^/?o— Aj. 

Since a^^-^o—^f^r j ^^^^ l^ads to yi= (ay) i+ [ay] i . 

7. From (68) and (69) the undetermined index number ^^ or (ay)i of 
(51) can be obtained when r=n— 2. For then M^^^i^) and 3fj(/3) meet in 
Mi(y) and no further points, whence, from (68), 

o,=o=«.A-n(-i^-IM,)_„. 

Beplacing [ay]i and [/?y]i according to (69), we have 

0=aoi3o+yx-(ay)i-(i3y),. 

(70) The undetermined index number fi^ or (ay)i of (51) is found in the 
case of an M^_^{a) from either 

^ 5. Manifolds Defined by Matrices. 

1. In order that the various terms in the expansion of a determinant or a 
subdeterminant of a matrix, 3f„+jk,„, with n rows and n+ifc columns, whose 
elements are forms in rf+l variables, may be homogeneous, it is necessary that 
the orders of the elements be taken as indicated in the array 

Zl + Jll /g + '^l • • • • K+k'\~^l 
n + ^ »2"(~\ • • • • ^n+t + ^ 



^n+*,n = 



'i+^fi h~\'\ • • • • ^»+ik + ^fi 
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If the d+1 variables are linear in the c+1 coordinates of an S^j the vanishing 
of the matrix defines a manifold of dimension c—{k+l) in S^. For if the 
matrix of the first n — 1 columns vanishes on a certain manifold if', the k+1 
spreads obtained by adding each of the remaining columns to form a determi- 
nant all contain M' and meet in a residual M^^j^^^y which cuts M' in an M^f^^^^ . 
Since for the general point of M^^j^^d M' does not vanish, the vanishing of the 
k+1 determinants entails the vanishing of the matrix. In this section the 
first three index numbers of M^^^+i) in 8^ or of il/^+t,» are derived, all the 
index numbers of il/,+,.n ^^^ obtained, and a tentative formula for the general 
index number of M^+j^ „ which holds for the first A; +3 numbers is given. A 
formula for the number of linear spaces which meet a prescribed number of 
given linear spaces is obtained in terms of the index numbers of M ^+t, ^ . Owing 
to the limitation of the tentative formula, this number is evaluated only for 
the case when the given spaces are lines and the case when the given spaces 
are nine planes in S^. 

2. Throughout this section we denote respectively by fi< and fL^ the 
elementary and the complete symmetric functions of degree i formed from 

Zj , , l^^i^ ; and by v^ and v^ , respectively, the complete and the elementary 

symmetric functions of Xi , , Jl„ • Further, let 

and let m„+;b,„. y, (^=0, 1, ....), be the index numbers of Af^»+fc.». From the 
well-known relations 

^i^l^i—f^Hil^i +f^h-th — + (— l)^fiy=0, and 

«y =:Vy — v^iVi +''V-^2 ^2 — . . . . + ( — ^V^i =0, there follows 

h^ =H^—H^^ni+H^H^— + (— l)'Hy=0. 

For if we compare h^ with mf+m^ini+inf^n^+ . . . . +Wy, which is evidently 

zero, we find that fey= 2 {—iyHf^^H^= 2 (— l)'^/(£^^,fi^,r,v,, while 

If we set r—t=s\ s=r'—t\ t=t'y the first sum reduces to the second. 

The following equations are fairly obvious : 

(72) flJ'«=H}'^+Z,fl)i«, flJ'«=Xifl5!LUfl?'S H\^=X,HY^^+H]'\ 
where the first superscript 1 or refers to the omission or retention of li in 
the formation of H^ and the second superscript indicates similarly the omission 
or retention of Aq . 
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3. With the aid of these formulaB an immediate proof* of Salmon's for- 
mula for the order of a matrix can be given. 

(73) The order of a matrix M^+t,,» is H^^^ . 

The theorem is obviously true for the matrix Mj^^ i ; let ns assume it to be 
true for all matrices M^ , such that r+s<2n+k. Let M^^j^i\ be the matrix 
of order m^+t_, „ obtained by dropping the first column of M^+j „; and let 
M„+jb_i ,^1 of order m^+i^^, „_i be that obtained by dropping the first row and 
column. Consider the section of the manifold M^^j^^^^O by the spreads of 

orders ii+Xj, , Zi+X^ in the first colunm,n=(Zi+A^)*(Zi+X8)- '(h+K)- 

This section is regular and of order nm^^^ ,.. It breaks up into two partial 
sections. For the one partial section the spread of order li+^i and M^+^^j^ 
vanish, whence its order is ^'(ii+^i)-wi^+t_i.». For the other partial section 
the spread of order li+\ does not vanish, while M„+|^, ,._i does vanish, whence 
its order is n-m.^j^,^^^,. Therefore m,^j,^^={l^+Xi)m^^j^^^^+m^^j^^^^,. 
Both orders on the right are known from the assumed formula, whence 
m^^u.n= {h+K)Si''+miU' By using (72) we find that m,+,,,=Z,Jffi'^+JJiv'i 
=Hl*^i=Hj^^^j which proves the theorem. 

4. Similar considerations readily lead to the following theorem : 

(74) The curve {in Sj,^^) ^f order jff^+i defined by the matrix M^+j ,.=0 
has the second index number m»+t,». i = — fcHt+2 — A^i-H^t+i ^^^ '^^ genus p de- 
termined by 2p— 2=fcHt+2+^i^t+i— (*+3)^t+i. 

The value of the genus is obtained at once from that of w»+i,„; i by using 
[(27), "R. S.,"I].. The first and second index numbers of the matrix 

^i+*,i = ll'i+Jti,..-.,'i+t+/till=0, 
a regular spread, are 

Wl+t,l;0=(^l + ^l) •.•.-' (^+t + ^i) , 

and 

wii+t.i;i = -(ii+....+ii+t+(*+l)Xi)mi+,,i.o=-(fc;ii+Jffi)Jfffc+i. 

Since Hl'^2=KBl'^i+Wi;l2 and fft+2=/Mt+2=0> the value of mi+i, i . i given in 
(74) also reduces to —{k\+H^)Hj,^^. We assume, then, that (74) is true for 
matrices M^ , such that r+5<2n+fc, and proceed as above. If 2, denote 
(^+^2) + .... + ih+K)} t^® second index number of the section of M^+j „, 
according to [(18), "R. S.," I], is 7i]m^+t^„. 1— 2iW„+jfc,». oj ; of the one partial 
section is nUi+X^) jw^+i-i,«; i—{'^i+li+^i)'^n^k-i,n; o\ ; and of the other par- 

* This formula, inferred by Salmon ("Higher Algebra ") from a number of special cases, was proved 
for the first time by Prof. F. F. Decker. This proof will appear in a subsequent number of this Journal. 
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tial section is n]m»+t_i, »_i. i — 2im>+jb_i^». o{. Furthermore, the two partial 
sections Ineet in (ii+Xi)7«m,+t_i^^i. o points. Using the formula (42) for the 
second index number of the composite curve, we have, after factoring out 7t, 

+ ! W„+i-i, ,_i; 2itn^+t_i^ n-1 ; i 2 (Zi + ^, ) Wl„+jfc_i, „-i ; . 

The terms in 2, cancel, due to the equation connecting the orders. By means 
of the dame equation the term containing {li+\y can be eliminated. Then 

Thus, in order to prove (74) we have only to verify that 

km^,+H',''m:,= (1,+^,) i (A;-l)HtA+ffl''ffr+fl2'A+HivM 

is true. The terms containing A; as a factor vanish, due to the relation 

used in the proof of Salmoli's formula. The remaining terms are 

In the bracket, — Hiv^+£^['+l=^^i''' and ^lHi'^+£r^^HJ'^=jff;'^ffl'^ whence 
ffi'^'mix- {h+\) [flf'Jffl'^+HiVi] +H\'^H]il,. The two terms in Hiv'i reduce 
to HJ'^Hlv'i, so that fl?^^ factors out, leaving i5rSv^= (^i+JlJHi'^+ffl'+i, ^^lich 
is true A&d completes the proof of (74). 

5. In order to obtain the third index number of M^+i..n> ^e first derive 
all the index numbers m^_i^„. y of the matrix M„li „ obtained by using the first 
n — 1 columns of M^^^ „. The fact that the number of columns of M„_| „ is less 
than thd number of rows requires, according to the conventions in paragraph 2, 
that the ttkmentary and complete symmetric polynomials be interchanged (so far 
as rows And columns are concerned) ; and with this in mind we apply the /i£, r, H 
notation to M^_i „. It is an Mj^^ in iS^+i, and on it we have k+1 spreads a(r) 
of orderia ro=Jff,+Z„, . . . ., rt=jffiH-i^+t, which meet outside of M„_i „=0 in the 
points of ifft+i determined by M^^j,^=Q. This number is given by Salmon's 
formula (73), which, with our present notation and the use of t for the 
elementary symmetric polynomials in Z„ , . . . . , Z^+j , takes the form 

(vt+i+n*i+ - . • +^t+i) +fii(n+i'*-i'^i+ • • • • +n) + . . . . +fZ*(vi+'ri) +fi;t+i 

On the other hand, this number is given by 
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Equating coefficients of r^+i^^y we get 

(75) ff,=F{-(i)Hr m._.. ,, o-(0ffrm._,.,, 0- .... -(J)m._,,.; 



y-«- 



If we begin with the obvious equations 1=1 and H^=H^y and take also the 

j—1 equations (75) for ;=2, 3, , ;, and if we multiply this system of y+l 

equations in order^ beginning with the last, by 

respectively, and add, we find that 

(76) m,_,,,;,_,= (-l)^HH{-({)H™+(0£rrJff3. . . . (_l)i(0H^], 
due to the binomial formula 

(77, ^-©cio-oc+n+Qc+n 

with the particular cases: S=l if 6=a, or if 6=a+c; S=0 if 6=0, or if 
6<a, or if 6>a+c, or if c=0, unless at the same time 6= a. Hence, 

(78) The index numbers of 



^.-,.,= 



M+'^n> • • • •> *n-i + ^„ 



are given by (76), where H^=H^^ ^t=f*t+f*<-i^i+ • • • • +^»> ^^^ f*<(^<) ^'"^ '^^ 
complete {elementary) symmetric functions o/ ^j, . . . ., ^^ (Zj, . . . ., i„_i). 

6. This result will be applied now to the determination of w„+k, „ ; « . In 
^t+« > ^ii+*. »=0 defines an M^ , the residual intersection of the above a{r) spreads 
on M„_i „=0. From (51) and (70) we get the following equations: 

^i»+t,ii;2=(^«-l, n;0 ^^2) ^i«+k, « ; 0" <yi(Wfi+t,ii ; 1+^t) (^ 2 y-^*+l' 

Here the index numbers in A^ are obtained from (76), in which hereafter the 
H'^ will be primed to distinguish them from the H's formed for M^+i,« . Let 
us first derive the value of A^ . From the system of equations 
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'M't'l 



.,=(*+>;'+(.^5.,fl;"+ . . . . +(*-j+2>„H:+('-j+i>,, 

and the following system obtained from (76) together with two obvious 
equations adjoined for convenience in summation, 

we find by applying (77) that 

where in 2 r=0, , j+2 and 5=0, . . . ., i+2, while r+s<j+2. Note that 

in 2 r, 5 occur only in the combination r+5, except with r^Hi, and that 
2 *r^fli=Jff^+,. If, then, r+5 be replaced by f, we get 

We are interested in the values j = A:— 1, A:, A; + 1 only. When 3 = k — 1, 

The binomial coefficient is 1 when t=k+lj otherwise it is zero, whence 
Since <Tt+2> <^k-\-sj • • • • ^^^ vanish, we find for ; = *; that 

-^.=|(-i)-(,_i_j)ff.fl;— , 

whence 

3° . — ^fc= — fft+i ff J+Hjfc+2 . 
Similarly, 

52 
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From 1° and 2° we again obtain (73), or 

From 1° and 3° we find that m„+t,,. i=—a^Hj,^^+kH[Hj,^^—kHj,^^. Since 
-a,+kH[=-{n[+l,+ .... +1,^^) =-H,, we verify (74), or 

From 1° and 4° we find that 

-H[^+2n[H[-m\. 
In the coefficient of Hj^+i t^i^ terms in k vanish, due to 0^=11 i+kH[ and 
H^=r^+H[==ri+HU the coefficient then reduces to H^{H^—H[) — t^+H;*— flj. 
This becomes Jlf— H,, due to H^=r^+riH[+Ht and H[=H[. Hence, 

7°. w,+t,«;2 = (^ 2 y^*+8+^ 1 y^i-H^ft+2+(^— -ff 2)^4+1 • 

(79) The third index number of M^+j^ ,, is given in 7^. 

The method used to determine the first two index numbers in (73) and 
(74) failed for the third, because for the composite two-way there was required 
the second relative index number of M„_;t-i,ii-i *s to M„_fc_i „ (the (ay), of (51) ). 
This can now be found by using m.^.^^ ,,. 2 , and as the result of a calculation simi- 
lar to those made above we have 

(80) The second relative index number of M^+i^^i „_i as to M^^j^^^^ is 

7. The index numbers of M^+a.^ found thus far can be written 

fc,«: i = — |(i)-fft+2+(o)^i^»+i]' 

On this somewhat slender basis let us generalize the formulsB and assume 
as a tentative formula for the general index number of ifcf„+t.„ 

(81) m^^,„,,= {-iy {C'^^~^)Hu^i^^+C'^jti^)H,H, 



'» + », 



n+*. 



't+i 



^t+1 
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In order to check this assumed formula, consider the matrix Mj+j^ ^ . In 
this case 

Since fi^^^=ii^^^= =0, 

The Mi+jb 1=0 is regular, and its index numbers are formed from the complete 
symmetric functions of the orders ; i. e., 

+....+cr>}. 

The values of ft^ in terms of the H's are 

To prove this, we note that it is true for i=l ; let us assume it true up to 
j=j, and prove it for j=j. From the assumed formula, ftj+^i f«*-i=£r< for 
t=l, 2, , ;— 1. Since 

?y=f*i h-i—N fif'-i+t't ^H»— • • • • + (— l)'f<y 

-.... + (-i)'->(£r,-;i,H^.), 

=^H,H,_,-n,H^+ .... + {-l)'-'Hf=Hf. 

This proves the above formula for i=j, and therefore completes the proof 
of 2°. Substituting the values 2° in 1°, we get 

which is the same result as is given by (81) . In this particular case the H% up 
to and including Jff^t+i 9 ^^^ independent quantities. The further H^s are con- 
nected with the earlier ones by the equations £r»+n.t=^iHjb+i . The first homo- 
geneous relation which is a consequence of these equations is Hj,^^ Hj,^^ — £f|+2 > 
which can occur first in m»+t^„. ^+3. 

(82) On the assumption that the index numbers of M^+j ,. can be given 
as polynomials in H^, the formula (81) is correct for the first k+3 index num- 
berSj and for these only except in the above case of an M^^j^^ ^ . 



m 



i+t. 
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That this assumption is correct can hardly be doubted in view of the above 
values for the first three index numbers of M„+i, „ , and for all the index num- 
bers of Mj+ife 1, ilf„_i,n ^^^ Mfi^n' That (81) is not correct for values j>k+3 
is clear from the cases M„ „ and Af„+, „. The index numbers of the determi- 
nant Af„ ,,, according to [(11), "R. S./' I],are w«^„. ^=(— 1)^H(, so that there 
must be added to the right side of (81) the following corrections for successive 
values of i: 0, 0, 0, 2(£r,£r3-ff|), -5H,{H,H,-Hl),9H\{H,H,-Hl)+2{mH, 
-3H,n,H,+2Hl)+2{H,H,-^H,H,+3Hl), -l^H\{H,H,-H\)-lH,(mH, 

—SH,n^H^+2Hl)—7H^{n^H,—4H^H,+3Hl), In the case of an M^^,^„ 

we find from (76) that the following corrections must be added to the right 
side of (81) : 0, 0, 0, 0, 5{n^n,-Hl), 

The only apparent law followed by these corrections is that they are semin- 
variants of the binary form with coefficients H^+i , Hj^^^ , Hj^^^ , Hj,^^ , etc. 

Let us make, finally, an application of the index numbers of ilf ^+i, » t^ ^ 
geometric enumeration. 

In iS^+ifc^i an 8^^^^ is, 4^termined by nk conditions, and it is one condition 
that an S^^^ meet a given 8j^^ in S^^j^^ . We ask, then, for the number of S^^^'s 
which meet nk given /St_i's in S^^j^_^ . The /S„_i is given by n linearly indepen- 
dent points within it; i. e., by 



^«+/b. » = 



^1. 1 ^1, 2 • • • • ^1. n + fc 
^2, 1 ^2, 2 • • • • ^2, n+* 



^n. 1 ^n,2 • • • • ^n.n+ib 



If the variables x^^ be point coordinates in a space 2n(n+k)-i > ^^^ ^* points deter- 
mine a point in Xn(n+k)-i • Since any other n linearly independent points will 
serve the same purpose, the S^_^ itself is represented by a 2^«_i in 2„(„4.t)_i . Take 
a section of 2„f„+fc)_i by a 2^^ , and in 2„t the S^^^ is represented by a point. Con- 
versely, a point in 2„jb is given by values Xi^ and determines an S^^^ in ^,+t-i 
unless the point of ^^j, is on the spread defined by the vanishing of M^^^^ „ . The 
condition that 8^_i meet a given 8j,^^is linear in the determinants of M^^j^^ ^ . It 
is therefore represented by a spread of order n in 2„jfe on the manifold M^^.^ „=0, 
whose dimension is k {n — 1) — 1. The number required is the number of points 
of 2„j, outside of M^+j^ ,^=0, and on nk given spreads of order n containing 



Af„^.jfe ,,=0. This number is 



(83) 0=w'»*-*^"2^ Y L ^^^ 1 ') 

^ ' y=o \nk—n—l—jj 



^nfc-n-l-i^ 



'»+*, n ; y • 



(84) The number of /S„-/5 which meet nk given 8f._^'s in 8^^j,^^ is given 
by in (83), where m^^j.^^. f is the {j + l)-th index number of a matrix 3/^+^^ 
whose elements are linear forms. 
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9. Since, according to (82), we are limited to values j<k+3y i, c, 
k{n—l) — l<k+3j we can obtain the explicit number only for w=2, fc= any 
integer, and for w=3, fc<4. For a matrix M^+t.» with linear elements, 

ff,=("f), «.d g,=(-+*-i+'). 

Putting these values for «=2 in (81) and substituting in (83), we find that 

o=2»-(*+2){(*r)GL\)2--er)GL\)2-. 

+-+<-i)*Gi\)Co» 

+cr)et')G-4>"- • • • • + <-i)"('\-')(r/)( 0*)^}- 

In the first brace note that 

/ 2A; '\/'k+r\_/ 2k \/k—l\ 
\^k-rAr-lJ-\k-lAr-lJ' 
whence it becomes 

-(^+2)(/A){C7')2*"'-Ct'>*-^+ . . . . + i-i)iiz\y} 

The second brace is 

The first part of this, according to [11°, p. 179, "R. S.," I], is A 2 (i^LX aad 
the second is — (4+2) 2ft J, whence the sum of the two is 

Hence, 

«=c<rM;i)+(*+^)Gi^)=infHTT-*^a*)- 

(85) The number of lines which meet 2k given 8,^i's in 6'j+i is \ 

{2k) I _/2feN 1 
kl{k+l)l \kJk+l' 
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This well-known fact can be regarded as an excellent numerical check on 
the previous theorems. The case n=3, fc=2 of (84) is the dual of the case 
n=2, k=3 of (85), so that the case n=3, k=3 of (84) remains. From (81) 
we find that the index numbers of an M^^^ in Sg with linear elements are 

15, —108, 465, —30 • 51, 21 • 210, —42 • 244, 
whence 

O=3»-(g)3^-15 + (^)3*-108-(3)3«-465 

+ (2)3*-30-51—(j)3- 21 •210+42-244=42. 

(86) There are forty-two planes which meet nine given planes in S^. 

This again is checked by Schubert's formula, 

l!2!3!...>f![(n— r)(r+l)]! 
(n—r) I (n—r+l) ! . . . . (n— 1) I nV 

for the number of 8^8 which meet (r+1) (n—r) given &'„_^_/s in 8 . 

Baltimore, February 1, 1014. 



Character of the Solutions of Certain Functional Equations/ 

Bt Thomas E. Mason. 



Introduction. 



By means of a transformation of the form z= {mx + n)/{rx + s)j the 
equation t 

^\^F+~dJ'-C'{z)F{z) + D'{z)' ^"^ ^'"*"^^ 

in which A'{z)y B'{z)j C'{z)j D'{z) are rational, can be transformed to the 
ordinary difference equation 

^i^ + ^)-C{x)^{x)+D{x)' ^^^ 

or to the ^-difference equation 

'*'^^'^^ C{x)'4^{x)+D{x)' ^^^ 

where A{x)y B{x)j C{x)j D{x) are rational, according as the substitution 
zf = {az + b)/{cz + d) has one or two double points. In order to do this it is 
sufficient to choose the transforming substitution so that in the first case the 
single double point in the e-plane is carried to the point infinity in the o^-plane, 
and in the second case the two double points in the e-plane are carried to the 
points zero and infinity in the o^plane. The determination of the character of 
the solutions of equations (M) and (N) obviously carries with it the deter- 
mination of the character of the solutions of the more general equation from 
which they were derived. 

Tietze t has investigated the solutions of equation (M) from the point of 
view of their transcendentally transcendental character, and Stridsberg^ has 
investigated the solutions of equations (M) and (N) from the point of view of 
their algebraically transcendental character. Tietze normalized to the equation 

* Read before the American Mathematical Society, September, 1013. 
t This equation is linear or non-linear according as (0) = or C (x) ^ 0. 
t Tietze, MonaUhefte fUr Mathematik und Physik, XVI (1905), pp. 32^^64. 

§ Stridsberg, Arkiv fdr Maiemaiik, Astronomi och Fysik, VI (1010), Nos. 15 and 18. The linear 
equation is considered in No. 15, and the non-linear in No. 18. 
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^ (a?) ] 1 + ^ (a? -f 1 ) j = f (a?) and showed that if lim r{x)=0 and the equation 

has no rational solution, then it has only transcendentally transcendental solu- 
tions. Stridsberg showed that if the equations (M) and (N) have no algebraic 
solutions and C (x) ^ 0, then their algebraically transcendental solutions, if 
any exist, also satisfy certain Biccati equations. I had proved a theorem* 
essentially equivalent to this important theorem of Stridsberg before the work 
of that investigator came to my attention. 

The investigations of these men were incomplete. Neither gave a method 
of determining the algebraic solutions, and each left unanswered an important 
question — the question of whether there ever exist algebraically transcendental 
solutions in case the equation has no algebraic solution. Tietze says con- 
cerning the restriction of his theorem to the case when lim r{x) = Q: "Es mag 

dahingestellt bleiben, ob der Satz, dass eine Gleichung (2) [^{x) }l-t-^(a;+l) { 
=r{x)]y die keine rationalen Losungen hat, auch keine algebraische-transcen- 
dental Losungen besitzt, ohne Einschrankungen fiber r (x) gilt.'' Stridsberg 
quotes these words of Tietze and follows them with the remark; "Je suis tout 
d' accord avec M. Tietze sur ce dernier point." 

This conjecture of these men was wrong. In this paper I have demon- 
strated the existence of algebraically transcendental solutions in certain cases 
where the original equations have no algebraic solutions. The proof of exis- 
tence is made to depend upon the known properties of the second-order linear 
difference equation. 

The methods of this paper will suffice to completely characterize the solu- 
tions of any given equation of the forms (M) and (N), except where the theory 
concerning the solutions of the corresponding second order linear equation is 
incomplete. 

The normal equations, 

^{x)^{x + l) =R{x) and ^ (x) ^ (qx) = R {x)y 
to which certain equations of types (M) and (N) can be transformed, are of 
special interest in that I give simple necessary and sufficient conditions for 
rational and algebraic non-rational solutions ; and in case there are no algebraic 
solutions, I prove that there are no algebraically transcendental solutions. 

In § 1 the linear and non-linear equations are both normalized to type- 
forms, and explicit formulas are given for writing down the normal form of 
any given equation. It is shown that a non-linear equation can be transformed 
to a linear equation if a rational solution of the non-linear equation is known. 

* See § 5 of this paper. 
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In § 2 methods are given for determining all the rational solutions of any 
equation of the forms considered. The characterization of the solutions of the 
linear equation is completed in this section. 

In ^ 3 algebraic solutions other than rational solutions of the normal 
forms of equation (N) are shown to exist in some cases, and the method of 
determining them is made to depend on finding the rational solutions of certain 
auxiliary equations. 

In § 4 are given the conditions which must be satisfied in order that a 
function can at the same time be a solution of the functional equation (M) or 
(N) and of a Riccati equation. Equations are exhibited which have no algebraic 
solutions but which do have algebraically transcendental solutions. 

In § 5 I state a condition that an equation have only transcendentally 
transcendental solutions. A list of several classes of equations which have 
only transcendentally transcendental solutions is included in this section. 

§ 1. Transformation to Normal Forms. 

Instead of writing ;c(a;+w) or ;t(g"a?) we shall write Xn(^) ^^^ z(^+^) 
or for ;c(g"i»), according as we have the ordinary difference or g-difference 
equation. We shall also write X-^ (^) for x i^—n) or for x (g""^)* 

In the equation 

^'^^''C{x)'4,{x) + D{x)' 
make the substitution 

, a{x)Q,{x)+^ix) a(rr)8(a;) -3(x)y(x):P0, 

where cL{x)y p{x)y y{x)j ^{x) are rational. Clearing the resulting equation 
of fractions, we have 

a,{x)a{x)\aA^)[a{x)C{x) + y{x)D{x)]-y,{x)[a{x)A{x)+y{x)B{x)]\ 
+Cl,{x)\a,{x)[P{x)C{x) + Hx)D{x)]-y,{x)[P{x)A{x) + Hx)B{x)]\ 
= Cl{x)\B,{x)[a{x)A{x)+y{x)B{x)]-p,{x)[a{x)C{x)+y{x)D{x)]\ 

+ \^y{x)W{x)A{x) + ^{x)B{x)]-^,{x)[P{x)C{x) + Hx)D(x)]\. (1) 

This equation is linear provided that the coefficient of £li{x)Cl{x) is zero or 
that the coefficient of ^^(ic) and the term not containing Ci{x) are zero. If 
the coefficient of £li{x)Cl{x) is zero, the original equation has the rational 
solution aL{x)/y{x) ; and if the term without fl{x) is zero, it has the rational 
solution P{x)/i{x). If A{x) + B{x) = C{x) + D{x)y there is the obvious 
53 
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solution ^^{x) = ly and the equation can be transformed to a linear equation 
and studied in that form. Any other rational solution will effect this trans- 
formation to a linear equation. If there is no obvious rational solution, we 
choose a{x) = y{x) = lj p{x)=B{x)—D{x) and ^{x) = C{x)—A{x). These 
values of a (a?), /3(a?), y{x)j i{x) reduce the coefficient of ^^(a;) to zero, but do 
not make the coefficient of Q,i{x)D,{x) or the term without £l{x) zero, unless 
the original equation has the solution '4^{x) = l. Making these substitutions 
in (1) and reducing, we have 

where 

. . _ {B{x)Cix)-A{x)D{x))iAAx)+B, { x)-CA^)-D,ix)) 
*'^^~ A{x) + B{x)—C{x)—i){x) 

and 

ft/^x- {A{x)+B{x)){A,{x)-CA<^)) + {Cix)+Dix))iB,{x)-D,{x)) 
^^~ A{x)+B{x)—C{x)—D{x) 

If h{x)^ 0, the substitution 

a{<c)==h_,{x)il,ix) 

will transfonn the equation to 

where 

^^^^~h_,{x)h{x)' 
If h (x) ^ 0, the substitution 

will give an equation of the form (2), where 

p /^x - ff(^)(^—ffi{^)){^—g^i(^)) 
^ ^^ {g ix) -g^Ax) ) {g, (X) -g {x) ) • 

The determinant of the transformation and the denominator of the expression 
for i2(a;) can be zero only when g{x)=g, a constant, in which case the equation 
Q^{x)=g/£i(x) has the obvious rational solution £i{x) = y/g and can be trans- 
formed to a linear equation. 

Thus, we have shown that any non-linear equation of the forms considered 
can be transformed to the normal form (2) or to a linear equation. It is 
obvious that the transformations here carried out have not affected the solu- 
tions as to their rational, algebraic non-rational, algebraically transcendental. 
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or transcendentally transcendental character. If a linear equation is trans- 
formed to the normal form (2) , it is obvious that the normal form has a rational 
solution; for the transformation is reversible, and a necessary and sufBcient 
condition that a non-linear equation of this form transform to a linear equation 
by means of a linear fractional transformation, is that the non-linear equation 
have a rational solution. 

The equation in '^(x) can be transformed to the special normal form 

in certain cases ; that is, when the transformation can be chosen so as to make 
the coefficients of Ci^^x) and £i(x) in (1) equal to zero. 
In the non-homogeneous linear equation 

^,(x)=A(x)^(x) + B{x), 
make the substitution 

'^{x):=(t{x)(p{x) + ^{x). 

Thus we have 

^^(^)^ ^(^)a(^) ^>(^) , A{x)^{x) + B{x)-^,{x) 
a, (a?) ai(^ ) 

This becomes homogeneous if the original equation has a rational solution 
and ^{x) is chosen as that solution. In any event we can choose /3(a?) = 
and a{x) = B^^{x)j and the equation takes the form 

^,{x)==R{x)q>{x) + l. (4) 

§ 2. Rational Solutions of the Normal Equations and Other Solutions 

of the Linear Equations. 

The equation 

has two very simple cases. If R{x) is a constant, there is always a rational 
solution 4) (a?) = a constant. In the case of the g-difference equation, if q is 
an n-th root of unity, the solutions can be obtained by eliminating from the 
following equations the functions ^ with arguments other than a;, and solving 
the resulting algebraic equation of second degree for ^ (a?) : 

^ , V R (x) - 
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For the case of the ordinary difference equation and of the ^-difference 
equation when q is not a root of unity, we seek to determine an upper bound 
to the number of rational solutions of equation (2) by substituting a power 
series for ^ (x) . This method gives at most two determinations for the first 
coefficient of ^{x). Suppose that two solutions ^{x) and "^{x) have the same 
first coefficient ; we desire to know whether they are identical. We have 

^(a;)|l+^i(a;)} = B(a;) = ^(a;)}l+^,(a;)K 
or 

1 + »i jx) _ ±ix) 

l + ^,{x)-^{x)' 
Now suppose 

^{x) = a,x^ +....+ a,^,^,x^-^^' + K^,x^-^ +...., 6,-,:#=0, 
where a„_, :#= 6„_, , but the corresponding preceding coefficients are equal. 

In the ordinary difference equation the expansions for ^^ix) and ^'i (^) 
when rearranged as descending power series, will have each term after the first 
modified by the addition of elements from the terms preceding. Since the 
expansions for ^{x) and '4^{x) are alike up to the term containing a?"~', the 
coefficients of a;"~* in the expansions of ^^ix) and ^i (^) will be of the form 
a^^ + c and 6„_, + c, respectively. We shall thus have 

and 

provided that we do not have simultaneously n = and a^ = — 1. 

When n = and ao = — 1, the first term of the expansion for 1 + ^'i (^) 
is a_ta?~*, k>l. In this event, the second quotient above is either 

l + ^-=i^-ix-'^^ +...., or ^+...., 

according as k < t or k = t. In the first case there is no term in the quotient 
'4^{x)/^{x) to compare with the term in a;""'+*, and hence a_j = fe_, ; in the 
second case a_y6_, = 1; that is, a_, = fe_,. 
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Comparing the expansions (5) and (6), we have, for n^O^ 6„_t = a^-^,. 
Comparing for w = 0, we have either a_^ = b^^ or Oq = — 1/2. When « = 
and ao = — 1/2, the expansion for R {x) in descending powers of x obviously 
starts with the constant — 1/4. 

Since there are at most two ways for the expansion for ^ (x) to start, the 
work above shows that there are at most two formal power-series solutions, 
except when the expansion for R (x) in descending powers of x starts with the 
constant — 1/4. The number of rational solutions is not greater than the 
number of power-series solutions. 

We have thus demonstrated the following theorem : 

The equation 

can have at most two rational solutions, except possibly when the expansion 
for R{x) in descending powers of x starts with the constant* — 1/4. 

For the g-difference equation we have 

and 

1 + »i (a;) _ -I .._ a^, — K_, , t g _rOifn#:0, 

n-^.(x)-^ + -^;+s„7^ ^"■" '"• - 1.1 if »» = 0, 

provided that we do not have simultaneously m = and a^ = — 1. 

When n = and 0^ = — 1, the same argument as that given for the ordinary 
difference equation will show that we must have a_, = &_^ . When this case 
does not arise, by comparing coefficients we readily have either 

a,_, = b,^, or a, (g- + g«-') + Son = 0. 

*That there is an actual exception in this case is shown by the following examples: If Biw) is taken 
equal to — 1/4, equation (2) has the solutions 

*(-)=-l/2 and »W=- 2(„'y;!_t) . 

where a is arbitrary. Another example can be obtained from the equation given by Tietze (loc. cit,, foot-note, 
p. 330) to show the existence of rational and algebraically transcendental solutions at the same time. 
The equation 

9 ^a;; ^1 -r 9 la^-r lU (r (o; + 1) — r (a?— 1)) (r (a? + 2) — r (a?)) ' 

where r(x) is any rational function, has the solutions 

^^ ' r(»+l)— r(a?-l) '^ ^ ^ (r (a? + 1) -r (»~1)) (t* (.r) +r (o^)) ' 

where u (w) satisfies the equation u (a-\'l)=:u (a). If u (x) is chosen a constant, we have a rational 
solution with an arbitrary constant. 
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This latter equation can be satisfied only when n^O and g is a root of unity, 
or when n = and do = — gV (1 + g*) • There are, therefore, for the g-diflference- 
equation case at most two rational solutions, except possibly when the expansion 
for R{x) in the neighborhood of infinity starts with the constant — gV(l+g')*' 
If we use expansions valid in the neighborhood of the origin, we find that there 
are at most two rational solutions, except possibly when the expansion for R (x) 
starts with the same constant as for the expansion at infinity determined above. 

Consequently, we are led to the following theorem : 

The equation 

has at most two rational solutions^ except possibly when the expansions for 
R{x) in the neighborhood of the origin and of infinity start with the constant 
term* — gV(l + g')*> where t is an integer. 

The power-series expansions, while of value in determining an upper bound 
to the number of rational solutions, are not effective for the actual construction 
of these solutions. The following method, however, is practicable and suffices 
to determine all the rational solutions of any given equation of the types under 
consideration. 

If the equation has a rational solution ^(oj), we can write 

^{x) =aP{x)/Q{x) and R {x) =rp(x)/n{x), 

where a and r are constants and P{x), C(^)> (>(^)j '7t{^) are polynomials with 
the leading coefficients unity, and the fractions P{x)/Q{x) and ^{x)/n{x) are 
in their lowest terras. We have 



P{x)_ f aP,{x)+Q,{x) \ _ fj^x), 
Q{x)\ Q,{x) J^^'nix) 



) 

Now, P{x) and Qi{x) may have a common divisor, as may also aP^ix) + Qi(x) 
and Q{x). Write 

P(^) ^ol{x) , ^faP,{x) + Q,{x)\_ yjxl . 



♦ An exception will be shown if we choose R (a?) = — 2/9, where q=z2 and / = 1. With this value 
for K {x) , equation (2) will have the solutions 

(x) =-1/3, (x) --2/3, (x) _ sl^^ZZY) ' * ^^^•~~ 3(a^+2a ) ' 

where m takes each of the values of the cube roots of unity, and a is an arbitrary constant. Another 
example could be obtained if, in the example of Tietze already given, we replace the ordinary difference 
by the g-difference. 
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where a(a?)//3(a?) and y{x)/S{x) are in their lowest terms. Then a{x)y{x) 
= p{x) and P{x)S{x) = n{x). Combining the two equations (7) to eliminate 
P(»), we have 

aa,{x)B(x)Q,{x) + aP,{x)B{x)Q,{x)-rP,{x)y{x)Q{x) = 0. (8) 

Hence, if there is a rational ^(x), it must be possible to separate p{x) into 
factors a(x) and y{x)j and n{x) into factors j3(a?) and 8 (a?) in such a way 
that this equation in Q (x) has a solution which is a polynomial with leading 
coefficient unity. This value of Q {x) must also, when substituted in the first 
equation of (7), give P{x) a polynomial with leading coefficient unity. Direct 
substitution in equation (8) of a polynomial Q{x) of degree n will determine 
a, n and the coefficients of this polynomial, if any exists. Since there are only 
a finite number of ways of breaking p{x) and n{x) up into polynomial factors, 
a finite number of trials will give all the rational solutions of the original 
equation. 

Turning now to the special normal form (3), we shall prove the following 
theorem : 

A necessary and sufficient condition that the equation 

have a rational solutionj is as follows: 

1) To every finite zero* [pole] of R{x)y except at the point x = for the 
q-difference equation^ there is a congruent zero [pole] at an odd number of 
steps away^f or a congruent pole [zero] at an even number of steps away. 

2) In the case of the q-difference equation, if x = Q is a zero or pole of 
the m-th order, then m is even. 

In the case R{x) = bl constant, there are no zeros or poles, and the con- 
ditions of the theorem are satisfied. 

If R{x) has a zero [polej at a, then, from the equation, we see that either 
^{x) has a zero [pole] at a or ^^{x) has a zero [pole] at that point. We 
shall consider the consequences of the two alternatives. 

(1) ^{x) has a zero [pole] at a; then ^^{x) has a zero [pole] at a.^. 
If B{x) has no zero [pole] at a^j, then ^{x) must have a pole [zero] at a_i, 

* A zero [pole] of multiplicity m is to be counted as m simple zeros [poles], and the zeros or poles 
which balance it need not be at the same point. Thus, a zero of order 5 may be balanced by a congruent 
zero of order 3 an odd number of steps away (see next foot-note) and a pole of order 2 at an even number 
of steps away. 

t If there is a zero or pole at a, then a zero or pole at a + ^ [<>9"] ^ill be said to be congruent on 
the right at n steps away from a, and a zero or pole at a — n [a<7-»] will be said to be congruent on the 
left at n steps away from a. The first will be denoted by On and the second by a^n • 
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in which case ^i{x) has a pole [zero] at a^. Then either R{x) has a pole 
[zero] at a^ or ^{x) has a zero [pole] at a_2, and consequently ^^{x) a zero 
[pole] at a_j. Then R{x) has a zero [pole] at a_^ or ^{x) has a pole [zero] 
at a__j , etc. 

(2) ^i{x) has a zero [pole] at a; then ^{x) has a zero [pole] at a^, in 
which case R (x) has a zero [pole] at a^ or ^, (x) has a pole [zero] at a^. If 
^1 (x) has a pole [zero] at a^ , then (a;) has a pole [zero] at aj and R (x) 
must either have a pole [zero] at a^ or ^i{x) a zero [pole] at that point. If 
^^ (x) has a zero [pole] at a^y then (x) has a zero [pole] at a^ and fi (x) has 
a zero [pole] or ^i(a?) has a pole [zero] at a^, etc. 

It is thus seen that, if the zeros and poles are not arranged as stated in 
the theorem, the function ^{x) will have an infinite number of congruent zeros 
and poles. The condition is therefore necessary to the existence of a rational 
solution. 

That the condition is sufficient is seen in the fact that, if the zeros and 
poles of R (x) occur as stated in the theorem, we can at once write down a 
rational solution. 

We have shown that a non-linear equation of type (2) can be transformed 
to a linear equation, provided that the non-linear equation has a rational solu- 
tion ; and we shall now consider the solutions of the linear form. Thus we shall 
complete the theory of the non-linear equation when it has a rational solution. 
In § 1 we have shown that the non-homogeneous equation can be reduced to the 
homogeneous equation, if a rational solution is known, and in any case it can 
be transformed to the normal form 

^,{x):=R{x)<p{x) + l. (4) 

We shall now show how all the rational solutions of equation (4) can be found. 

If, in any set of congruent poles, ^{x) [^^{x) ] has a pole to the left [right] 
of the leftmost [rightmost] pole of R{x)j then ^^{x) [^{x)] has a pole at one 
step (see foot-note, p. 000) to the left [right], and to balance the poles would 
require that ^{x) have an infinite number of poles. The order of any pole of 
^{x) can not be greater than the sum of the orders of the congruent poles and 
zeros of R{x). If <p{x) has a pole to which there is no congruent pole or zero 
of R{x)f it must have an infinite number. By substituting a power series in 
descending powers of x for ^{x) and finding the degree of its first term, we 
can determine the relative number of zeros and poles of ^{x). Knowing the 
possible location of the poles and the relative number of poles and zeros, we 
have reduced the finding of the rational solutions of this normal form to the 
solving of a finite number of simple algebraic equations. 
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For the homogeneous linear equation we have the following theorem : 
A necessary and sufficient condition that the equation 

have a rational solution (other than zero and infinity) is that the congruent 
zeros and poles of R{x) can be paired, a zero and a pole together. If R{x) is 
a constant, it must he 1 for the ordinary difference equation or a power of q 
for the q-difference equation. 

That it is a necessary condition is shown as follows: If R(x) has its left- 
most pole [zero] at a, then either: 

(1) ^(x) has a zero [pole] at a and ^lix) a zero [pole] at a_i; to balance 
this, either R{x) has a zero [pole] or ^{x) must have a zero [pole] at a_i , and 
^i{x) therefore has a zero [pole] at a_2, etc. 

Or, (2) ^i{x) has a pole [zero] at a and ^(x) a pole [zero] at a^; then 
either ^i{x) has a pole [zero] at a^ or R{x) has a zero [pole] at a^. If ^i{x) 
has a pole [zero] at a^, then ^{x) has a pole [zero] at a^, and either ^i{x) 
has a pole [zero] at a^ or R{x) has a zero [pole] at a^, etc. 

Thus, to every zero [pole] of R{x) there must be a congruent pole [zero], 
or ^(x) will have an infinite number of zeros [poles]. 

That this is a suflScient condition can be seen from the fact that, if the 
zeros and poles occur as stated in the theorem, a rational solution can imme- 
diately be written out. 

By methods similar to those employed in the next section for the study of 
the non-linear equation, it can be shown that there may be algebraic solutions 
other than rational solutions of certain linear g-difference equations, provided 
that the expansions of R (x) in the neighborhood of infinity and of the origin 
start with a constant which is a fractional power of q. The method of finding 
such solutions is given in § 3. 

Stridsberg has shown* that if the equation 

^(x + 1) =R{x)^{x) + aj a = 1 or 0, 

has an algebraically transcendental solution ^{x), that solution can be written 

in the form 

^{x)=P{x)G{x) + Q{x), 

where Q{x) is a rational solution of the original equation and P{x) is a ratiinal 
solution of 

P{x + l)=?^P{x), limR{x) = c, c4:0, :#: oo , 

C x=co 

* Loo. cit.f p. 2, No. 15. 
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and where G{x) satisfies the functional equation 

G{x + l)=cG{x), 
and also satisfies a differential equation with constant coefficients. 

From the discussion ahove concerning rational solutions of linear equations, 
it is easy to find, for any particular equation, whether it has algebraically tran- 
scendental solutions. 

For the g-diflference equation Stridsberg has shown that if the equation 
^(qx) =R (x) <^ (a;) + a, a = 1 or 0, 
has an algebraically transcendental solution ^{x)^ that solution can be written 
in the form 

ip{x) = P (x) (g (x) + (I l^ll) + Q{x), (I a constant, 

where G{x) satisfies a differential equation with constant coefficients and also 
satisfies the functional equation 

G{qx) = cx^G{x), 
where c is a constant and { a rational number. If (i^^O^ then cx^ = l. 
Thus, either the equation 

and the original equation have algebraic solutions or the equations 

P{qx)=R (x) P (x) and Q (qx) = R (x) Q (x) —(iPiqx) + a 

have algebraic solutions, according as (i is or is not zero. Hence, there are 
algebraically transcendental solutions of the linear g-difference equation of the 
forms considered, only when one of the sets of equations above has algebraic 
solutions. 

From the results of the preceding paragraphs we conclude that the linear 
ordinary difference equation of the forms considered has only transcendentally 
transcendental solutions, unless it has a rational solution; and that the linear 
g-difference equation of the forms considered has only transcendentally tran- 
scendental solutions, unless one of the sets of equations above has algebraic 
solutions. 

We can now readily see, by use of the theorem concerning rational solutions 
of the homogeneous equation, that the function r(a;) is transcendentally tran- 
scendental, as was proved by Holder.* Likewise, it is easy to show that the 
solutions of the equation ^{qx) = {l+x)^{x)y discussed by Stridsberg, are 
transcendentally transcendental. 

♦ Mathematische Annalen, Vol. XXVIII (1887), pp. 1-13. 
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§ 3. Algebraic Solutions Other than Rational Functions. 

From the equations (M) and (N) it is evident that if there are singularities 
of the solutions, other than poles, in the finite plane, the origin excepted for 
the g- difference equation, there is an infinite number of such singularities. 
The only algebraic solutions for the ordinary difference equation are therefore 
rational functions. The origin may be a branch point in the g- difference 
equation, and its algebraic solutions are therefore rational in x^^^y J^l- We 
have in this section to study only the g-difference equation. 

In order to find what values j can have, make substitution of a descending 
power series in x^^^ in equation (2), and we have 

(a„ a;"/^ + a„_i a;<--i>/^ +....) (1 + a^ g«/^ a?"/^ + a„_, g<«~^)/'' a;(«-i)/i +....) 

= r^a?'» + r^.ia?~-^+ 

Equating coefficients, we have n/j = m/2 and 

for m > 0. If m is even, the first exponent is an integer ; and if m is odd, it 
is a multiple of 1/2. If it is an integer, no fractional exponent can enter the 
expansion ; for, if a fractional exponent l/j enters, the equation for the deter- 
mination of its coefficient will be 

If q is not a root of unity, we shall have a^ = 0. If m is odd, there can be no 
other exponents than multiples of 1/2. Suppose, an exponent not a multiple 
of 1/2 enters, say k/j. The equation for the determination of the corresponding 
coefficient will be 

since m/2 + k/j is not an integer. Hence, if g is not a root of unity, a^ = 0. 

If m < 0, the first exponent will be an integer, and the same argument as 
that given above will show that no fractional exponent can enter unless g is a 
root of unity. 

If m = 0, the first coefficient will be determined by the equation 

«o + ao = ro. 
If a fractional exponent — l/j enters, the equation for determining the corre- 
sponding coefficient will be 

a_,(ao + l + aog-'/0=0. 

Either a_, = or a^ =—q^^^/{l-\-q^^^) ; in the latter case, ro = — g'/V(l + g'/0'. 

Consequently, ; is either 1 or 2, except possibly when the expansion for 

R {x) in the neighborhood of infinity starts with the constant r^ above deter- 
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mined. Similarly, if we used expansions valid in the neighborhood of the 
origin, we should find that j is either 1 or 2, except possibly when the expansion 
for R (x) starts with the same constant r^ . 

We thus have the following theorem : 

// R{x) is infinite of odd order both at zero and at infinity j the equation 

- / V R (x) - 

where q is not a root of unity ^ can have no algebraic solutions other than those 
which are rational in x^^^ but not in x. 

If the expansions for R (x) in the neighborhood of zero and of infinity 
start with the constant — g''^V(l + 3'^0^> where I and j are positive integers, 
there may be solutions rational* in x^^K 

In all other cases any algebraic solution is rational. 

Ji ^{x) is a, solution rational in x^^^, we can write it in the form 

. . _ P{x) + ex^^^Q jx) + B^x^^fSjx) + .... +e^-'x<<^^^^^T(x) 
9 i^; - p, (^) ^ ex'^^Q' (x) + e^x^^^S' (x) + . . . . + si-^x^^-'^^^T' (x) ' 

where c is 1 and P(x)j P' (x), Q (a?), etc., are rational in x. Then the above 
expression is a solution when e is any j-th root of unity. 

If there are solutions of the normal form (2) which are rational in x^^', 
then the equation 

has corresponding solutions rational in x. The methods of the section on 
rational solutions will enable us to determine those solutions. Hence, we can 
find all the algebraic non-rational solutions of a given equation. A similar 
process will enable us to find all the algebraic non-rational solutions of the 
linear equation. 

* That solutions rational in fractional powers of x do exist is shown by the following examples : 
For 9=4 and B{x)=z2 {w — 1/9) the normal equation (2) has the solutions 

0(flp)=±a>>'» — 1/3. 
For 9 = 8 and B(x)=: — 2/9 equation (2) has the solutions 

0(a^)_— 1/3, 0(0^)— 2/3, 0(a»)_— 3liZ=T) ' ^ ^^^ = 3 (ar'-« + 2 a) ' 

where m takes the values of the three cube roots of unity and a is arbitrary. 

For g = 8 and R (x) =— ^ ^^!T?^ 1" W equation (2) has the solutions 

^/ % 2a? + ma?2'' + »»*fl^'"— 1 
(flp) = — 



S(x+l) 
where m takes the values of the three cube roots of unity. 
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Concerning the normal form (3), we have the following theorem: 

// R {x) is infinite of odd order both at zero and at infinity^ the equation 

where q is not a root of unity ^ can have no other algebraic solutions than those 
rational in x^^^ but not in x. In all other cases the only algebraic solutions 
are rational. 

These algebraic non-rational solutions can be found by finding the rational 
solutions of 

The proof of the above theorem follows the argument for the other normal 
form so closely that it will not be given here. 

§ 4. Algebraically Transcendental Solutions. 

Stridsberg proved that, if the normal equation (2) has no algebraic solu- 
tion, its algebraically transcendental solutions, if any exist, also satisfy a 
Biccati equation with coeflScients rational in x. 

While proving this theorem, Stridsberg seems to have doubted the existence 
of such functions, as has been noted in the Introduction. 

Assuming that ^ (x) satisfies the two equations 

♦.W = fg]-1 (2) 

and 

^'{x) + L{x)\ip{x)\' + M{x)ip{x)+N{x)=0, (8) 

where L (x) , M (x) ^ N (x) are rational, we shall find some conditions which 
enable us to put the theorem in a different form. 

We have from (8), by changing the argument, 

ip[ (x) + L, {X) \<p, ix)\^ + M, {x) ^, (x) + N, (X) = 0. (9) 

Substituting in (9) from (2) so as to have only the argument x in the function 0, 
we have 

,(.) «-(.)-«(.) ♦■(.) ^ .,.)(|^_ ,|-^ ^.(., ||M- x] +i..(.) = 0. 

In this equation and what follows, a is to be considered 1 or g, according as we 
have the ordinary difference or the g-difference equation. 
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Comparing this equation with (8), after clearing of fractions and dividing 
by the coefficient of ^' (a;), we have the following equations which L{x)j M (a;), 
N (x) must satisfy : 

N (x) + aL^ix) R{x) = 0, ' 
M (x) R{x)—2aL, {x) R (x) + aM, (x) R (x) + R' {x) = 0, ^ (10) 
L {x) R {x) -\-aL^ (x) — a3f ^ (a?) + a 2^^ (a?) = ; 

or, by elimination of M {x) and N (a?), we have the equation 

afR,{x) L,{x) + af\R,(x) +l\L^{x)-a\R,(x) + l\L,{x) 

•^R (x) L (x) — (iR[ {x)/R^ (x) = 0. (11) 

This equation puts all the restriction ojiR{x) that the system of three equations 
above does. That is, in order that equation (2) have a solution ^{x) which is 
also a solution of (8), it is necessary that (11) have a rational solution L{x). 
This last sentence is simply another statement of the theorem. 

We want to prove that this necessary condition for algebraically transcen- 
dental solutions is also sufficient. In order to do this, set 

D{x) = <p' (x) + L {x)\^{x)\^ + M (x) ^{x) + N (X), 

where L{x)j M{x)^N{x) satisfy the relations (10). A necessary and sufficient 
condition that a solution ^{x) of the equation (2) also satisfy the Biccati 
equation, is that D {x) ^ 0. Now, 

D, (x) = <p[ (x) + L, (x) \4>, (X) j^ + M, (x) <l>, (x) + N, (x). 

Multiply the equation in D{x) by R{x)/\4>{x) j*, the equation in D^(x) by a, 
and add, making use of the equations (10). Then we have readily 

Djoo) - a\^{x)['' 

This equation shows that, if there is a solution ^{x) of equation (2), in 
the case of the ordinary difference equation, which is asjnnptotic to a power of 
X times a descending power series in any fractional power of a?, the only possible 
value of D{x) is zero, except when the expansion of R{x) in the neighborhood 
of infinity starts with the constant — 1/4. In the case of the g -difference 
equation, q not a root of unity, the exception is when the expansions for R{x) 
in the neighborhood of zero and of infinity each start with the constant 
-2/(1 + 3)^ 

We shall now determine when equation (2) has solutions which are asymp- 
totic to a power of x times a power series in 1/x or in 1/yJx, The substitution 
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^{x) = '^^{x)/fi^{x) will transform the normal form (2) to the second-order 
linear homogeneous equation 

^2 (^) + ^1 (^) -R{<^)'^ (X) = 0. (12) 

We prove in the next section that if R{x) has a zero at infinity, then equation 
(11) has no rational solution, so that we shall not consider such an R{x) here. 

For the ordinary difference equation, if R{x) has a pole of even order at 
infinity or approaches a constant different from — 1/4 as x approaches infinity, 
then the works of Carmichael * and of Birkhoff t show that there is a solution 
of equation (12) such that, when we form the quotient -J/j {x)/fi^{x)y it has the 
property of being asymptotic to a power of x times a power series in 1/x. 
When R (x) has a pole of odd order at infinity, it can be shown } that the 
linear equation (12) has a solution '^{x) such that, when we form the quotient 
'4'i(^)/'4'(^)> it has the property of being asymptotic to a power of x times 
a power series in 1/y/x. 

For the g-difference equation, if R(x) has a pole of even order at infinity 
or approaches a constant different from — 3*7(1 + gOS where t is an integer, 
as X approaches infinity, then the results of a paper by Carmichael^ show that 
the quotient •4'i(ip)/4'(^) lias the property of being asymptotic to a power of 
X times a power series in 1/x. If R (x) has a pole of odd order at infinity, 
we can replace R (x) by R (x^) and q by Vg, and have an equation to which 
the results of the paper mentioned are applicable. Making the reverse sub- 
stitution in the solution of the new equation, we shall have for the quotient 
'^1 (^)/'4'(^) a power of X times a power series in \/yJx. 

From these considerations it follows that in each case there will be two 
solutions of equation (12) asymptotic to such formal expansions that, if we 
form the quotient ^{x) ='4'i(i'?)/4'(^)> it will be asymptotic to a power of 
X times a power series in \/x or in 1/yJx. 

From the results thus obtained we have the theorem : 

//, as X approaches infinity ^ R {x) does not approach the constant —a/ (1-ha)^ 
where aislor q according as we have the ordinary difference or the q-difference 
equation^ and the equation 

* Tranaaoiions of the American Mathematical Society, Vol. XII (1911), pp. 99-134. 
t TriMeactione of the American Mathematical Society, Vol. XII (1911), pp. 243-284. 
t Lectures of Dr. Carmichael at Indiana University, 1913-14. 
§ Ameiucak Joubnal of Mathehatios, Vol. XXXIV (1912), pp. 147-168. 
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has no algebraic solution^ a necessary and sufficient condition that equation (2) 
have a solution which is algebraically transcendental is that the equation 

a'R,{x) L,{x) + a^\B,{x) + l\L,{x) -a\R,{x) + 1\ L,{x) 

— R{x)L {x) — aR[ {x)/R, {x) = (11) 

have a rational solution L (x). Any solution of equation (2) which is asymp- 
totic to one of its formal solutions in powers of 1/x or of 1/V^ fvill be 
algebraically transcendental. It will satisfy the Riccati equation 

^' {X) + L{x)\^{x)\^ -\- M {x)fp{x) +N {X) =0, 

where M {x) and N (x) are determined from equations (10). 

X (x-\-3) 
For the ordinary difference equation R (x) = k-. Vt-v--^^tv > * t^ — !/*> 

(af-hl) (x-^Z) 

and for the g-difiference equation Rix) = ^ (^ + g) (^ + g*) fe:^-g7(l+g*)'> 

' {x + q^){x + q^) 

where t is a rational number, the normal form (2) has no algebraic solution; 

while equation (11) does have a rational solution. The normal equations, 

therefore, have as solutions transcendental functions which also satisfy Biccati 

equations. I expect to develop the theory of these functions in detail. 

§ 5. Equations Having only Transcendent ally Transcendental Solutions. 

A result obtained in the preceding section may be restated in the following 
form : * 

// the equation 

has no algebraic solution^ then all its solutions are transcendentally transcen- 
dental^ provided that the equation 

a?R^{x) L,{x) + a* \R, {x) + 1\ L,{x) -a\RA^) + 1( L,{x) 

— R{x)L (x) — aiJ; {x)/R, (x) = (11) 

has no rational solution. 

We shall next consider rational solutions of equation (11). In order to 
do this, we shall first investigate the relative number of poles and zeros of L(a;) 
by means of series. Make the substitution 

'^This theorem is here derived by means of a theorem of Stridsberg quoted in the preceding section. 
I had, however, proved the theorem in essentially the present form before the work of Stridsberg came to 
my attention. In view of the results in § 4, it is seen that the two theorems are equivalent. 
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L{x) = hx^ + h^,x^''' + ...., hzfzO, 

in equation (11). Equating the coeflBcients of the highest powers of x to zero, 
we shall have for the ordinary diflference equation when m > 0, 

r^h{0)-\ni.\=0, 

the quantity \ m \ entering only if m + ^ = — 1 ; 

r^/x-, (0) -r r^-A (0) + rj^ (2'm + 3X + m + 2X- m - ;i) - |mi = 0, 

the quantity \m\ entering only if w + X = 0. 

It is obvious that these equations can be satisfied only when Jl = — m/2 
or X = — m. 

If m = 0, our equ£^tions are 

roix(0).+ /x(0)-]5t=0, 

where i^j is a constant :^0 and enters only if X< — 2; 

r-i/x(0) + roZx-i(0) + /x-i(0)+?x(2X-X) + roZx(4Jl)-i«! = 0, 

where \s\ enters only if X< — 2. 

These equations can be satisfied by X = 0, X = — fe + 1, where r^j^ar^ is 
the second term in the expansion of R (a;), or by r^ = — 1/4. 

If w < 0, the equations are 

^x(0) + !m}=0, 

where } m \ enters only if X = — 1 ; 

ix-i(0) + ?x(2;i-X) + jmi=0, 

where \ m \ enters only if X = 0. 

These equations can be satisfied for no value of X; that is, if R{x) is 
zero at infinity* there is no rational L{x) satisfying equation (11). 

For the g-diflFerence equation the same method gives the following results : 
w > 0, X = — m/2 — 1 or X = — m — 1; 
w = 0, there can exist a rational L{x) satisfying the equation (11) 

only when Tq = — g^"^V(l + e^"^^)** where X is an integer; 
m < 0, there exists no rational L{x) satisfying the equation. 

Expansions in the neighborhood of the origin will give analogous results 
for the g-difference equation. 

* This was the case proved by Tietze. 
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We shall next consider the possible number and location of the poles of 
the rational function L (re) satisfying equation (II), If the leftmost zero or 
pole of R{x) in any congruent set is a and the rightmost is a^y then the left- 
most pole of R[{x)/Bi{x) in the same set is a^^ and the rightmost is aj^^. 
K L (x) has a congruent pole to the left of a^ , then Lg (x) has a pole to the 
left of a_2; and since R^ix) does not have a zero to the left of that point, 
L{x)y L^{x)y or 1/2 (a?) must have a pole at the point at which L^{x) has a pole. 
Then L^{x) has a pole farther to the left, and it must again be balanced and 
there must be an infinite number of congruent poles. Similarly, one sees that 
the rightmost pole of L{x) can not be to the right of a^ without introducing 
an infinite number of congruent poles. Thus, it follows that the congruent poles 
of a rational solution L{x) in any set can be only at the points aj, ag, . . . ., a^, 
where a and a^ are the leftmost and rightmost congruent zeros or poles of R{x) 
in that set. Clearly, L{x) can not have a pole which is not congruent to a zero 
or a pole of R{x). Likewise it can be shown that there can be no rational L (a?) 
for an R{x) which has a zero or pole to which there is no congruent zero or 
pole, the origin excepted for the g-difference equation. The order of any pole 
can not be greater than the sum of the orders of the congruent zeros and poles 
of R{x). 

We have found an upper bound to the number and order, and have found 
the possible locations of the poles of L(a?), and we know the relative number of 
poles and zeros, except when the expansion for R{x) starts with the particular 
constants noted above; we may therefore replace L{x) by P{x)/Q{x)y where 
Q{x) is a fully determined polynomial and P{x) is a polynomial of known 
degree, with the exceptions noted. We can substitute a polynomial of proper 
degree for P{x) and determine its coefficients by simple algebraic processes 
if a rational L{x) exists. In the exceptional cases we can substitute a general 
polynomial and reckon out its degree as well as its coeflficients. 

In addition to furnishing methods for determining the character of the 
solutions of any given equation, the results obtained in this paper enable us 
to name a number of classes of equations which have only transcendentally 
transcendental solutions. We shall define the more comprehensive classes in 
the following theorems : 

The equation 

has only transcendentally transcendental solutions^ provided that R (x) has a 
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pole of odd order at infinity and has a zero or a pole to which there is no con- 
gruent zero or pole. 
The equation 

has only transcendentally transcendental solutions^ provided that R {x) satisfies 
any one of the following sets of conditions: 

1) R{x) has a zero at infinity [zero] and a pole of odd order at zero 
[infinity] . 

2) B{x) has a pole of odd order at infinity [zero] and a pole of even order 
at zero [infinity] ^ and has a zero or pole to which there is no congruent zero 
or pole. 

3) R{x) has a pole of odd order at infinity [zero], and at zero [infinity] 
is a constant different from zero, infinity and — gV(l+3*)*> where t is a 
rational number. 

We return to a consideration of the normal form (3), ^i{x)^{x) = R{x). 
This equation transforms by a linear fractional substitution (see § 1) to the 
normal form (2) ; and hence, by § 4, if the normal form (3) has no algebraic 
solutions, its algebraically transcendental solutions, if any exist, satisfy a 
Biccati equation. If, as in the preceding section, we assume that a solution 
^{x) of equation (3) also satisfies the Biccati equation 

^' (X) + L {X) \^(x)\^ + M {X) q>{x)+N (x) = 0, 

we are led in the same way to the following equations which must be satisfied 
by rational functions L{x)j Mix), N{x) : 

L (x) R (x) + aN^{x) = 0, 

aM, (x) + M{x)+ R' {x)/R (x) = 0, 

aL^{x) R (x) + N {x) =(i. 

Consider the second of these equations. The poles of R{x)/R{x) are all 
of first order, and the residues at those poles are all integers. Consequently, we 
are led to see that, in order for M{x) to be rational, it must have all its poles 
of the first order, and^he residues at the poles must be integers. These proper- 
ties of M{x) are sufficient to make the expressions e^^^*^"*' and e^*^'^*^*** repre- 
sent rational functions. If we integrate the equation and write in exponential 
form, we have 

^faM^{x)d» ^JM{z)dx ^/R'ix)/Rix)dx __ J^ 
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Write 1/D{x) for e^^^*^'*, and the above equation readily reduces to 

D^{x)D{x)=R{x). 

Since D (x) is rational^ we see that a necessary condition that the equation in 
M(x) have a rational solution, is that the normal equation (3) have a rational 
solution. A consideration of the first and third of the set of three equations 
given above will lead to the same conclusion unless L (a?) andN{x) are both zero. 
We have then the following theorem : 

// the equation 
has no algebraic solution, all its solutions are transcendentally transcendental. 

BLOOHINQIOK, Iin>IANA. 



Binary Conditions for Double and Triple Points on a Cubic* 

By Lbboy a. Rowland. 



The cubic plane curve has been exhaustively studied by use of the theory 
of ternary forms. Conditions necessary and sufficient for the existence of one 
or more double points, of a triple point, etc., have been derived in terms of 
ternary invariants, chiefly by Aronhold, Gordan, Clebsch and Gundelfinger.f 

The theory of binary forms, however, may also be applied to the study of 
the cubic. Compare, for example, the treatment of the inflexions of a cubic by 
Clebsch t and by the writer. § Conditions that a cubic degenerate into a conic 
and a straight line or into three straight lines (non-current), i. e., conditions 
for two or three double points, were derived by Brioschi, expressed in terms 
of the simultaneous invariants of two binary forms. || In this paper conditions 
of the same nature will be derived for the case of one double point (node or 
cusp) and for the case of a triple point. 

The argument will be based upon two properties of the polars of algebraic 
plane curves. Let P be a point of the curve C„ , and let Q be a point of the 
plane not lying on a tangent to C„ at P. 

Pboperty I. A necessary and sufficient condition that P be an r-fold point 
for C^ is that the first r — 1 polars of C^ with respect to Q pass through P. 

That it is necessary follows at once from the well-known 

Theorem A. An r-fold point of C„ is an (r — s)-fold point of the s-th 
polar {s<r) of any other point. 

To prove it suflScient we will take the vertices III and I of the frame of 
reference to be the points P and Q respectively. The equation of the curve 
will then be 

xS~^ Wi + x^-^ M2 + + x^u^_^ + i^„ = 0, 

and the equations of the polars will be 

* Read before the American Mathematical Society, April 27, 1912. 

t Cf. Clebsch -Lindemann, Vorleaungen ilher Oeometrie, Bd; I, p. 680 ff. 

j "Theorie der Bin^ren Formen," pp. 234-254. 

§ Dissertation, Mtinchen, 1908. 

II " Sulle condizioni per la decomposizione di una forma cubica ternaria in tre fattori lineari,'' 
Annali di Matematica, (2) VII (1875), pp. 189-192. "Sulle condizioni per la decomposizione di una cubica 
in una conica ed in una retta," Ace. R, d, L., (2) III (1876) , pp. 89-90. 
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J 

Since by hypothesis all these polars pass through III, we have 

djlj ___ 9* 1^2 __ 9^^8 — _ 9*^^ ^r- l — A 

This means that w^ is divisible by x^ for A = l,2, ....,r — 1. But the first 
non- vanishing ti may not be divisible by x^ , otherwise I would be on a tangent 
to C^ at III, contrary to hypothesis. Consequently, 

u^^u^^u^^ .... ^ u^^ ^ 0, 

and C^ has an r-f old point. 

Property II. A necessary and sufficient condition that s of the r branches 
of C^ through P be tangent at P to a line i, is that C„ and its first s — 1 polars 
with respect to Q be tangent to t at P. 

To prove the condition suflScient we choose the frame of reference as 
before, taking, in addition, the side I to be the line t. The equations of the 
curve and its polars are then 

OOr" ^r + ^8 "'"' Wr+1 +....+ W„ = 0, 

„.r3ti, . 3t^n-o 



Assume 



Then 






u^ = a„xl + raiX'r''Xi + + ra^^x^x^-^ + a^xl 



l*"--^ r(r-l) .... (r-A + l) [a^xl'" + {r-k)a,x[-''-'x^+ . . .. + a^^xl-^]. 
ox' 

By hypothesis this must be divisible hy x^iov k = 0,l, ,5 — 1. That is, 

o^t = for ft = 0, 1, 2, , s — 1. 
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Hence, 



^r{r-l)....{s + l) 



Ur = a^oo\ + ra,x\'^x^ +.... + -^ {r — s)\ — ^^*^i^J"'^ 

which proves the theorem. 

That the condition is necessary is well known, and is indeed obvious, if we 
write down the equation of C^ referred to the frame of reference chosen above. 

Consider the cubic 

yl + U,yl+U,y, + V, = (i. 

The transformation with determinant equal to 1, 

^1 = 2/1, ^2 = 2/2. ^z = iJJi + yzy 

carries this over into 

x\-Zfx, + 2<p = {), (1) 

where / and ^ are forms of the second and third degree respectively in x^ and x^ . 
If the line 

^8 = £x (2) 

cuts the curve at P in three coincident points, we have 

£J-3/£, + 2^^>7«. (3) 

A necessary and sufficient condition that P be a double point is (Property I) 
that the polar of III pass through P ; i. e., that 

^f — / be divisible by >7^ , (4) 

or, representing / and ^ symbolically by al and aj , that 

(^>7)*-(a>7)^-0. (5) 

We shall use the following simultaneous invariants of / and ^, the notation 
being that of Clebsch : 

i) = {a by J discriminant of /; 

A = (a/3)*a,/3^, Hessian of ^; 

R= (AA')^ discriminant of A and of <^; 

P = (aa)2a,; 

£7= (aA)2; 

F — 2DE is the resultant of / and ^. 
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(8) 



We shall also use the following abbreviations : 

K={a^y, L = {a^){ay!), M = {any, N = {^nY. 
Using a well-known symbolic identity, we find 

Nf = Kr,^ — 2L^y! — M^K (6) 

Combining (3) and (6), we have 

2N^ = Nvi' + 3K^y,^ — 6L^^y! + {3M — N)^\ (7) 

Building the invariants of / and ^ by means of (6) and (7), we find 

DN = 2{KM—L^), 

2p = {2D-K)^ + Mn, 

iF = K^+M^—2KLM-\-^D{ML—K^) + ^D^K, 

2E = KD+LM—K'—LN, 

SR = ^K'+SL*—12KLM—6DK'+12KLN—12DLN—9M'N 

+(iMm—N\ 
The quantities 

B = 20DE — 8R — 16F + D^ j ^^^ 

have the values 

A=^L{M-N)-{2K-Dy, (10) 

B=^6L{M — N){2K-D) — {^M — N){M — Ny~{2K — D)\* (11) 
A^ + B^={M— Ny [6^ L^M—N) — 12 L^2K — Dy+{^M—Ny {M — Ny 
— 12 L{^M — N){M—N) {2 K — D) + 2{^M — N) (2K — Dy]. 

By use of the first equation (8), we can change this into 

A' + B^ = {M— Ny [16 L {2D— K){M — N) — ^L {2 K — D){^M—N) 

+ 16L^ + {^M—Ny{M—N)—^{2K — Dy{2D — K)]. (12) 

A necessary condition for a double point is then 

^8 + B* = 0. (13) 

It does not appear to be sufficient, for when A^ + B^ is zero, it may happen 
that M — ^ is not zero, but rather the quantity in brackets. (13) is not a 
sufficient condition that P be a double point ; it is, however, sufficient that the 
curve have a double point, as we can show by using some results of Clebsch. 

Clebsch shows that if x^ = ^j, is a line which cuts the curve in three coin- 
cident points, the other lines having this property are 



<* 



* Equations (6) -(11) are taken, with some change of form and corrections for misprints, from 
Clebsch, loc, cit,, p. 241. 
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^8 = ^x + 2, 



^^ -3(g-m^>7)±V9(g-m^>7)^-12(l-m«)(g^-m>7^-/) (^^^ 

2(1 — m^) 
where w is a root of the equation 

{M — N)m' — 2{2K—D)m^ + 6Lm^—{4:M — N)m+{K — 2D)=Q.* (15) 

The two invariants of this biquadratic are 

i = 3DN — 6{KM — L^), 

j = —i[WL{2D — K){M — N) — ^L{2K — D){^M—N) + 16L^ 

+ {M — N){^M — Ny—4:{2K—Dy{2D — K)]. 

i = by reason of the first of equations (8). Hence, if j is zero, the equation 
(15) has a triple root, (14) gives only four values of z and there are but five 
lines which meet the curve in three coincident points. This can happen only 
when the curve has a double point. Therefore, (13) is a suflBcient condition. 

We have, however, overlooked the possibility that the curve may have a 
double point the tangent at which goes through III. Any line through III has 
the form 

Both f 1 and ^g can not be zero. Let us suppose ^i =^ 0. If this line cuts the 
curve in three coincident points, then 

must be a cube and hence its Hessian must vanish identically ; i. e., 

or / and ^ have a common factor, and ^^ = cuts the curve where x^ = 0. 
For a double point it is necessary and sufficient that the three polars 

pass through it. Hence, f , must also be a factor of ^-^ and >^ , and there- 

u (C-^ (j X^ 

fore a double factor of ^. The conditions that / and ^ have a common factor, 
which is a double factor of ^, are easily seen to be 

B = E = F = 0. 

In this case A = —D\ B = D^ and A^ + B^ = 0. 

* Loc. cit.f p. 240; or for the form used here, cf. Howland, Dissertation, p. 11 ff. 
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Theorem. The necessary and sufficient condition that the cubic (1) have 
a double point, is A^ + B^ = 0. 

For a cusp, the tangent at which does not go through III, we must have 
(Property II) x^ = ^^ tangent to a;! — / = 0, i. e., ^l — f must be divisible by i^l . 
Hence, in addition to M — ^ = 0, the discriminant of £J — / must vanish, or 
2{a^y-{aby = 2K — D = 0. 

In this case we see from equations (10) and (11) that A = B = 0. Con- 
versely, if A = B = 0, we have a double point and hence M — -^ = 0. (10) 
shows that then 2K — D = also and the point is a cusp. 

If the tangent passes through III, we have shown that the point must be 
the point ^^ : — ^i : and that R = E = F = (i. 

The equation of the tangents at this point is 

2^^^x\ + ^^,^x^x^ + 2^^x\ — &f^x^x^ — &Ux^x^^{i, 

?2 > — Ki beiiig substituted for Xy^ , x^ in the coeflRcients. 

For a cusp this must be a constant multiple of f * , and hence 

^n^n-¥^^ = ^. A - 0, /, = 0. 

The first equation says that the Hessian of has the factor ^^. This gives 
nothing new, for, as is well known, a double factor of ^ is also a double factor 
of its Hessian. The other two equations, however, tell us that / has a double 
factor ^^. Consequently, 2) = 0, ai^d by equation (9), -4 = JB = 0. 

Theorem. The necessary and sufficient conditions that the cubic (1) have 
a cusp are A = B = 0. 

Instead of taking up next the case of a triple point of a cubic, we shall 
consider a more general problem, for it is possible by this method to handle 
the problem of an w-fold point on a curve of the n-th degree. 

The equation of the curve being 

ys + v^yl~' + v^yl'^ +....+ v^_, y^ + v^ = o, 

we can transform it by the transformation with determinant 1, 



1 



into 



^ , nin—1) „_2 , n(n — 1) (w — 2) „_3 , , , n /i/j\ 

^8+ - 21 ^^^^^ + 37 -^h^i + +nu^_,x^ + u^ = 0. (16) 

The polars of this curve with respect to the vertex III are : 



Howland: Binary Conditions for Double and Triple Points on a Cubic. 447 



.»-! . (n-l)(n-2) ^. ._, 



xl + 3u^x^ + u^ = 0, 

^8 + ^2 = 0, 

0:3 = 0. 

If this curve has an n-fold point P, then, by Theorem A, this point is {n — 1)- 
fold for the first polar, («— 2)-fold for the second, . . . ., a double point for 
the (n — 2)-th polar and a simple point for the (n— l)-th. It follows directly 
from this that u^y u^j . . . ., w^_i, u^ are constant multiples of the second, third, 
. . . ., (n— l)-th, w-th powers of the same linear form, a^ = a^x^ + a^x^. 

These conditions are evidently sufficient, for the equation then has the form 

xS + aalxr'+^alxS-'+ .... +va: = 0, (17) 

and any line through the point —a^ia^iOy 

obviously has with this curve •at P a multiplicity of intersection equal to n. 
The equations of the lines into which (17) degenerates are 

^s = \(^xj {i = ly2j ,n), 

where 

2a^ = 0, 2a^^^ = a, , ^1^2 \= (— l)"r, 

or, in other words, the A,'s are roots of the equation 

;i" + aX"-* + /3a»-« +....+ r = 0. 

a^ may be found as the square root of u^. In case u^ vanishes identically, 
a^ may be found as the quotient of u^ by u^^^ , or, if there is no pair of con- 

secutive non-vanishing u% as the quotient of w,. by ^j— i . 

H (u^) ^0 is a necessary and sufficient condition that w^ be a p-th power, 
H (u^) being the Hessian of u^. H{u^)^Oy H(Uq)=Oy ^(^pj w<,) = are 
conditions that u^ and u^ be powers of the same linear form, /(w^, w^) being any 
simultaneous invariant of i/p and u^ . 

Theobem. Necessary and sufficient conditions that a curve of the n-th 
degree have an n-fold point are {when the equation of the curve has been 
brought into the form (16)) 

H{u,)^H{u,)^...,^E{u,)^Q, 
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together tvith a set obtained by equating to zero any simultaneous invariants 
of a non-vanishing u with each of the other u's. 

In particular, then, the conditions for a triple point on the cubic 

xl — 3fx^ + 2^ = 
will be 

2) = 0, A = 0, F = 0. 

The ternary condition for an n-fold point is the identical vanishing of the 
Hessian. This gives rise to i(3w— 5) (3w — 4) equations among the coefficients. 
The set of conditions above give rise to but (n — l)^H-n — 2 = n* — n — 1.* 

The number of conditions for the conic, cubic, quartic and quintic in the 
two cases are: 1, 10, 28, 55, and 1, 5, 11, 19 respectively. 

MiODLETOWN, Conn., April, 1012. 

* It is not intended here to impl7 that this is a minimum set of conditions. Cf. 0. E. Glenn, " On 
Semi-discriminants of Ternary Forms/' Tranaactions of the American Mathematical Society, Vol. XII, 
No. 3 (1911), pp. 367^74. 



Modular Invariants of Two Pairs of Cogredient Variables. 

By William C. Krathwohl. 



Introduction. 

§ 1. By the term invariant will here be understood a polynomial / in 
a?! , 3/1 , a?2 , 2/2 with integral coefficients taken modulo p such that 

^K, 2/1, ^2. 2/2) = {ad — bey I {x[,y[,x'i,yi), (mod. p), 

for every transformation 

/ab\ x^ = ax[ + by[, x^ = ax'^ + by2, 
\cdJ ' y^ = cx[ + dy[, y^ = cx'^ + dy'^j 

with integral coefficients. 

The constant exponent fi is called the index of the invariant. 
The main result of the investigation is the following 
Theobem. As a fundamental system of invariants we may take 



L,= 






Qi = 



xV yV 



/L„ (i = l,2), 



The absolute invariants Q* and N, are actually integral functions of 

<^i,yii^i,yi- 

Among the syzygies needed are 

(S,) M, Lf' + Mi -MPQ, = 0. 

The invariants N, can be shown to be integral as follows: Multiplying 
numerator and denominator of N, by LJ, we get 

„ _ Mt'Lr' + (-! )• Mr" Lt Li ... 

•~ M'Ll ""' • ^' 

Multiplying syzygy {8^) by if J, we have 

3fJ+> Lf-' = M' Qi Mi - M? Mi . (2) 

* Dickson, Transactions American Mathematical Society, Vol. XII, pp. 1-12. 
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Solving syzygy {S^) for Lj L^ and then raising L^ Lj to the 5-th power, we get 

{L,L,y = i^(-l)*(Q(3fi'+^)-*(^^i3/.)*. (3) 

Substituting (2) and (3) in (1), we get 

AT 4=0 \^/ 

Every term in the numerator of N^ now contains M^ as a factor. Since M^ 
is prime to LJ, the numerator of N, is divisible by their product, and hence 
N, is integral mx^^y^^x^ and y^ . 

Preliminary Theorems. 

% 2. Thbobem. The sum of the exponents of either set of cogredient 
variables in any term of an invariant is congruent modulo p — 1 to the index (i 
of the invariant. 

This is proved by applying one of the transformations 

/a ON /I ON 
\OlJ' \OaJ' 

where a is a primitive root of p. 

§ 3. Definition. We shall say that x^ , j/j form one set of variables and 
^2 > y^ ^^^ other set. 

Theorem. The terms of an invariant which are homogeneous in each set 
of variables form an invariant. 

We write the invariant as a sum of polynomials each homogeneous in each 
set of variables, and such that the sum of no two of these polynomials has that 

property. Then, since the linear transformation f , j leaves unchanged the 

degree in each set of variables, each polynomial is evidently an invariant. 

These theorems show that it is suflScient to consider an invariant of the 
form 

where the C's are integers modulo Py e = v — s{p — 1), f z=w + s (p — l) 
s runs from zero to such a value in any sum that none of the exponents in that 
sum are negative, and e^f + (i (mod. p — 1). 

§ 4. Definition. A semi-invariant is a polynomial / in iCj, t/^ with integral 
coefficients taken modulo p such that 

J K, t/i) ^^''^ (^'i, yl), (mod. p). 



for every transformation ( a ?} - 
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We will make considerable use of the semi-invariants y^ and 

^ = xf—x^yf-^ = n {x^ — hyj. 
We have 

Products of the Invariants. 

§ 5. Lemma. If m and A; are any integers for which l<m<p — 2 and 
1<A; < w, there exists a product n{N) of powers of ^i, . . . ., iVp_2, the first 
term of whose expansion is x^^ ^*(P-i)-m^ 

If m = few, we may take 

n{N) = Nl 

If m is not a multiple of k, let n be the integer for which 






n + 1 n 

Then we may take 

§ 6. Lemma. There exists a product 7c{M) of powers of M, 3f ^ , M^ of 
the form iPj(i/J') + . . . ., where w and i; are any given integers for which either 

(1) v = u + k{p — l), {0<k^u, v>u>0)y 
or 

(2) u = v + k{p — l), {0<k^v, u>v>0). 

If (1) holds, we may take 

n{M)=M'M\^^Mf, l = u — k — m{p + l). 
If (2) holds, we may take 

7«(M) = M'MrMI''"', l = v — k — m{p + l). 
Fundamental Theorems. 

u 

% 7. Theorem. Given any invariant I = X ^2~*i/2/ik (^i, yi)j determine 

the integer s such that s^u {mod. p) and 0^s<p — 1. Then f^ (a?i, y^) has 
the factor i/J~' if t < s. 

The theorem is obvious for 5 = 0. If 5 :^ 0, we will apply the trans- 
formation (a 1} to /, and form I {x + y^ y) — I {Xj y)j which must vanish 

identically. Equating to zero the coefficients of x^'^yl (A:=0, ....,5),we get 
the following equations : 

/o (^1 + 2/1, yi)—/o (^1,2/1) = 0, (1) 

KC- a)^* (^1 + ^1,2/1) + /r (^1 + 2/1, yi) -fr (^1,2/,) = 0, (2) 
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(mod. p) since s<p. 

The proof is made by mathematical induction. First let us assume that 

fo9 fi7 9 fm ^^^^ liave the factor y^ , where l<m + l^s — l. Putting for r 

the value w + 2 in equations (2), we have 

(m + 2)^*^ (^1 + yi» 2/1) + • • • • + (^ ~ 7 ~ ^)f^+^ (^1 + y^' 2/1) 

+ /m+2 (^1 + yi, 2/1) — /m+2 (^1. ^l) = 0. 

Putting «/i = gives us f^^^ (aj^ , 0) = 0. Hence, /^+i has the factor y^. For 
r = 1, equations (2) give us 

sfoi^i + yiyyi) +fi{^i + yiiyi) — AK^yi) = o. 

Putting j/i = gives us /^ (iCi , 0) = 0, and hence /^ (iCi , yj has the factor y^ . 
Hence, /o , A , , /^i each have the factor y^ . 

Let us next assume /o , A , , /« each have the factor y" ; then we will 

prove that /o, A i , /^-i each have the factor 2/f+^ 

Let A(^i> J/i) = yrA (^i> yi)> where 0<i^m. From (2) we get, after 
dividing out yf from the first m equations, m equations of the form of (2) in 
the preceding discussion, but with A in place of A- Hence, /i, A> • • • ., /m-i 
each have the factor j/^; and hence A, A» • • • •> /«-i each have the factor t/f"*"*. 

We have proved that A > A > > A-i each have the factor t/j ; hence 

A> A> • • • •, ft-t each have the factor yf. Similarly, A> A> - -- -i ft each have 
the factor yj~*. 

§ 8. Lemma. The polynomial /^ is a semi-invariant. This follows from 
equation (1) of §7. 

§ 9. Theorem. The highest power of x^ that occurs in any semi-invariant 
is congruent to zero modulo p. 

As in the theorem of § 2, we can show that the exponents of the same 
variable in different terms differ by multiples of p — 1. Hence, let the semi- 
invariant be 

/ (^1, 2^i) = C.x^^yl + C.xr'^'^yr''"'' + 

Let us suppose that u is not congruent to zero modulo p. Then, since f {x^^ yj 
is unaltered under the transformation (a j)> / (^i + ^/u 2/i) — / (^i> yj is 
identically zero. This gives us the equation 

uCoxr'yr' = o. 

Since u is not zero, Cq]=0. 
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Classification of Invariants. 

§ 10. Definition. An invariant is said to be of type j i j , if it is of the 

form a;? /o (^i > J/i) + , where /^ ^ 0, and each (§ 2) exponent of x^ in /o is 

congruent to t modulo p — 1, where l<t<p — 2. * 

Definition. An invariant is said to be of type {Oj, if it is of the fonn 
^2 ^ifi'o (^1 J 2/o) + • • • M where g^ ^ 0, and each exponent of x^ in g^ is congruent 
to zero modulo p — 1. 

Definition. An invariant is said to be of type jOj', if it is of type jO} 
and the exponent of y^ in goix^y jfi) is less than p — l.f 

Definition. An invariant is said to be reduced, if it can be written as the 
sum of invariants or if its semi-invariant leader can be written as an invariant 
multiplied by a semi-invariant of lower degree. 

Definition. The grade of the semi-invariant of / = x^Llg^ (a?i, t/i) + . . . . 
is the degree oi g^ix^.y^). 

Reduction of Invariants of Type \t\. 
§ 11. Lemma. Any invariant of type \t\ can be reduced either to an 
invariant of type 1 } , j j ' or to one which contains x^ as a factor. The grade 
of the semi-invariant of the reduced invariant is less hy pt + t. 
The general form of such an invariant is 

I = xi{Coy'^^'xl+ .... +C^ylxi^') + ...., (1) 

where a = d {p^ — P) + '^ (p — 1) + ^, b = g (p^ — p) +k {p — 1)^ r<p — 2^ 
s<p — 2, k<p — 1, h<p — l and l^t<p — 2. The C's are integers modulo p 
such that at least one of them does not vanish. 

Case 1. t<s. 
Since the semi-invariant leader has the factor xl and ylj it has the factor 
L*, and hence equation (1) can be written 

I = xSLl{C,yr-^+ ....) + ...., (2) 

where e = g {p^ — p) + (Jc — t) {p — 1). This is an invariant of type jO j , the 
grade of whose semi-invariant is less hj pt + t. If c = 0, / is of type jO j'. 
If e < 0, the semi-invariant of equation (2) is identically zero and / has the 
factor x^ . 

Case 2. t>s and t — k^O (mod.p). 
Since, in equation (1), b + t^t — k modulo p and this is not congruent 
to zero modulo p, it follows from § 9 that C^ = 0. Hence, as in case 1, the 
semi-invariant of / has the factor L{ and can be reduced to the form of 
equation (2). 

* If an invariant is of the form / = »,« L^r g^{Xi, i/i)-f-. .. .j where each exponent of », in go (api, yi) 
is congruent to t modulo p — 1 and I <t <p — 2, it is assumed in the following discussion that 
/ = a?,tt /o (a?i , 1/1) + . . . ., where /« (a?, , yO =/./ g^ {x^ , yj) . 

t By § 2, <7o (a?! , y,) contains only one term which is a power of y, . 
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Case 3. t > s and t — A; = (mod. p). 
Since both t and k are less than p, it follows that t = k. By § 2, 
a -{- t ^h + s modulo p — 1. Hence, r ^ s — t (mod. p — 1), which gives 
r = p — 1 + 5 — t. If C^ = 0, the reduction is effected as in case 1. If 
C^:^0, there is a condition imposed on h by §7. Since a^s — h — t — 1 
(mod. p), and since this is less than zero, the semi-invariant of equation (1) 
must contain y^ either to the power p + s — h — t — 1 or, if this is still 
negative, to the power 2p + s — h—t — 1. In the first instance, by §7, 
p + s — h — t — 1<5. Hence, li = p — 1 — t -{- n, where < n < 5. The ex- 
ponent a of equation (1) can now be written in the form 

[rf(p«-p)] + [n(p-l)+5] + [(p-l-0p], 
and the exponent 6 + < of equation (1) can be written as 

p[(^ + i)(p-i)-(p-i-0]. 

If 5^ + 1 < p — 1 — ^ we will form 

r = I-C^n{M)n{N)Qi. 
If gj^\z=p — l — t + l^ where Z > 0, we will form 

r = I-C^n{M)n{N)Q[Qi. 

Here, by § 6, 7« {M) = a?J^P-^>+' y\ + If 5 = 0, we will take n (M) = 1. 

By § 5, ^ (N) = x^^''-'^^ ;^^(ir+i)(p-i)-(p-i-o ^ Then the semi-invariant 

of /' has, as in case 1, the factor L[, and hence has the form of equation (2). 

If ^r > 0, /' is of type jO ( and the grade of the semi-invariant of /' is less 
than that of / by p < + ^. Since the term involving the highest power of x^ in 
the semi-invariant of /' is of the form C'„_i yf""*"^'"' xi^-'^^^-^\ if ^ = 0, the 
terms involving Xz vanish and /' has the factor x^ . 

In the second instance a similar line of argument shows that h = 2p — l 
— t + nj where <n< s. This can then be treated like the case above by 
replacing Qi by Qt^\ 

Forms of Certain Invariants. 

§ 12. Lemma. If t; is a number of the form d (p* — p) + h{p — 1) + m^ 
where 0<u <h<p — 1, and if f (x^^ y^) is a function of x^ and y^ which does 
not contain the factor t/j , then there is no invariant of the form 

I = xl\C,y^,L:f{x,,y,)\ + ..,., 
unless r>p — h or else Co = 0. 

Since L^ contains y^ to the first power only, and since v ^ p — h + u 
(mod. p), where < p — h + u <p — l, /„ must contain, by § 7, the factor 
yP-A+tt . hence p — h + u ^u + r^ and hence r>p — h. 

Remark. If r < p — h and the coefficient of x^ is a function of x^ and y 
not a constant, then, by '^ 7, Cq = 0. If the coefficient of xS is a constant, then. 
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since an invariant in two variables is a special case of a semi-invariant, 
Co = by §9. 

§ 13. Lemma. If v is a number of the form d{p^ — p) + h{p — 1) + t(, 
where <u < h <p — 1, then there is no invariant of either of the forms 

(1) I = xl{C,yr) + ...., 

(2) / = a??(C7o2/r+. ...) + ...., 
where (7o=#=0. 

The first case follows from § 12 by taking r = and / (a?i , yj = 1. If we 
apply the substitution {x^y x^) (y^, t/g) to the invariant in case (2), we get an 
invariant of the form of that in case (1). Hence, Cq in case (2) equals zero. 

§ 14. Lemma. If the degree u in x^^ 1/2 ^^ ^° invariant is less than p, 
and if the coefficient of a?2 is of the form L[ 5^0 (^1 > 2/1 )> where r > 0, then g^ is 
not zero and the invariant has the factor LJ . 

Let / = x^ L[ .9o (a?i , t/i) + x^-r^ y^ A (a^i , yj + , where u<p — l. If 

g^ is zero, I has the factor L^ at least to the first power. This is of degree 
p + 1 in 0/2 and t/j , which is greater than u, and hence / is identically zero. 

If g^ is not zero, then, by § 7, /o , , /„_i each have the factor y^ . Since 

foiVif^i) =/«(^i>yi) ^^d since /o (^1,2/1) has the factor x^^^ we see that 
/« (^1 y Vi) ^*s the factor y^ . Hence, I has the factor y^ and hence the factor 
Li . Let 

I^'^=^=x?Lr'gA^iyyi) + 

If r > 2, 7^^> can be shown to have the factor L^ , and eventually 

Hence, I has the factor L{ . 

§ 15. Lemma. There is no invariant of degree less than p in ^^2 , y^ 
whose semi-invariant leader is an invariant of two variables. 

Let L\ be the highest power of L^ which is contained in the semi-invariant 
leader. Then 

7 = rr5Ll(7o(^i>2/i) + ^ 

where u<p and g^ is an invariant which does not contain y^ as a factor. By 
^ 14, 1 has the factor L\. Hence, let 

By § 7, g^ must contain t/" as a factor; hence, gQ = Q. Then, by §14, I is 
identically zero. 

Reduction of Invariants of Type jOj. 
§ 16. Lemma. Any invariant of the form 7 = rr^ {CqL{ y?) + • • • > where 
a = d{p^ — P) + ^ (P — 1) + w and <u <h<p — 1, can be reduced to an 
invariant containing x^ as a factor. 
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We have shown in § 12 that r must equal or exceed p — fe. * If h>2y 
the invariant 

is an invariant having x^ as a factor. If fe = 1 and d>lf then i^ = and 

r = I-C, Qi Q, M^-' + Co Qt' M^'-' 

has the factor x^. Here d can not equal zero, since, by § 15, there is no 
invariant of the form that I becomes if d = u = and fe = 1. 
§ 17. Lemma. There is no invariant of the form 

where 6 =,9 (p^ — p) + * (p — 1), 0<u<k<p — l and C^^O. 
Since w < p, then, by § 14, I has the factor L[ . Let 

/^^> = ;^. = ^?i<:7oyr-+....f + 

Then, by ^ 13, Co = 0. 

§ 18. Lemma. Any invariant of type jOj can be reduced either to one 
of type } j ' or to one which contains x^ as a factor. The grade of the semi- 
invariant of the reduced invariant is less by p* — 1. 

For the sake of simplicity we will take the general form of an invariant 
of type |0( to be 

/ = ^? (Co t/r* +....+ C^t/J^f) + .... , (1) 

where a = d{p* — p) + h{p — l)+s and b = g{p^ — p) + k{p — l). Cases 
where the argument is different, when all the terms involving x^ contain L^ 
explicitly as a factor, will be treated separately. It should be noted that 
a and 6 have the correct form for all cases, since, by § 2, a ^6 + 5 (mod. p— 1) 
and a + pr = 6 + 5 + r (mod. p — 1). 

Ca^se 1. l<k <p — l. 

Since k is not congruent to zero modulo p, it follows from § 9 that C^ = 0. 
Hence, the semi-invariant of any invariant of this form contains t/i as a factor 
to the power s + k (p — l). 

If, in equation (1), a>b + 5, let g (p^ — p) + A (p — 1) + s = u, and let 
d{p^ — p) + h{p — l) + s = u + d'{p^ — p) + h'{p — l), where 0<h'<p — l. 
Since A>1, it follows that u^O and h'<u; hence, thfere exists a 

n{M) =<^''-^>^-(Coyr) + 

We will let 

r = I-CoQrn{M). 

* It is sufficient to use r=p — h. The remaining powers of Li can be carried along in the reduction. 
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If a<b + Sy let d{p^—p) + h{p—l) + s = u and let g{p^—p) + k{p—l) 
+ s = u + g'{p^ — p) + k'{p — l), where 0<k'<p — l. If ft'>0, then, by §17, 

Co = 0. li k'<u and u^Oj there exists a.n{M)= x^ (Co yf^''"'^"^") + 

Then we will let 

r = I-C,Q(n{M). 

If w = 0, / is a function of x^ and t/j , and hence a function of L^ and Q^ . * 

In either case the semi-invariant of 7' contains the factors icf ~^ and yf ~\ 
unless the semi-invariant of / is zero. Hence, the semi-invariant of T has the 
factor Lf~\ and we have 

7' = a;?Lr(C;yf+. ...) + ...., 
where e = {g — 1) {p^ — p) + {k — 1) {p — 1) +5. This is an invariant of 
type ]0j, the grade of whose semi-invariant is less by p^ — 1. If ^r < 1, 7' has 
the factor x^. li g = 1 and A; = 1, V is of type jOj'. 

Case 2. A; = and h<s. 
There are four. subcases which we will denote by subscripts. 
Case 2i . h^O and si^O. 

Since h<s and 5 :#=0, there exists a n{M) = x^^"^^-^' y^+ We will 

first form 

r = I-C^QiQ{n{M) = xSy{^^'-^ {C'o y'r''^-'' +....) + (2) 

We see that the semi-invariant of I' has the factor yV^^"^. Since h < p, it 
follows that h {p — 1) + s < p (p — 1) +s; and since h^O^ it follows that 

p — h<h{p — l)+s. Hence, there exists a n (M) = x^^"^^-^' y{^^'^ + 

Let us next form 

r'=r-CoQtQr'n{M). 

Then the semi-invariant of I" has the factors icf "^ and yf "\ Hence, I" has the 
factor Lf~^, and hence 

7" =a;f Lr yj (CJ' yj -f ,...) + .... , (3) 

where a = d(p*— p)H-fe(p— 1) + 5, c = s + {p — lY and e = {g — 2){p^—p). 
Then 7" is an invariant of type }0}, the grade of whose semi-invariant is less 
by p* — 1, If 5^ < 1, 7" has the factor x^ . 

Case 22 . fe = and 5 = 0. 
By taking the first n{M) in case 2^ equal to unity, we get equation (2). 
If we next form 

r'=r-c'oQt'Qr'M^'-^, 

we get equation (3) of case 2^. If rf = 0, 7 is a function of L^ and Q^.* If 
^ = 0, 7 is a function of L^ and Q^ .* 



* Dickson, Ihid. 
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Case 23. fe = 0, 5:^0 and d^O. 
The reduction to equation (2) is the same as in the case 2^. Let 

then /" is in the form of equation (3) of case 2^. If ^f = 0, /' has the factor x^. 

Case 2^. fe = 0, 5:^:0 and d = 0. 

Let us form 

r = I-C,Q?M\ 

If ^ = 0, /' has the factor x^. If ^ :^ 0, the semi-invariant of 7' has the 
factor xl and t/f, hence the factor Lf . Since the exponent a of x^ in this case 
equals 5, and this is less than p, then, by § 14, 7' itself has the factor L\ . If in 
the beginning 

7 = a;| LI (7o (^n 2/1) + > 

then r has the factor LI"*"*. Let 

where e = p — l — s and c= {g — l){p^ — p) + e (p — l). 

From § 7, the semi- invariant of 7" has the factor y{, and hence C^ = 0. 
Hence, the semi-invariant of 7" has the factors xl and j/J, and hence LJ. 
Since, by § 14, 7" itself has the factor LJ , if 

7" 

then 7'" is of type j j , but the grade of its semi-invariant is less than that of 
7 by p« — 1. U g = 0, 7" has the factor x^. If ^ = 1, 7'" has the factor x^ . 

Case 3. k = and h > s. 
Since h>Sy then d{p^ — p) + h{p — l) + s^p—h + s (mod.p), where 
< p — h + s < p. By § 7, the semi-invariant of equation (1) has the factor 
t/f""*"^*; and since p — h + s>Sy C^ = 0. Hence, it g^O^ the semi-invariant 
of 7 has the factor t/f*"*'"^*. If ^ = 0, 7 has the factor x^ as a consequence of 
§ 13. Since h < pj it follows that h (p — l) + s < p^ ~ p + s. Hence, let 
u = h{p — l) + s. Then p^ — p + s = u + {p — h) (p — l). Since /it^O, it 
follows that u^O and p — h < h {p — 1) + s. Hence, there exists a n (M) = 
^h(P-i)+» yp'-p+» + If we form 

r'=I-C,QiQr'n{M), 
then 7" has the form of equation (3) of case 2^. 

It might happen that the- semi-invariant of 7 was of the form Llg^ (rc^, y^). 
By § 12, r>p — h. It is sufficient to use r = p — h. If fe > 1, we will form 
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If fe = 1 and d^Oy we will form 

r = I-C^ Qt Q{^' M^' + C^ Qt^' Qf M^\ 
If /i = 1 and d = 0, then 5 = and 

I = xr'Ll (Co yf^"-^> +....+ C^ x^,^^-^^) + 

Since the exponent of x^ is less than p, then, by § 14, I has the factor LJ. Let 

~ L{' 

then, by § 7, /' has the factor yf"^, and hence C^ = 0. Thus, in all three cases 
we have reduced the invariant I to the form where the semi-invariant lacks 
the highest power of x^ . This is essentially the form of I at the beginning of 
this case, and hence the reduction can be completed in the same manner. 

In every case we saw that the reduction of an invariant of type j 1 always 
led to another invariant of type j j . By continuing the reduction, we saw that 
we could reduce the grade of the semi-invariant each time by p^ — 1, until its 
grade lay between zero and p* — 1. Let us suppose the degree of the semi- 
invariant is then congruent to s (mod. p — 1). Then the exponent of t/j has 
the form n{p — 1) + 5, where 0<n<p + 1 and 0<s<p — 2. This is the 
case where either ^r = 1 and A; = 1 , or ^ = 1 and A = 0, or else ^^ = 0. We saw 
that then I either was or could be reduced to an invariant of type jOj', or else 
it could be reduced to an invariant having the factor x^. This proves the 
lemma of this section. 

§ 19. Lemma. Any invariant of type jO j' can be reduced to an invariant 
which contains x^ as a factor. 

If I is of the type j j ', let us suppose 

I = xt{Coyl) + ...., 
where a = g {p^ — P) + f^ (P — 1) + ^- If ^ ^ ^ smd 5 :#= 0, there exists 

a TtiM) = x^^-'^-^' yt+ If 5 = 0, we will take n (M) = 1. Then 

r^I-C,Qin{M) 
has the factor x^. If /i > 0, then either Cq = by § 13, and hence 1 has the 
factor iZJj, or else the semi-invariant of I has the form I'l^'o (^i> ^i)? where 
r > p — fe. In this instance, by § 16, / can then be reduced to an invariant 
having x^ as a factor. 

Reduction of an Invariant in the Degree of x^ and y^ . 

§ 20. We will let J be a general symbol for an invariant which is ex- 
pressible in terms of the invariants of § 1. By means of the lemmas of § 11, 
§ 18 and § 19, any invariant can be written as 

7 = J + a;,()=J + LJ7', (T>1), 
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where /' is an invariant not divisible by L^. If /' involves x^, we have similarly 

r = j' + Ltr. 

This process can then be repeated, until we get 

Then F {x^^ y^) is an invariant and hence is a function of L^ and Qj. * This 
proves the theorem of § 1. 

Invariants for Modulo p = 2. 

§ 21. While there are no invariants of the form N^ for modulo p = 2, 
the reduction just given will hold for this modulus also, if we bear in mind 
that 5 = 0, and h and k can take only the values zero or unity. Since every 
invariant modulo 2 is of the type |0j, and since the lemma of § 16 involves 
only h = lj the invariants for modulo 2 can be reduced without using the 
invariants N^. 

Independence of Invariants, 

% 22. Theorem. No one of the invariants Q^j L<, M<, M, N^ (i = l, 2; 
5 = 1, 2, . . . . , p — 2) is a rational integral function of the remaining ones. 

The theorem follows by noting the degrees in iCj , t/^ and in a;^ , ^g > *^d t^^ 
following additional facts : 

Qi can not be a function of L^ (t = 1, 2). If it were, this function would 
contain L,. as a factor, and hence Q^ would contain x^ as a factor, which is 
impossible. 

M^ {i = ly 2) can not be a function of M and L^, for by comparing ex- 
ponents we can see that M and L^ can occur in such a function only to the first 
degree, and also that the function can not contain the product ML^. Hence, 
if such a function exists, it has the form 

M, = C,M + C,L,. 

Putting x^ = y^ = 0, where j = 1 if t = 2, and j = 2 if t = 1, gives C^ = 0. 
Since M^ is of degree p in y< and M of degree 1 in t/< , no such function exists. 

If N^ = xi^ {xf~^~* +....)+ is a function of the invariants in § 1, 

such a function can not contain N^ , where t^s. For ii t > s^ then tp > sp, 
and if t < s, p^ — p — t > p^ — p — s. Furthermore, N^ can not be a function 
of the invariants L^^L^j M , M^ and M^ , since these invariants all vanish if 
y^ = y^ = 0, and N^ then equals x*^xf~^~\ 

Chicago, III., 1913. 
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